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Preface 


This book on Differential Equations & Vector Calculus has been specially 
written according to the latest Allahabad State University Syllabus to meet the 
requirements of the B.A. and B.Sc. Part-II Students of Allahabad State 
University in Uttar Pradesh. 


The subject matter has been discussed in such a simple way that the students 
will find no difficulty to understand it. The proofs of various theorems and 
examples have been given with minute details. Each chapter of this book 
contains complete theory and a fairly large number of solved examples. 
Sufficient problems have also been selected from various university examination 
papers. At the end of each chapter an exercise containing objective questions has 


been given. 


We have tried our best to keep the book free from misprints. The authors 
shall be grateful to the readers who point out errors and omissions which, inspite 


of all care, might have been there. 


The authors, in general, hope that the present book will be warmly received 
by the students and teachers. We shall indeed be very thankful to our colleagues 


for their recommending this book to their students. 


The authors wish to express their thanks to Mr. S.K. Rastogi, M.D., 
Mr. Sugam Rastogi, Executive Director, Mrs. Kanupriya Rastogi, Director and 
entire team of KRISHNA Prakashan Media (P) Ltd., Meerut for bringing 


out this book in the present nice form. 


The authors will feel amply rewarded if the book serves the purpose for 
which it is meant. Suggestions for the improvement of the book are always 


welcome. 


— Authors 
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Differential Equations of 


First Order and First Degree 


1 Definitions 


differential equation is an equation containing the dependent and independent 
variables and different derivatives of the dependent variables w.r.t. one or more 
independent variables. 
The order of a differential equation is the order of the highest derivative (or 
differential coefficient) occurring in the equation. 
(Lucknow 2007; Meerut 09B, 10B; Bundelkhand 10) 
The degree of a differential equation is the degree of the highest derivative (or diff. 
coeff.) which occurs in it, after the differential equation has been rationalized (i.e., 
made free from radicals and fractions so far as derivatives are concerned). A 
differential equation is called ordinary, if the unknown function depends on only one 


argument (independent variable). 
(Lucknow 2007; Meerut 09B, 10B; Bundelkhand 10) 


A differential equation is said to be partial if there are two or more independent 
variables. 

A differential equation is said to be linear if the dependent variable, say, ‘ y 'and allits 
derivatives occur in the first degree, otherwise it is non-linear. 
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A function y = f (x) is called a Solution (or the primitive) of a differential equation if, 
when substituted into the equation, it reduces the equation to an identity and the 
process of finding all the solutions is called integrating (or solving) the differential 
equation. 

General solution: (Lucknow 2007; Gorakhpur 09) 


A solution of a differential equation, containing independent arbitrary constants 
equal in number to the order of the differential equation is called its general solution. 


Particular solution: (Lucknow 2007) 


A solution obtained by giving particular values to the arbitrary constants in the 
general solution is called a particular solution or particular integral. 


Arbitrary Constants: The solution of a differential equation may contain as many 
arbitrary constants as is the order of the differential equation i.e., the solution of an nth 
order differential equation may contain u arbitrary constants. 


lnustrative Examples 


Example 1: Find the differential equation of the family of curves y = Ae* + (B/e*),for different 
values of A and B. (Kanpur 2015) 
Solution: We have y = Ac* + Be™. see ll) 


To obtain the required differential equation the constants A and B are to be 
eliminated with the help of the given equation (1) and the two equations obtained by 
differentiating (1) once and twice. Thus differentiating (1), we get 


o = Ae* — Be™. ...(2) 
Now differentiating (2), we get 
2 
“3 Ae* + Be. ...(3) 
Fe 
Eliminating A and B between (1), (2) and (3), we obtain 4 = y, which is the 


required differential equation. 
Example 2: Find the differential equation of all circles of radius a, or By the elimination of the 
constants hand k, find the differential equation of which (x — hy” + (y - k)* =a’, isasolution. 
Solution: The equation of all circles of radius a is given by 

(x-h) +(y -kY =a’, aly 
h and k being parameters (i.e, arbitrary constants). 


Differentiating (1), we get 
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2 (x —h) +2 ( p2 (2) 
y ae Sas 
Differentiating (2), we get 
2 2 
1+) 5-+(2) =(0. a) 
From (2) and (3), we obtain 
[+ (dy/dv)"] 
x —h)=-(y-k) (dy/dx) and -k)=-—>—_—. 
(x — h) = — (y — k) (dy/dx) (y —k) 2 ylde 
Substituting these values in (1) and simplifying, we obtain 
al 27 
+(e) | ~<a): 
dx dx 
which is the required differential equation. 
(Comprehensive Exercise 1 
1. Find the differential equation of the family of curves 
ye Ae* + Be, 
for different values of A and B. (Bundelkhand 2003) 


2. Find the differential equation corresponding to 
ye ac2* + be3* + ce*, 
where a, b,c are arbitrary constants. 
3. Find the differential equation of the family of curves 
y =e" (Acos x + Bsin x). 
where A and B are arbitrary constants. 
4. By eliminating the constants a and b obtain the differential equation of which 
2 


xy = ae* + be“ + x is a solution. (Purvanchal 2014) 


5. Find the differential equation corresponding to the family of curves 
ypoe(x- cy, where c is an arbitrary constant. 

6. Show that Ar? + By” = lis the solution of 
Py (ay |v 
— +/=] |- y= =0. 

|» de (=) Ie 

7. Show that v = (a/r) + B is a solution of 
dy 2dv 7 
dr or dr 
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Wh v6 
\ Answers 1 
dy dy dy 
l. —=4 2. ee 7 6 -0 
dx? - dx? de 2 
2 2 
3 a 22 42y=0 4. 942% ya? -2=0 
dy wy 
5. 8y* =4y9 2 -|= 
aay (2 


2 Differential Equations of First Order and First Degree 


The differential equations of first order and of first degree can always be written in the 
form 

M+ WN (dy/dx) =0 or Mdx+WN dy=0, 
where M and N are some functions of x and_y or are constants. 


Here the differential equation being of 1st order, its general solution (or primitive) will 
contain only one arbitrary constant. All differential equations of the first order cannot 
be always solved. However they can be solved by suitable methods if they belong to 
any one of the following standard forms : 
(a) Variables separable, 
(b) Homogeneous equations, 
(c) Equations of the form cd = ee 
ax+by + cy 
(d) Linear equations, 
(e) Equations reducible to the linear form, 
(f) Exact differential equations, 
(g) Equations reducible to exact form, 
(h) Equations which by suitable change of variable can be transformed to any of the 
above forms. 


2.1 Variables Separable 
If a differential equation of the first order and of the first degree is of the form 

fi (*) dx = f(y) dy, (1) 
where f; (x)isa function of xonly and fy (y)isa function of y only, then we say that the 
variables are separable in the differential equation. 
In such equations it is possible to get dy and all the terms involving von one side and dy 
along with all the terms involving y on the other side. 
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To solve such a differential equation integrate the two sides and add an arbitrary constant 
of integration to any one of the two sides. 


Thus, integrating both the sides of (1), we get its solution as 
Ji@a-frQare 


where c is an arbitrary constant. The arbitrary constant can be chosen in any form 


suitable for the answer, i.e., we can replace it by log c, tan! ¢, sinc, e°, ete. 


hineteative Examples 


Example 3: Solve (1+ x) dy = (1+ y’) dx (Meerut 2003) 


Solution: The given equation can be written as dy /(1+ y’) =dx/(1+ x), in which the 


variables have been separated. 


1 1 


*, integrating, we get tan! y=tan  xv+tanc, where c is an arbitrary constant 
or tan! yr tan"! x=tan!¢ 
|) yr = img 
or tan 1 Y* ~ tan Mie or J =c¢ 
1+ yx 1+ yx 
or (y — x) =c (1+ yx), which is the required solution. 


Example 4: Solve (1+ e*) y dy =(y +l)e* dx. 


x 
J dy = e 
yl l+e 


Solution: Here 


dx, (the variables being separated) 


integrating, we get 
y — log (y +1) = log (1+ e*) + log c, (¢ being an arbitrary constant) 


or y = log [c (y +1) (+e*)] 
or c(y +1) (1+ e*) =e, which is the required solution. 
Example 5: Solve dy / dx = (x af yy. (Avadh 2011; Kanpur 15) 


Solution: Here the variables are not separable but some suitable substitution will 

reduce the differential equation to a form in which the variables are separable. Here we 

puty+ y=p. 

Differentiating both sides w.r.t., ‘x’, we have 
dy _ dv dy _ dv 


1+ =— or 
dx dx dx ax 


By these substitutions the given equation reduces to 


iF 


ag or ae 2) i or dv = dx. 
dx dx 
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Thus the variables being separated and so integrating, we get 
dv 2 
=[ar+e, or tan} p=x+e 
i +1 
or tan”! (x+ y)=xtC, [es vaxt y] 
or x + y = tan (x + c)as the required solution where c is an arbitrary constant. 


Example 6: Solve dy/dx = sin(x + y) + cos(x + y). 


Solution: Let x + y =v. Then differentiating, we have 


14D ay dv 
dx dx’ dx dx 
Substituting these values in the given equation, we get 
dv ; dv : 
—-—l=sinv+cos p, or —=1+sinv+cos v 
dx dx 
or es. = dx, separating the variables 
(1+ cos v) + sinv 
is i sec? Z v 
or —s 1. 1 1 de or = 22 d= de. 
2cos* —v +2sin—vcos—p 1+tan—v 
2 2 2 2 


Now integrating, we get log (1+ tan - vy=xt+e 
or log {I+ tans (r+ y)}=x46, 


which is the required solution containing an arbitrary constant c. 


(Comprehensive Exercise 2 


Solve the following differential equations : 
l. Gi) (1+ x) ydr+(-_y) xdy=0. (Garhwal 2011) 
(ii) (1- 2°) d— y) dv = xy (1+ y) dy. 
2. (i) x7 (y+) det y? (x-l) dy =0. 
(ii) (v-#2)=«[9 +2), 
dx dx (Purvanchal 2006; Avadh 10; Gorakhpur 08, 11) 
, 2 
3. (i) sec7x tan y dx + sec” y tanxdy =0. (Garhwal 2003; Agra 06; Meerut 09B) 


ts x-y 2.- 
(ii) dy/dv=e Se a (Agra 2005; Avadh 07; Meerut 09; Purvanchal 10, 11; 
Rohilkhand 10; Bundelkhand 04; Kumaun 14) 


4. (i) (e” +1)cos x dx +e/ sin x dy =0. (Rohilkhand 2010) 


(ii) 3e* tan _y dx + (1-e*) sec” y dy =0. 
(Meerut 2008; Bundelkhand 04; Kumaun 14) 
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5. (i) (ds/dx) + x7 = 3° 0°. 

(ii) (dy/dx) tan _y =sin (x + _y) +sin (x —_y). (Garhwal 2002; Kumaun 13) 
6. (i) log (dy/dx) = ax + by. 

(ii) xy (dy/dv) = (1+ _y*) 1+ x43°)/(1+ 2’). 
7. (i) If dy/dv =e**? and it is given that for x=], y =|, find y when x =-1. 

(ii) (x - py) dy/de) = a’. 
8. (i) cos (x +_y) dy = dx. (Lucknow 2005; Gorakhpur 09; Purvanchal 10; Avadh 14) 

(ii) cos (v + y) dv =dy. (Gorakhpur 2005) 
9. (i) sin”! (dy/dv)=x+ y. 


(ii) (dy/dx)+1=e"*. (umaun 2006) 
10. (i) dy/dv =(4x+ y +1). (Lucknow 2006) 
Gh. | Sa eee | 
x+ yp—-b) dx x+y+b 
LL. (y— x) dy/de) =a". (Meerut 2006B) 
( Answers 2 
ee 


2. (i) slr by?) # (em y) + log te (x= D(y +} =0 

(ii) y=c (a+ x) (1-ay) 
3. (i) tanxtan y=c (ii) acer te 
4. (i) sinx(e? +l)=c (ii) tan y =c (l-e*y 


5. @ Ch =-Dex e542) where cp =e (ii) sec y=c-2cos x 
6. (i) -(I/b)e =(l/aye“ +c 


(ii) 5 log (1+ y’) = log x+ tan”! x4 log c 


7. (i) y=-l (ii) yve~ Log PA} 
2 k-yta 
8. (i) yrertans (x+y) (ii) tan 5 (e+ y)= xe 


9. (i) [-2/x + oJ] =1+ tans (r+ 9) (ii) (xtc) +1=0 
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10. (i) 4x+ y+1=2 tan (2x +k) 

(ii) (b — a) log {(x + yy? — ab} =2(x- y +c) 
ll. pra log (a2 +x-y)=e 


2.2 Homogeneous Equations 
a _ fi y) 
fa (% J) 


fo (x,y) are homogeneous functions of x and y of the same degree, is called a 


Definition: A differential equation of the form , where f; (x,y) and 


homogeneous equations. (Bundelkhand 2005) 


To solve such an equation, put 
d dv 
y= vx;whence 2 = y+ x @. 
dx dx 
These substitutions transform the given equation into an equation of the form 
dv dv 


v+x—=fv i.e, X—=f (Vv) -v. 
oe: a 
The variables are now separable. Separating the variables and integrating, we get 
J ay = log x +c, where ¢ is an arbitrary constant. 
fvr)-v 


Now replacing v by (y / x) after integration, we get the required solution. 


Working Rule: To get the solution of ahomogeneous differential equation proceed as 
follows : 

aye e®, 

dx dx 

(ii) The equation thus obtained will be of the form in which the variables are 


(i) Put y = px and 


separable. Separate the variables and integrate. 
(iii) After integration replace v by y/x and get the required solution. 


litusteative Examples 


2 2, 
Example 7: Solve (x° — y”) dx + 2xy dy =0. (Gorakhpur 2008; Kumaun 13) 


Solution: The given equation can be written as 


d ee 
YJ * «ily 


This is a homogeneous differential equation as each term in the N’ and D’ of R.HLS. is 

of the second degree in x and y. 

| dy 

putting y = vx and consequently 7 
x 


dv vx | 


area ce (1), we get 
dx 
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dv w-l yv-1-2" -j-/ 
or x—= —- p= ——__ = 
dx 2v 2v 2v 
2v dv ax F ; ' 
or =-—, in which the variables have been separated. 
vsti x 


integrating, we get 
log (7 + l)=-log x+logc 


or log {(r7 +1)-x} = log c or x(v" +lh=c 
or x{(y/xP +I} = [putting p= y/x] 
or ( y? + rv) = cx, which is the required solution. 
Example 8: Solve x dx + (xy + x) dy =0. (Avadh 2010) 
Solution: The given equation can be written as 
2 
a ae T? which is homogeneous. 
dx we+ex 
putting y = vr, this equation reduces to 
( *} Pie y 
p+x— | = -————,, = - — 
dx XIX +X v+l 
ee dv v- _ _ Ptr tv Way 
dx p+) p+l p+] ’ 


in which the variables are separable. 
dx_ (v+l)dv_ (r+) 


Xx  (Qr +r) v(2v4+l) 


Integrating, we get 


v+l1 ; : 
— log x + log c= |——» : where c is an arbitrary constant. 
v 


(2v + 1) 


Now let pa ed 2 


= . Then A=1,B=-1 
v(Qv+l) vp 2v+I 


v+l fi 1 | I 
eee ed | dv = log v— log 2v +1). 
lee . Me ral eee 


Hence the solution is 


— log x + log c = log y ~ 5 log (2v + 1) 


or 5 log 2v + 1)=log v4 log x= log c 
or log (2v + 1)!/? = log (vx /c) 
or {2 (y/x) +14? = yle [- v= y/x] 


or (Qy+x)/x= y?/e? orc? (Qy+x)=x". 
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Example 9: Solve x° y dx —(x° + y~) dy =0. 
(Gorakhpur 2007; Garhwal 07; Agra 08; Kumaun 08; Kanpur 15) 

Solution: The given equation can be written as 

yy 

dx wty 
This is a homogeneous equation as each term in the N’ and D’ on the R.H.S. is of the 


same degree (3rd degree). 


putting y = vy and P= vex Zin (1), we get 


page a x? ux _ ov ae dv _ Oo yt 
rtpr 1+” de 4+" ler 
3 
or sen Ue Ed or a ee 
x v x v v 
integrating, we get 
log x + logc = 1/(3v?) — logy 
or log (ev) = 1/(v") 
or 3 log (ery) = 1/ ad or log (cxv)? =l/" 
3 37,3 
or Ory =e!” or oy =er /J [es v= y/x] 
tog 1¢ hich j ae : 
or yp? =ke* ‘4 , which is the required solution. 


Example 10: Solve (x3 - 3xy") dx = (On _ 3x7 y) dy. 
(Meerut 2007; Kumaun 09; Garhwal 13) 
Solution: The given equation can be written as 
3 at 
o ae (1) 
oy oak Dp 
which is homogeneous. 


putting y = px and P= pee Zin (1), we get 


dv _ ve —3x.r x" _ 1-3” 

dx pr —3x wx w — 3p 
dv 1-3” 1-3 —»* +3” 1-7 

OF V7 = 3 = ——— a 

dx yw —3p y —3p y —3p 

dad v-3v, [ 1 1 av | 

—= dv= + - dv, 

x I= Jia: 26-1) ¢ 41 

(by partial fractions) 


or 


integrating, we get 


log x + log => log (v +1) += log (r= 1) ~ log (7 +1) 
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or log (cx) = log [{(v +1)? (7-1)! 3/07 +] 
or cx (7 +]l)= (v - i or c7x (v" + i =~ -] 
or c2x {(y? /x7) + IP = {(y? /2*) - Ih, [v= y/x] 
or c (y? +27 ir = (y” - x), which is the required solution. 
Example 11: Solve x & ~) (y dx+xdy)=y (sn *) (x dy — y dx). 
Xx 
Solution: The given equation can be written as 
+(cos “\(5 +x ?)- fsin2) («2 o 7 »] 
dx x 
or v2 (cos 2— ysin2)=—y? sin2 — xy cos 2 
dx Xx x x Xx 
a dy _ yiysin(y/x) + xcos(y/x)} (1) 
dx = -x{_ysin(y/x) — xcos(y/x)} . 
Now putting y = vr and ay =vt+x ig in (1), we get 
dx dx 
dv vx (px sin v + x cos v) 
V+ XS = — 
dx x (vx sin y— x cos v) 
dv v(vsinv+cos rv) 
or v+x— = 
dx (vsin vy —cos rv) 
dv v sinv+vcosv—v sinv +vcos v ' 
or XL = —__________—_ , variables separable 
dx v sin vp — cos v 
or - pe dv= om , separating the variables. 
vCOs V x 
integrating, we get 
— log (vcos v) =2 log x + log c 
or log {l/(vcos v)} = log (cx) or cx = 1/(vcos v) 
or cx’ vcos v=1 or cx’ .( (y/x)cos (y/x)=1 
or cxy cos (y/x) = 1, which is the required solution. 
(Comprehensive Exercise 3 
Solve the following differential equations : 
1. x+y (dy/dx)=2 y. (Gorakhpur 2005) 
2. y—x(dy/dx)=x+ y (dy/dx). (Gorakhpur 2010; Garhwal 08) 
2 2, 
3. (x + y*) dx - 2xy dy =0. (Avadh 2006; Bundelkhand 03) 


Alo) 


4. 


ee 


15. 


16. 


13. 


15. 


eon ey 


(x? + _y?) (dy/dx) = xy. 
5. dy/dv= y? /(xy - x). 
x” dy + y (xt yp) dx =0. 
x(x— y)dy= y (x + y) de. 


2 
poe 


dx =x —— 


xdy — ydv=V (x7 + y*) dv. 


aD TS cae 
ax x x 
Ze y-xeos? J 


x2 yaxv(e ty 
dy x 4+3y7 _ 
dx 3x° + y? 


log (y-x)=c+x/(y-x) 


oa ai =(X 
y =ked!* 
c*xy = eI 


yt +27) = 07 


. sin(y/x)=cx 


elt 4 log x=c 


y =xsinh(x + c) 


. tet!) de + e*/I{1- (x/ y)} dy =0. 
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(Kanpur 2002; Kumaun 12) 


(Kumaun 2015) 


(Meerut 2008; Lucknow 10) 


s, 
( Answers 3 
NY 


14. 


16. 


(Meerut 2006) 


(Garhwal 2010) 


(Garhwal 2009) 


5 log (x? + y*)+tan! (y/x) = log c 


2 
cy =e (2S) 
(y + 2x) =c7 x7 y 
cx =e"! I 


x+ ye!I =¢ 
tan (y/x) = log (¢/x) 


sin (=) + log x=c 
x 


log (x + _y) + 2xp (x + yy? =¢ 
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2.3 Equations Reducible To Homogeneous Form 


A differential equation of the form 
i wee ie” 
dx ax + by + a by 
can be reduced to homogeneous form by taking new variables X and Y such that 
x= X+hand y=Y +k, where h and k are constants to be so chosen as to make the 
given equation homogeneous. With the above substitutions we get dv=dX and 
dy =dY, so that dy/dx = dY /dX. Hence the given equation becomes 
dY a(Xt+h)+hb(Y +k)+e — aX +bY +(ah+bk +c) 


dX ay (X +h) +b, cY +k) +c, aX + bY +(ayh+ bk +c) 


Now choose /t and k such that 
ah+bk+c=0, and aht+hk+c, =0. 


Then the differential equation becomes 
dY aX +bY 


— = ——. which is homogeneous. 
dx aX + bY 


Now this equation can be solved as in article 2.2 substituting Y = vX. Finally by 
replacing X by (x — h) and Y by (y — k) we shall get the solution in original variables x 
and y. 


If, however, a/a, = b/b, = m(say) then the differential equation becomes of the form 
dy _ m(axt+hy)t+c 
dx ax+by +c ; 


To solve such a differential equation put v=ax+b,y, get rid of y and then the 


transformed equation will be such that the variables are separable. 


livasteative Examples 


Example 12: Solve ad = =, 
dx ytxt5 (Kumaun 2011) 


Solution: Here 7 # 2 ie., the coefficients of x and y in the numerator and 
1 1 
denominator of the expression for (dy /dx) are not proportional. Such equations can be 
reduced to homogeneous form by taking new variables X and Y such that x= X +h 
and y=Y +k. where i and k are constants to be taken at our choice. With these 
substitutions the given equation reduces to 
AY Yue X=hel Ye=A4+ Rake) 


a a i wal 
aX Yukh+X4+h+5 YurR4+(k+h+5) ) 


Choose ft and k such that 
k-h+1=0 and k+h+5=0. 
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Solving these, we get k =-3,h=-2. 
With these values of and k the equation (1) becomes 


dy Y-X 
—= : ...(2) 
dX Y+xX 
Now (2) is a homogeneous equation, so putting Y = vX, we have 
dv _v-l dv _v-l “jer 
v+ —_ = — _, xX — = = = 
dX v+l dX vt+l v+l 
y+) Xx Y+1 y el x 
2v 2 2 
or = dv + dv =— — dx. 
y+ v+i xX 


Integrating, we have 


log (v7 +42 tan v=-2log X +c 


or log {(v +1) X7} =-2 tan"! vte 
or log (Y? + X7)=-2 tan! (Y/X) +e, [- v=Y/X] 
or log [(y +3)* +(x+2)?] +2 tan! {(y +3) /(x+2)} =c, 


[we Yey-k=y+3,X =x-h=x+2] 
which is the required solution. 
Example 13: Solve a 
dx 3x+y-5 (Lucknow 2005) 
Solution: Here (a/a,) # (b/Iy), therefore putting x= X +h and y=Y +k the given 
equation reduces to 


dY _2(X+h)+2(V +h)-2_ 2X +2Y + (Qh + 2k -2) a) 
ax B(X4H4W 40-5 3X +¥ 4Ghek=5) ~ 


Now choose ht and k such that 
2h+2k-2=0 and = 3h+k-5=0. 
Solving these, we get h =2 andk =-1 
With these values of i and k, the equation (1) becomes 
dY 2X+2Y 
aX 3X+Y_ 


This is a homogeneous equation so putting Y = vX, we get 
dv 2X +2vpX 2+2p 


+ X — = ——_ = 
aX 3X +X 34+ 
a dy _2+2v_ _2+2v-3y-v' _2-v-v 
AX 347 347 ~ 34y 
dX 3+p 34+ 
or -— = = _ = 


xX fp 4ps2 (v+2)(v-l) 
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= — ! J , by resolving into partial fractions 
38(v-l) 3(v+2) 
or 3S =| J 
x v+2 v-l 

Integrating, we get 

3 log X = log (v + 2) —4 log (v— 1) + log c 
or log {X3 (v - 1)*} = log {c (v + 2)} 
or ie (XH se (4 [e v=Y/X] 
or (Y — X)* =c (Y +2X) 
or {(y +1) -(~-2)}4 =cf(y +1) + 2(x -2)} 
or (y-x+ sy" =c (2x + y —3), which is the required solution. 


Example 14: Solve (2x + y +l) dv + (4x +2 y —1) dy =0. 
(Lucknow 2011; Kanpur 12, 15) 


Solution: We have yy = fae : 
dx 4x+2y-1 


Here wf, 
cs a 
let2x+ y =v so that 2 + (dy/dx) = dv/dx. 


With these substitutions the given equation reduces to 


dv v+l 
ax an 2v-1 
a dv _ ea) OO dae, 
dx 2v-l 2v-1 
or 3 dy = dy =O = (2+ Jan 
v-l v-l v-l 
integrating, we have 
3x +c =2yv+ log (v—I) 
or 3xt+ce=2(2x+ y)+ log (2x+ y-)), [es v=2xt+ yl 
or x¥+2 y+ log (2x + y —1)=c, which is the required solution. 
(Comprehensive Exercise 4 
Solve the following differential equations : 
1. Qxv+ y-3) dy =(x+2y —3) dv(Bundelkhand 2010; Lucknow 09; Rohilkhand 11) 
2. dy/dx =(2x- y+l)/(x +2 y —3). 
3. (2x+3 y —5) (dy/dx) + (3x +2 y-5)=0. 
4. (v- y-2)dv+(x-2y—3) dy =0. 
5. (vt yl) dy = (x+y) dx. 
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6. (x+y) (dv - dy) = dx + dy. (Gorakhpur 2008) 
7. (x- y-2)dv=(2x-2y -3) dy. (Kashi 2011) 
i a nd 

dx 2x-ly +5 (Garhwal 2002, 10) 
9. Qx+4ytldy=(2y+x4+l) de. 
10. Qv+ y+ldv+(4x+2y—-I) dy =0. (Lucknow 2011) 


a 
f 


( Answers 4 
=". 4 


l. (x+ y-2)=c? (x- yp 
(Sy -7" +(5x-1) (Sy -7)-(5x-I)* =c 


3x7 +4xy +3.y? -10x-10y =c 


eee 


log {c? (2Y” — X7)} = (1/V 2) log {(Y V2 — X)/(Y V2 +.X)}, 

where X =x-landY = y+l1. 
5. 2(y-x)-log(Qx+2y-l)=c 6. (y—x)+log(x+ y)=c¢ 
7. log(x- y-l)=x-2y-c 8. x-2y+log(x- y+2)=c 


9. 4(2y—x)- log (4x+8y4+3)=c 
10. x+2y+log 2x+ y—-I=c 


2.4. Linear Differential Equations 
Definition: A differential equation is said to be linear when the dependent variable y and all 


its derivatives occur in the first degree only and are not multiplied together. 


An equation of the form 


os Py =Q 

dx 

where P and Q are functions of x only is called a linear differential equation of the first 
order with y as the dependent variable. To solve such an equation, multiply both the 
sides by ela The equation then becomes 


Ja, / dx) + Pye! P é = Oe! ? # 
d ' : 
or ve ep = elPA. 


Integrating both sides w.r.t., ‘x’, we get 
pel P ax _ Jacl tar te, 


which is the solution of the differential equation. 
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Note 1: The factor e!?“, on multiplying by which the L.H.S. of the differential 
equation becomes a differential coefficient of some function of x and _y, is called an 
integrating factor (I.F.) of the differential equation. (Agra 2007) 
Note 2: Sometimes a given differential equation becomes linear if we take y as the 


independent variable and x as the dependent variable. 


Then it is of the form & + Pr=Q, 


where P and Q are some functions of y only. The integrating factor (I.F.) in this case is 
e!? ® and the solution is 


xP Y= [QP Vay +e, 


Working Rule : 
(i) Write the given equation in the form 


a +Py=Q or a + Px = Q as the case may be. 
de dy 


(ii) Find the integrating factor Pa or el PY, 


(iii) The solution of the differential equation is either 


ILE.)= [{Q- CE jde+e 


or x (LF.)=[{Q-LF dy +e as the case may be. 
ltustrative Examples 


2 
Example 15: Solve usd +2y =e". 
dx (Meerut 2001, 03, 10B; Kumaun 06) 


2 
Solution: The given differential equation is o + 2xy =e * , which is linear with y as 


the dependent variable. 


2. 
Here P =2x, andQ=e"* . 


We have | Pav =[2xdr=2-5 22 =2, 


Therefore LF. =e! ?“ = &. 


Hence the solution is y. (I.F.)= fre - (I. F. )} dv + c, wherec is an arbitrary constant 
. 2 
or ye ale ce. )dxv+e 
2 
or yee’ =[ are or yey =x+e. 


Example 16: Solve (x* — 1) (dy / dv) + 2xy =1 (Meerut 2010) 
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Solution: The given equation can be written as 


dy , 2x 1 Feo @ 1 
_ = Fr — P = 
no eye ve Cae es Q| 
2x 2x dx 
Here P = ,andso | Pdv= = log (x7 -)). 
gape Pea ee 
integrating factor (I.F.) = oJ Par — glog (x -1) _ Caen 
[ i 4 
the solution is y. (x? —1)= (x2 —1) de +, 2 = 
ye? =I) Fea (7 =) eee 
or y(P -N=[drte=xte, 
Hence y (x2 —1)=x+c is the required solution. 
Example 17: Solve x (dy/dx) +2 y = x log x. 
Solution: The given equation can be written as 
O42 y= slog, (‘rom 2 + Py = Q) 
Here P = (2/x) and so | P dx = | (2/x) dv =2 log x= log x”. 
LF. = el P& = glogx? 2. 
the solution is 
y (LF.)=[Q-CF dr +e 
ie., yx = [ (x log x) x det C, [- Q=x log x] 
or ye =| 2 log x dv +c 
4 4 : ‘ 
oe yr? “iflpe a x j- Shea 2 [integrating by parts] 
4 x 4 
or paix! log xo) +e 


Hence 4 yx =-x' log x- : x’ +k is the required solution. 
Example 18: Solve cos” x (dy/dx) + y = tan x. 


(Meerut 2003, 13; Avadh 05; Garhwal 06) 
dy 2 2 


Solution: The given equation can be written as ie + sec*x. y = tan x sec*x, which is 


linear with y as the dependent variable. 


Here P =sec*x, and Q=tanyx sec” x, 


We have J Pav= [sec? x de = tan, 
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LF.= elP dy _ tan x 
the solution is y.e"* = fitan xsec? x.e@"* dy +e 
or yen t= J tedtt+c, putting tan x=¢ and sec? x dx = dt 


= [te - fe dt| +c, integrating by parts 


tanx _ tan x 


=te'-e'+c=tanxe e +¢ 


tan x = ey 


or ye € tanx—I)+c. 


2 2 
Example 19: Solve (1+ y") dx =(tan™” y — x) dy. (Agra 2005; Avadh 07; Rohilkhand 10; 


? 


Bundelkhand 03, 04; Meerut 13B; Garhwal 11) 


Solution: The given equation can be written as 


dx _ tan! y-x dx 1 _ tant yy 


— = —_~— or — x 
dy ley dy is y ie 


This is linear equation with y as independent variable and x as dependent variable, 
Here P =1/(1+ y”). 


|? dy = fasas y2)} dy = tan y, 
Hens TE. = POS eens. 


Now the solution is x. (I. F.)= fia.aF)} dy +c 


=i = 

= tan 1 tan 

bess B6 etan JS= 4 . gan Sdy +¢, Q = J 
l+ y 


= fe e' dt +c, putting tan”! y=tanddy/(1+ y’) =dt 
=[ee* - fie dt] +c, integrating by parts 
=te'-e' +c=(t—-le'+c 

or x." JF = (tan! y—1). ean I gg, 

Example 20: Solve (dy/dx) + 2_y tanx =sinx, given that y =O when x = 1/3. 


Solution: We have O42 tanx.y=sinx, which is linear with y as dependent 


variable. 


Here P =2 tan xand so | Pdr= 2 tan x dv = 2 log sec x = log sec? xX. 


LE =e? @ = 28 sed x sec2 x. 


y (| p22) 


or 
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the solution is y .(I.F.)= ite ALF. )] dv +e 
y sec? x= | sin x.sec” x de +e =f tanxsec x dv +c 
ysec? x=secx+e. cn Ge) 


Now it is given that y =O at y= : Tl. 


Therefore, from (1) 


Gee Deco aes or pecs? 
3 3 3 


Hence from (1), y sec” x=sec x —2 is the required solution. 


(Comprehensive Exercise 5 


Solve the following differential equations : 
(dy /dx) + (I/x) y = x". 


x (dy/dv) + y=. 


x (dy/dx) + y =x? +3x42 (Avadh 2010) 
(sin x) (dy/dx) + 3.y =cos x. (Meerut 2004) 
(x* +1) (dy/dx) + 2xy = 42°. (Agra 2008; Kumaun 10) 
(1+ x”) (dy/dx) + 2xy = cos x. (Meerut 2009; Kumaun 09, 12) 
x (x7 +1) (dy/de) = y (l- x°) + x° log x. (Meerut 2007B) 


(dy/dx) + (2.y/x) =sinx. 
(dy /dx) + (y/x) =sinx* 


(y sinx — 1) dv + cos xdy =0. (Bundelkhand 2008) 
. sin 2x (dy / dx) -— y = tan. (Agra 2007) 
. (+ x) (dy/dx) — xy =1- x. 
. 3 
(x +2 y") dy = y dx. (Rohilkhand 2006; Avadh 11) 
(x + y +1) (dy/dx) =1. (Gorakhpur 2006; Rohilkhand 08) 
2 ly 
(dl +y ) dx + (x — ens ) dy =0. (Gorakhpur 2007; Lucknow 09; Purvanchal 11; 
Bundelkhand 04) 
oe 
\ Answers 5 
“cee 4 


pax"? /(42)4e 2. y=l+cel/* 
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3. 6xy = 21° 49x" 412040 
4 tan? Cj naa a (E Bave 
cl ad 30 2 
3. pte )=22 +e 6. y(i+2x2)=sinx+c 
7. ye +)e=e+i 8 ogx-1 8 
2 4 

8. yr? =- x" cosxt2xsinx+2cosx+c 9. pra = cos 27 +c 
10. ysecx=tanx+c 11. y=tanx+c V (tan x) 
12. yd+x)=x+ ce" 13. x= pty 

-l -l 
14. x=ce2- y-2 15. xe Jase Je 


2.5. Equations Reducible to the Linear Form 
Some equations can be reduced to the linear form by making suitable substitutions, 
and hence can be solved easily. 


(a) Bernoulli’s Equation: (Gorakhpur 2008) 
A differential equation of the form 

dy 

Micaere P _ ‘a 

ge eS 


where P and Q are functions of x alone is called Bernoulli’s equation. 


To solve this equation dividing both sides by y”, we get 
ee 
Nn + P n+ = 
| ee rad Q 


[Note that the R.H.S. is now a function of x alone. ] 


Now putting y~"*! = », so that (1-2) y™ # 7 «. , the equation (1) transforms to 
1 dv 
—+Pr= 
l-n dx : 
or an PB v=(l-n)Q 
Ze : ; 


which is a linear differential equation with v as dependent variable and can be solved 
by the method discussed in article 2.4. 


(b) Equations of the form 
d 
& + Po(y)=QF (9) 


where P and Q are functions of x alone. 


To reduce such an equation to the linear form, dividing both sides by f (v) and thus 
getting rid of f (y) from the R.H.S., we have 
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sk p. 2) _ Q 
f(y) ak (y) 
Now we try the substitution oy) =p- 
f(y) 
If =F 20 Ke, 
dx dx | f (y) f(y) ax 


. . l dv 
where K is some constant, the equation reduces to the form XK a Pv=Q, or 


a + K Pv= KQ, which is a linear differential equation, with vp as the dependent 


variable. 


litustrative Examples 


Example 21: Solve ad + z ye xy. 
dx x 


Solution: The given equation on dividing out by x: becomes 


+o =X. seal 
Put =», so that 
J 
me é ly__la 
yp? dx dx yo dx 5S ax 
With these substitutions the equation (1) becomes 
et ee or Wee 
5S dx x dx ox 


This is a linear equation with v as the dependent variable. Here P =—5 / x and 
Q=-5x. 


We have 
| Pac= J 5/2)de= -5 log x = log x~> = log (1/19). 


LE. =¢lP & J glog (2?) = Vx. 


the solution is 


v (LF.)=[{Q-CF.)} dxte 
ie., v(x?) = [-5 -U/P de to=-5f x3 dete 
eh; (I/ y°) : (I/x?) - 3x +c. [Note that v = Vy] 


Hence (ry) = : (I/x*) +c is the required solution. 
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Example 22: Solve uss + ( : |p HN 
dae Wx 
Solution: Dividing both sides of the given equation by 2 x 2 we have 
1 dy 1 (— } 1 
+= Vy= a eel 
ya 20-2) 7 m) 


Now put ant =v, so that 5 L 12 (dy /dv) = (dv/dx). 
With these substitutions the equation (1) becomes 


2S x )vaza 
de 2-2 ; 


which is linear with v as the dependent variable. 


Here P=3{x/(l-x)} and Q= 5+. 


We have J re-f5 


fox 
=~ [log (= 2?) = log (1= 2)" = log (/(1 = 22)!/44. 
LF. = elP de = elogtl/-17)!4y = id= ry. 


the solution is 


v/(— x2)'/4 = 5 ft/a- PW dese 


or v/(l-x a = -s feat putting (1- x) =tso that —2x dv = dt 
4 ? 
or 1 y/- 24-1484, iyatal 
4 3 
oe toh E ie ae [. t=(1-27)] 


Example 23: Solve x (dy/dx) + y = Fe log x. 
(Bundelkhand 2006; Gorakhpur 10; Purvanchal 07, 08, 10; Kanpur 06, 15) 


Solution: The given equation can be written as 
2 
o + uy y= — log x, dividing throughout by x 
In Xx 


or a t+ = 


itll) 


dividing throughout by a: 
Now put l/ y =v, so that (—1/ py?) (dy /dx) = (dv/dy). 
With these substitutions equation (1) becomes 


dv i log x 
=o = —o_ 
dx x x 
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or aoe pees, 


ax Xx Xx 
This is linear with v as the dependent variable. 
Here P=-Il/x and Q=- (log x)/x. 
LE. - elP dx _ el (-I/x) de _ eo log x = clog (/x) = (1/x). 


Hence the solution is 


v (I/x) = Jt (log x)/x}-(I/x) dx +c 
or p/x=—f (W/3?) log xde-+e 
=~ [(-1/x) log x- far (-1/x) dx] + c, 


integrating by parts taking I/ x’ as the second function 


= (I/x)log x - [ (/x*) dr +c = (I/x) log x + (I/x) +¢ 


or I/(ay) = (I/x) (1+ log x) +c, [e v=l/y] 
or 1= y (1+ log x) + cxy. 
yy J 2 
Example 24: Solve — + = log y = = (lo , 
7 dey OP? 2 (gy) (Kumaun 2011) 
Solution: Dividing both sides of the given equation by y (log yy, we have 
1 dy | 1 1 
a vat) 
y (log y) dx x logy yx 
Now put I/log y = v, so that 
—{I/(log_y)?}-(\/_y): (dy /dx) = dv/dx. 
With these substitutions the equation (1) becomes 
dv v 1 dv 1 1 
Re a or 3. he 
Xx Xx dx x Xx 
This is linear with v as the dependent variable. 
Here P=-1/x and Q=-1/%’, 
LE.- elP dx _ e J A/x)de = e 10g a elog(l/x) =I/x. 
the solution is v/x = J -a/).d/ayax +¢ 
or (1/log y) (I/x) = -| x3de+e, [. v=I/log y] 
or eG 
x log y Oy 
dy lev 


Example 25: Solve —+—-—=—. 
dx x 


x2 


Solution: On dividing out by e/’, the given equation becomes 
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-ypdy -y 1_ 1 
JZuegJ.- =. em 
: dx : x x () 
Now put e 7 =», so that — e J (dy/dx) = (dv/dx). 
With these substitutions equation (1) becomes 
dv 1 1 dv 1 1 
= tay or Siar Amiens 
dx x x dx Xx Xx 
This is linear with v as the dependent variable. 
Here P = -1/x and Q=- Vx. 
LE.= elP dx _ e) l/x) de = e7 log x elog (I/x) =I/x. 
the solution is v. (I.F.) = Ke (1.F. )} dv +¢ 
‘ 1 J i | 1 
Leé., v.—=-]—5--dvt+co=—yH+Ce 
Ps vox 2x7 
or e .(I/x) =1/(2x7) +¢ [evee’] 
or e~J (1/x) = (1+ 2er”)/(2x7) 
or Qx = (Qex* +1) ec. 
(Comprehensive Exercise 6 
Solve the following differential equations : 
4 . 2 
1. (dy/dx) + (y/x)= y”. (Bundelkhand 2007; Garhwal 09, 11) 
(dy /dx) +{y/(x-)} say". (Meerut 2005B) 


(x? y? + ay) de = dy. 


3 (dy/dx) + 2y/(x+ l= /y?. 
y (2xy + e*) dv —e* dy =0. 


oe ee pe 


Ts (xy? — el!) dy — x2 y dy =0. 
8. dy/dx=e* J(e* -e”). 


(Kanpur 2002) 


ee a8 
dy /dx =r y ~ Hy. (Gorakhpur 2005; Meerut 13B) 


(Kanpur 2001) 


(Lucknow 2007) 


2 
9. (dy/dx)- y tanx=— y* sec x. (Meerut 2009B; Garhwal 10) 


10. cos x dy =(sinx— y) y dx. 


(Rohilkhand 2007) 


: 3 2 
11. (dy /dx) +X sin 2 y =x COS” ). (Gorakhpur 2007, 11; Purvanchal 08; Avadh 14) 


2 sin? x: 


12. (dy/dx)+ ycotx=y 
13. 2 (dy/dx) - ysecx= y? tan x. 


(Purvanchal 2006) 


dy ' 
15. r++ yl = xe". 
7 dx nee ave (Bundelkhand 2005) 


16. Solve xy (dy /dx) og" =2x°, given that y =I when x=1. 


17. Solve ed +y a = (x) a where 6 is some function of x only. 
dx dx dx 
ae. 
\ Answers 6 


1. x (c-log x)=1 
2. y?B(x-128 = Ex (x=? ee ee ee 


20 
] i? 2 

3. l=2y0-5¥)-ge 2 4. (I/ y*)=ce* +x +1 
5. Fe eee eee 6. e+ y(c+x°)=0 

6 5 4 

3 ‘3 x 
7. 3y? =2x° a! 4.3 cx? 8, se -le a) 
9. sec x= yp (tanx—c) 10. sec x= y (tan x-c) 
ll. 2tan y=(x2 -l)+2ee* 12. (I/y) =(cos x —c) sin x 
13. - (sec x + tan x) = y? (sec x + tan x-— x +) 


14. ly"? =2sinx {2/(1 ny} + ee Using 15. xlog y=e* (x-I+e 
16. yp =-2x7 +36 17. ye® = [oe% do +c 


2.6. Exact Differential Equations (Lucknow 2006) 
A differential equation is said to be exact if it can be obtained from its primitive (solution) directly 
by differentiation, without involving any subsequent process of multiplication, elimination, etc. 
Thus the differential equation of the form M dv + N dy =0, where M and N are some 
functions of x and y, is exact if it can be obtained directly by differentiating an 
equation of the form u =c, where u is some function of x and_y and c is an arbitrary 
constant. 
Theorem: The necessary and sufficient condition for the ordinary differential equation M 
dx + N dy =0 to be exact is that (Lucknow 2006, 09) 
aM /dy = ON /ox . 
The condition is necessary: Suppose the differential equation 
M dx +N dy =0 (1) 
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is exact. Let the primitive of (1) beu =c, where wis some function of x and _y andc is an 


arbitrary constant. 


Since uw is a function of x and _y, therefore from partial differentiation, we have 


Now (= 6 =e Oa ee 8 se2) 


Since the equation (1) is exact, therefore equation (2) must be identical with (1), 
therefore, we have 


—= ...(3) 
and —=N. ... (4) 


Differentiating (3) and (4) partially with respect to_y and x respectively, we obtain 

d'u OM du _ oN 

oy ox oy ‘oxdy ax 

w) 2 

But Rg — ae . Therefore om = ont : 

oy ox ox oy oy = ox 
Hence the condition is necessary. 
The condition is sufficient: We have to show that if dM/dy =dN/ox, then 


M dx +N dy =0 must be an exact differential equation. Let J M dx =P, then 


2 
oP = M,so that Las = ong = on , by hypothesis. 
ox dyox oy ox 
dN _ a°P _aN_ a P aN _ A (aP 
Now —= >——= =>——=—|— 
ox oxdy ox avdoy ax ox\oy 
=> N= — + f (y), where f (y) is some function of y alone. 
y 


Now putting M=" and N= So + f (y)in M de + N dy, we have 
mM y 


M de +N dpa aes es £ hay 
ox oy 


oP oP 
=—dvr+—dy+ f(y) dy =dP + f (y) ap 

ox oy 
=d[{P + F (y)], where d[F (y)]= f (vy) dy 
= an exact differential of some function of x and _y. 


Therefore the differential equation M dv + N dy =0 is exact and hence the condition 


is sufficient. 
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Working rule for solving an exact differential equation: (Meerut 2008) 


To solve a differential equation of the form M dx + N dy =0, first ascertain with the 
help of the condition dM /dy = dN /dx whether the equation is exact or not. If the 
equation is exact, then 


(i) Integrate M with respect to x treating y as constant. 
(ii) Integrate w.r.t. y only those terms of N which do not contain x. 


(iii) quate the sum of these two integrals [found in (i) and (ii)] to an arbitrary 
constant and thus get the required solution. 


Thus if the differential equation M dy + N dy =0 is exact, its solution is 
fm a + [no =¢ 


treating y as constant take only those terms in 


N which do not contain x. 


hiusteative Examples 


Example 26: Solve (ax + hy + g) dx + (ix + by + f) dy =0. (Meerut 2003) 
Solution: Here M = ax+hy + gand N =/Iv + by + f. 


We have “ =hand cal =h. Thus we observe that dM /dy = dN /dx and therefore the 


dy ox 


given differential equation is exact. Hence its solution is 


J Mac + [Nw =e 


treating y as a constant taking only those terms in 


N which do not contain x. 
ie, [ erty t gar + J w+ None 
treating y as a constant 
ieé., sae thay + ge hs by” + fy=c 
ie., ax’ + 2hxy + by? +2er+2fy+e=0, 


where c is an arbitrary constant. We have replaced — 2c by c. 


Example 27: Solve (4x+3y +l) dv+(8x+2 y+) dy =0. 
(Purvanchal 2009; Meerut 11) 


Solution: Here M =4x+3y+landN =3x+2y +1. 


We have aM 2 3 and ON 2 Sie. am aN , and hence the given equation is exact. 
oy ox oy = ox 
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Integrating M,ie.,4x+3 y + 1with respect to x, treating y as a constant, we obtain 
4.52 +3xy +x Le., 2x +3xy tx. 
Again, the only terms in N which do not contain x are2 y +1. 
Integrating (2 y + I) with respect to _y, we obtain 

dy + yie., y + y. 
Hence the solution of the given differential equation is 

Qn? + Sxy txt am + y =c, where ¢ is an arbitrary constant 


Leé., Qx* + 3xy + yr? +xt+ ye. 


Example 28: Solve (x? — ay) dx — (ax - y’) dy =0. 
Solution: Here M = x* — ay and N = -— (ax - oy. 


We have 
oM aN . OM dN 
— =-a and — =- ai.e., — = — 
oy ox oy ox 
and hence the given equation is exact. 
Now J M dx (regarding y as a constant) = es — ay) dx = - x - ayx 
sa (l) 
and J N dy (taking in N only those terms which do not contain x) 
1 
= [x w=s0"s ..(2) 


the required solution is, 


(1) + (2) =c (an arbitrary constant) 


1 3 1 3 

_— = Eee =<, 
or ge =Oeeay =s 
or r+ y? -3ay =3c. 
Example 29: Solve x dx + y dy + a : 

a4 y (Bundelkhand 2007) 

Solution: The given equation can be written as 

[ wail | 

x- dx + dy =0. 

Peay Tap 


Here 


y 
Me=x- and N = y+ 
ey Ba Pay 
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We have 
aM _o ud le eT x -y’ 7 See's 
op ~ 2 2.2 79D. 2\2? 
yy (x+y?) + yy (x+y) 
d aN _¢ L(x + y*)—x-2x _ ata 
ov a Tapp a ppe 
Xx + y) (x + y~) 


Thus 0M /dy = dN /oxand hence the given equation is exact. Therefore its solution is 


[ y | 
x- dx + J d =¢ 
J [Py] iad 
regarding y as a constant taking only those terms in 
N which do not contain x 
2 
or Sa pee es 
2 y 2 
or x? -2 tan! (x/y) + y? =2c =k. 


(Comprehensive Exercise 7 


Solve the following differential equations : 
dy /dx = (2x — y)/(x+2y-—5). 
2. (2ax + by) y dx + (ax + 2by) x dy =0. 


3. (1+ 4xy +2. y*) de + (1+ day + 2x*) dy =0. (Bundelkhand 2004) 
4. xdx+ ydy=a’ i a 

+" + VY" (Agra 2006; Meerut 08; Gorakhpur 11; Bundelkhand 11) 
5. [lt e"/ I] dv + e*/ [1 — (x/ y)] dy =0. (Meerut 2004B, 06) 
6. (e+ 1)cos x dv +e? sin x dy =0. (Agra 2006) 
hi (sin xcos_y + **) ) dx + (cos xsin y + tan y) dy =0. 
8. (ysin 2x) dv - (1+ y? +cos” x) dy =0. 
9. [y{l+(1/x)}+cos y]dx +[x + log x - xsin y]dy =0. 

(A Answers 7 

1. vr - yy’ -w+5yee. 2. ayx” + bxy* = 


3. x+2 yt+2y* + y=e 4. x + y* +2a* tan"! (x/y) = 
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5. xt ype/I=¢ 6. (ec? + l)sinx=c 
Ts 5 Oo cos xcos y+ log see y =c 8. ycos2x+2y 45 y? =e 
9. y(x+log x)+xcos y=c 
5 Integrating Factors 
(Lucknow 2007) 


A differential equation which is not exact can sometimes be made exact by multiplying 
by some suitable function of x and_y. Such a function is called an integrating factor 
(1.F.) of the equation. 

Methods used to find the integrating factors: 

Method 1: Integrating factor found by inspection: Sometimes integrating factors 
are found by inspection. 

The students should remember the following exact differentials. These help us in 
finding the integrating factors. 


(i) diy)=xdyt y dx, (ii) (2). 
a J 
c dy — 2 
(iii) a(2 ed de (iv) {5 )-2ee ay 
x x y y 
z . rr 
) (=)-2o 4, (vi) afi] 25 
' ee J r4+y 
(vii) d{ tan"! +) es (viii) alee a\-2eas 
x wt+y y y 
a: x = x 
(ix) a(log2)-*2=2 %) i(2]-¥ eae dy 
x xy y y 
(xi) d {log V (x2 + y2)} = 2 StL 9 
x +y 


litustrative Examples 


Example 30: Solve (1+ xy) y dv + (1- xy) x dy =0. 
Solution: The given equation can be written as 
(y de + x dy) + xy” dx — x7 y dy =0, 
or d (yx) + yy dx — ry dy =0. [ From (i) of article 3 | 


Dividing out by x* y”, we have 
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xy" 


Now putting xy = vin (1), we have 
(1/v*) du + (1/x) dv - (I/ y) dy =0. 


Set ey 20. it 


Now integrating each term, we get 
— (1/v) + log x — log _y =c, where c is a constant 


or —(l/xy) + log x — log y=c [r= ay] 
or log (x/ y) =c¢ + (I/xy), is the required solution. 
Example 31: Solve y dx — x dy + (1+ x’) det x sin yay =0. (Lucknow 2005) 


Solution: Dividing each term by x’, the given equation becomes 
LEAs (Salactsiny ay=0 


Pw x 
or APPR + fell drssin y dy =0 
Xx Xx 
or -d I + \z + i dx+sin y dy =0, [ Refer article 3, result (iii) ] 


Integrating each term, we have 


1 
~2_-+x-cos y=-c 
2 
yg. I 
or —+—-x+c0s y=c. 
x Xx 


(Comprehensive Exercise 8 


Solve the following differential equations : 


1. xdy — ydv= xy" de. 2. xdy — ydx+2x° dv =0. 

3. (y?e* +2xy) dv — x7dy =0. (Gorakhpur 2008) 
4. y(ay+e*)dx—-e* dy=0. 

5. y (2x7 y +e") de -(e" + y) dy =0 ; (Gorakhpur 2009; Avadh 09) 
6. y sin 2x dx = (1+ _y? + cos? x) dy. 

Te xdy — ydv=(x" + y*) de. 

8. xdvt+ ydy +(x + y*)dy=0. 

9. (x + y? +a°) pdy+ (x + y? -a’)xdx=0. (Rohilkhand 2006, 07) 
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( Answers 8 
maoat 
1. yx? + 2x =2ey 2. ptr =e. 
3. +(x? /y)ac. 4. 5a? + (e%/y) =e. 
ee ae 9 i 4 
3s he “357 +(e /y)=e. 6. — y cos et eee +c. 
7. tan”! (y/x)=xu+ce. 8.274 y? =e, 


9. (x2 + yf +207 (y* - x) Hc. 


Method 2: If the equation M dv + N dy =0 is of the form 
Lf (x, y)] y dx + LF (x, y)] x dy =0, 
and Mx - Ny #0 , then 
1/(Mx — Ny) is an integrating factor. 
Note: If Mx - Ny =0, then Mv=Ny or M/y=N/x 
ie., the differential equation M dv +N dy =0 reduces to y dv + x dy = 0 whose 
solution is xy =c . 


litustrative Examples 


Example 32: Solve er +x y? tay tl) ydr+(e a3 9° — xy +1) xdy =0. 
Solution: Here 

Me-Ny=(P y+ y? +xy4)) yex- (Py? - xy? - ay +p 

=2 (x3 y? +x” y*) =2y" y? (xy + I). 
LE. =1/{2x" y? (xy +}. 

The given equation may be written as 

Loy? (ot D+ y+) y det [Oy +) - yy td] xdy=0. 
Now multiplying by IF. this becomes 

Loy wy t+ ytd yar, (ty? - wt )- oh _ 9 


ae yy Gye D 2x y* (xy +) 
é [er +l) ayy [Oo 297+) <0 
[| [=r | 
3 2 
or (y det x dy) LEAD _ 27 Vy <0 
xy ey 
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or bg 22 ap 0, 
ry y 


Now integrating each term, we get 
xy + (-I/xy) -2log y =c. 


(Comprehensive Exercise 9 


Solve the following differential equations : 
l. (xy? +.2x7 y3) de t (x? y — 2 y?) dy =0. 
Qi (x7 y? +ay +1) p de +(x? y? —ay +1) xdy=0. 
3. (ay sin xy +cos xy) yp dx + (xy sin xy — cos xy) xdy =0. (Garhwal 2009) 


— 
( Answers 9 


lL acy dl’) 2. xy + log x- log y -I/(xp) =c 
3. xsec (xy) =o 


Method 3: When Mx+ Ny #0 and the equation is homogeneous, then the 
integrating factor of M dv + N dy =0, is 1/(Mx + Ny). 


lnisteative Examples 


Example 33: Solve xy dx — (x? + yp) dy =0. 
Solution: Here Mx + Ny = ry - ry - ee =— y" #0 


and the equation is homogeneous. 
LF. =1/(Mx + Ny) =-I/y*. 
Multiplying the given equation by the LF., we get 


2: 3 
-2, a+ w=0, o Dt ia” yy 
y yoy J 
3 
or O14\2 |, 
yo 3 \y 


Integrating each term, we get 
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lo ae é 
sv 3 § 


34 3 
or pec BS. 


Method 4: If = (a - “| is a function of x alone, say f (x), then the integrating 


oy = ox 
factor for M dx + N dy =0 is el f (x) de 


liwstrative Examples 


I @, leg 1 2 
E le 34: Sol +a ypeta dx +—(x+ dy =0. 
am si vy 37 2 es 4 “ ad ) v (Lucknow 2007) 


Solution: Here M=y+2y° 5 and N=2(r-+3y?), 


oM 9 oN 1 9 
— =] d—=-i(l . 
5 + y~ an Fi Fae 
1(0M oN 4 9 1 9 
— | — —- — | = —— {(l+ -—=(1+ } 
=| ~ fap a 
4 3 9 
= = (1+ =-, 
x (1+ y’) 4 | x) 


which is a function of x alone, say f (x). 
LE. acl f)& & of B/x)de _ Blogx _ plogx? _ 3 


Multiplying the given diff. equation by the IF. ra , we get 
(2y+i 3,3 p22 dte ll +x*y?)dy=0, 
3 2 4 
which is an exact diff. equation and its solution is 


Ju dx (treating y as a constant) 


+ Jn dy (taking in N terms without x) =c 


4 A 3 6 
ie, 2243 2 a7 ¢, 
4 12 12 
or 3x4 y txt y3 + x° =12c =k. 
Method 5: If _ ee - mM) is a function of y alone, say f (y), then the integrating 
ag y 


factor for M dx + N dy =0 is eh fay, 


fb v-58 | 
littetrative Examples 


Example 35: Solve (xy? + y)dx+2 (ey? +xX+ y*) dy =0. (Lucknow 2006) 
Solution: Here M = yw + y and N =2 (x7 y? +X¥4+ ys ). 


OM 35? lend = oe? 4), 
ay ax 


{4xy* +2 -32y7 =} 


1 (aN aM) 1 
yt y 


which is a function of y alone, say f (y). 
LE. =F OP 2 I UND J (lB y — J: 


Multiplying the given equation with the I.F. y, we have 
(ay? + y?)de +2 (xy? + ay + y?) dy =0, 
which is an exact differential equation and its solution is 


fu dx (treating y as a constant) 


+ Jn dy (taking in N only those terms which do not contain x) 


=c, (a constant) 
ie., J (xy* + a dx (y constant) + fax dy =c 
or sey ta anyoac. 


(Comprehensive Exercise 10 


Solve the following differential equations : 


1. (x? y —2xy”) de - (0° - 32° y) dy =0. (Lucknow 2011) 
Ds 5, 

2. we + y") dx —2xy dy =0. (Gorakhpur 2008) 

3. (3x7 y* + 2xy) det (2x7 y? - x7) dy =0. 

4. (xy? — x7) dv + Bx? y? +x y- 2x7 + y*) dy =0. 
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\ Answers 10 
ncael 
l. (x/y)-2logx+3log y=c 2.2 - y* =a 
3 Py? +(x /y)=c 
on are er ee ae 
ex GJ gt ia” * joa’! 
Method 6: If the equation is of the form 
x4 y? (my dc + nx dy) + x° y” (py dv + qx dy) =0, ...(A) 


where a, b, m,n,c, d, p,q are constants, then the integrating factor is xi ie , Where ht, k can 
be obtained by applying the condition that after multiplication by x" ce the equation 
(A) must become exact. 
Example 36: Solve (y” + 2x* y) dx + (2x7 —xy)dy=0. 
Solution: The given equation can be written as 

y (y de — x dy) +237 (y dv + xdy)=0. 
This equation is of the form (A) , as mentioned above. So let the possible integrating 
factor be xl yk 


Multiplying the given equation by the proposed I.F. x" ra we have 


Gy? $29") dx + aes _ gp \ dp ai, () 
Now (0M /dy) = (k +2) gy +2 (k +1) yl t2 yk 
aa (ON /ar) =2 (+3) x"? yk — ed) why 


If the equation (1) is exact, then 
(0M /dy) = (AN /ox). 


equating the coefficients of x" y 


k+2=-h-1 i.e., h+k+3=0 


k+l h+2 


and x x on both sides, we get 


and 2k+2=2h+6 ie, h-k+2=0. 
Solving these, we get h =-—5/2 andk =-1/2. 
the integrating factor is x yk =x? ye, 


With these values of 1 and k the equation (1) becomes 
Ga rr 4 29° MA yl?) de (2x? yl? _ 3? yl) dy =(. 


This differential equation is of the form M dx + N dy = 0 andis exact as can be seen by 
verifying the condition dM /dy = dN /ax . 
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Hence its solution is 


Ju dx (treating y as a constant) 


+ Jn dy (taking in N only those terms which do not contain +) 


=c, (a constant) 


bes = 5x93 4 agll? yl? 0 = 
Hence — . x? ey? 2 4 Ay! ia ghia =c is the required solution. 
3 (Gorakhpur 2007) 
(Comprehensive Exercise 11 
Solve the following differential equations : 

lL. Qydv+3xdy)+2xy By dv+4xdy)=0. 

2. (Bxt2y*) ydv+2x (Qx+3y") dy =0. 

3. x(By d+ 2x dy) +8 y* (y dx +3x dy) =0 : (Lucknow 2010) 
Yi 
\ Answers 11 
Na# 

l. rp +2 yt =c 2.2 yt4+ x y® = 3.x y? +4 yi? =c 


4 Change of Variables 


In some cases a suitable substitution (change of variable) reduces a given differential 
equation to one or the other of the forms already discussed and hence the equation can 
be solved. 


liua@ative Examples 


xdx+ yd fee oy 
Example 37: Solve ae aioli ; 
xdy— y dx a 
(Rohilkhand 2005; Purvanchal 09; Avadh 09; Bundelkhand 03; Garhwal 10) 


Solution: Put x=rcos®@and y=rsin@. Then 
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rear’, aA) 
and y/x = tan. se0(2) 
Differentiating (1), we get 
2xdv+2ydy=2rdr or xdx+ ydy=rdr. 
Differentiating (2), we get 
* d hae d " 
aes a id = sec? 0 d0 
x 
or xdy- ydv=x" sec” 6 d0 = 1” cos” Osec” 6 d0 =r dd. 
Substituting these values in the given differential equation, we get 
rdr @-r NV (a r*) 
7 d0 rr 7 
dr _ 2 2 
ge 
dr 
or —,—- = 40. Separating the variables | 
Tea [Sep g 


Integrating, we get 
sin! (r/a) =O0+c¢ 
or r=asin (0+ c) 
or V(x? + y?) =asin {tan | (y/x +ch. 


) 
[v r=V (07 + y?) and @= tan! (y/)] 


5 Geometrical Problems 


Remember the following formulae of the differential calculus: 
Length of the tangent = y V{l+ (dx/dy)*} ‘ 

Length of the subtangent = y (dx/dy) = y /(dy/dx). 

Length of the normal = y V {1+ (dy /dx)*}. 

Length of the subnormal = y (dy/dv). 


Intercept made by the tangent on the x-axis is x —_y (dv/dy), and on the y-axis is 
y-x(dy/dx). 
Angle between the radius vector and the tangent is given by 
tan @ =r (d0/dr) or cot d= (l/r) (dr/d8) . 
Length of the polar subtangent = r? (d0/dr). 
Length of the polar subnormal = (dr/d6) . 
Radius of curvature p = [1+ (dy /dx)? ? ey (d? y/dx’). 
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lineG@ative Examples 


Example 38: Find the curves in which the polar subnormal is of constant length. 

Solution: Let the constant length of the polar subnormal be a. 

But the length of the polar subnormal = dr/d0 . 
as given in the question, dr/d@=a. 

This is the differential equation of the required curves. 

To solve, put it into the form dr = a d8. [Separating the variables] 
integrating, we get r=a0+¢ , where c is an arbitrary constant. 


This is the polar equation of the required family of curves. 


Example 39: Find the curves for which the sum of the reciprocals of the radius vector and the polar 
subtangent is constant. 
Solution: The polar subtangent = r” (d0/dr). 
as given in the question, di Es a =A,where A is a constant. 
ae 


This is the differential equation of the required curves. This equation may be written 


as 
Guy ( ~\=1 (Ar —1) 
d0 r 

or d0= WT _. = ee dr. [Separating the variables] 

r(@A-l) \aAr-l or 
integrating, we have 

6 +c = log (Ar — 1) - log r where c is an arbitrary constant 

or O+c=log{(Ar—l)/r}, or (Ar—N/r=e®*’, 


O+c 


Hence Ar —1=re"~* is the equation of the required family of curves. 


Example 40: Find the curves in which the cartesian subtangent varies as the abscissa. 
Solution: The cartesian subtangent is y/(dy/dx). 
as given in the question y/(dy/dx) = Ax, where A is a constant 
or X dx = hx dy 
or (dx/x) = i (dy/ y), separating the variables. 
integrating, we have 
log x=A log y + log c ,where c is an arbitrary constant 


Hence log x = log (y*.c) 


or t= cy”, is the required family of curves. 
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Example 41: Show that the curve in which the angle between the tangent and the radius vector at 
every point is half of the vectorial angle is a cardioid. 


Solution: As given, 0 = x0 where 0 is the vectorial angle. 


1 
it =tan—6. 
an @ = tan 3 
But tan o =r (d0/dr). 
r (d0/dr) = tan - 8 or (dr/r)=(cot 5°) 40, 
in which the variables have been separated. 
integrating, we have log r = 2 log (sin “ Q) + log c, 


where c is an arbitrary constant 


or log r = log (sin? 5°) tlogce, or log (r/c) = log (sin? 5°) 

or (r/c) = sin? Fp ti cane) or He Sel eaee) 
2 2 “2 

or r =a (1—cos 8), where a = 2 c . This is a cardioid. 


Example 42: Find the curve for which the tangent at each point makes a constant angle a with the 
radius vector. 
Solution: As given @ = a (a constant) 
or tan d= tana. 
But tan =r (d0/dr) . 
r(d0/dr)=tana or  (dr/r)=(cota)dé. 
Now the variables have been separated. Therefore integrating, we have 


log r = @cot a + log c, where c is an arbitrary constant 


or log r — log c =O cot a 
or log (r/c) =® cot 
or r/o = e8t 

8 cot a 


Hence r = ce is the required curve. 
Example 43: Show that the curve in which the slope of the tangent at any point equals the ratio of 
the abscissa to the ordinate of the point is a rectangular hyperbola. 


Solution: The slope of the tangent at any point (x, y) = tan wy = dy/dv. 
. dy _ abscissa x 
as given, — = ——— = — 
dx ordinate yp 
or y dy = x dx, in which the variables have been separated. 


: F 1 1 . P 
integrating, we have 7 y = 5 e+ c, where c is an arbitrary constant. 
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Hence y — x7 =2¢ =a (say) is the required curve which is the equation of a 


rectangular hyperbola. 


Example 44: Find the family of curves whose tangent forms an angle 1/4 with the hyperbola 
wy =e. 
Solution: Let m, and my be the gradients of the tangents of the required family of curves 


and the given hyperbola respectively. Since the angle between these tangents is given 


to be - am , therefore 


my —m my -—m 
tan(x/4)=—— 2 = or Ss [= 
1+ mymy 1+ mmy 
or 1+ mpm) =m — mo or m, =(1+ my) /(l- mp). (1) 


Now ny = gradient of the tangent of the required family of curves = dy / dx 


and my = (dy/dx) for hyperbola xy =c. 
=. [apie 
Oe (5) xv’ leccuaee| 


Hence from (1), we have 


dy _l+(-c/*) Pc _ 1- 2c 
dx 1-(-c/x*) x +e Y +c 


or dy = ( - = Jas in which the variables have been separated. 
+e 


. : 26 -l{ x 
integrating, we have y = x-— tan | ——]+¢, 


Ve Ve 


where c; is an arbitrary constant. This is the required family of curves. 


(Comprehensive Exercise 12 


1. By the substitution y =v—x reduce the equation a (dy /dx) +x + yr =0 to 
the homogeneous form and hence solve the equation. 
Find the curve in which the polar subtangent is constant. 


Find the equation of the family of curves for which the sum of the reciprocals of 
the radius vector and the polar subnormal is constant. 


Find the curve in which the cartesian sub-normal is equal to the abscissa. 


5. Find the equation of the curve for which the cartesian subtangent varies as the 
reciprocal of the square of the abscissa. 


6. Show that the parabola is the only curve in which the sub-normal is constant. 
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7. Show that the curve for which the normal at every point passes through a fixed 
point is a circle. 
8. Find the equation of the curve in which the perpendicular from the origin on 
any tangent is equal to the abscissa of the point of contact. 
9. The normal PN to a curve meets the x-axis in N. If the distance of N from the 
origin is twice the abscissa of P, prove that the curve is a rectangular hyperbola. 
10. The tangent of any point P of a curve meets the x-axis in Q. If Q is on the 
positive side of the origin O and OP = OQ, show that the family of curves 
having this property are parabolas whose common axis is the x-axis. 
a, 
\ Answers 12 
NY 
1. tan! {(y" + x)/x}- : log {x + (y? + xy} =logc 
2. r(0+c)+a=0 3. O@=Ar-logrt+e 
4. per =e 3: hlog y= za +e 
6. y? =20 {x4 (c/2A)} 8. y?+x% =r 
( objective Type Questions 
Sa" 
Multiple Choice Questions 
Indicate the correct answer for each question by writing the corresponding letter from (a), 
(b), (c) and (d). 
1. The order of the differential equation 
2 
dy (47) ,4¢) _5¥ 
—_ -3| > 4—=-5~++6y=0 is 
dx! ee de d 
(a) 3 (b) 6 
(c) 4 (d) 2 
2. The integrating factor of the differential equation cos? x a + y =tan xis 
(a) sec?x (bheo 
(c) cos? x (d) tanx (Garhwal 2011) 
3 dy 


The integrating factor of the differential equation cn + y cot x =2 cos x is 


(a) sinx (b) log sin x 
(c) cot x (d) cos x (Kumaun 2007) 


A >-*6) 
4. 


10. 


11. 
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The differential equation M dv + N dy =0 , where M and WN are functions of x 
andy, is exact if 


(js N om ON. 
oy = ox ox oy 

oo M4 <9 @) Ma 
oy ax ox oy 


(Avadh 2005; Kumaun 06, 10, 11, 13; Kanpur 16) 


The complete solution of the differential equation 


(x° - ay) de - (ax - y*) dy =0 is 
(a) e+ y? +3ay =c (b) r+ y> -3ay =4 
(c) r+ y? -3ay =c (d) xv + y? -3axy =0 


The integrating factor of differential equation + P(y) x= QU) is 
yp 


(a) elP dy (b) elP dx 

(c) Qe (d) e-P& (Bundelkhand 2007) 
The differential equation (x2 + a + a’) y 2 +x (x? + ~ a’) =0 is 

(a) variables separable (b) linear 

(c) homogeneous (d) exact (Rohilkhand 2007) 


2_\2 4 
The order and degree of differential equation Le + y= sd 
dx 


dx 
(a) 2, 4 (b) 4, 4 
(c) 2,2 (d) 4, 2 (Garhwal 2009, 13) 
goo 
The order and degree of the differential equation F + (2) | =k aa 
(a) 3, 1 (b) 3, 2 
(c) 3, 3 (d) 2, 2 (Garhwal 2010) 
4 2.40 
. : . ay dy 4 : 
The order and degree of the differential equation —- + 2k (o| +k" y =Ois 
dx dx 
(a) 4, 4 (b) 4, 2 
(c) 4, 1 (d) 1, 4 (Garhwal 2009) 


Order and degree of differential equation y’’ + 2 sin”! (y’) -3,y =0 is 

(a) order =2, degree =1 

(b) order =2, degree does not exist 

(c) order does not exist and degree exists 

(d) none of these (Garhwal 2012) 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


| D-47 ) ‘ 
dt a? 
Degree of the differential equation “t ne) (<] +k y =O0is 
x 
(a) 4 (b) 2 
(c). 1 (d) 0 (Garhwal 2014) 
272 27 
Degree of the differential equation sz] -| - im (2) | =O is 
x 
(a) 2 (b) 3 
(cy 4 (d) 5 


(Kumaun 2006, 14; Garhwal 15) 


The integrating factor of the differential equation (x + 2 yp )dy = y dx is 
(a) 


(c) 


S| =I 


(Garhwal 2009) 


The integrating factor in the differential equation (1+ ‘7 )dx = (tan! y-x)dy 


(a) yany (b) ery 
“if 1 
(oe ? (d) sanly (Garhwal 2009) 


In differential equation y (2xy +e) dx — e* dy =0 the integrating factor is 
(a) e* (b) e* 


(c) el/* (d) eo ll« 

The solution of the differential ee g +y=zeri 

(a) ye“ =xte tees 

(c) pe"=x+4e (d) y=xe™ (Garhwal 2005) 


Solution of the differential equation x dy — y dv - 2x7 dx =0 is 


3 3 


(a) p= +ax (b) y+x +ev=0 


(c) y+ =e (d) yar +e (Garhwal 2006) 


2 
The solution of the differential equation + 2xy = eis 


(a) ye® =x+c (b) ye® =x+c 
2 a 
(c) xe* =yte (d) xe" =x+e (Garhwal 2010) 


A >+8) 
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20. The integrating factor in the differential equation 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


(x7 y —2 xy”) de + (327 y — x7) dy =0 is 


l 1 
(a) — (b) = 
y ned 
l d) 
(c) 27 (d) Pp (Garhwal 2010) 


The solution of the differential equation (e/ + 1) cos x dx + e sin x dy =0 is 
(a) sin y=(e* +l) +c (b) sinx=(e* +I) +e 


(c) sinx(e” +l)=c (d) none of these (Garhwal 2010) 


The integrating factor in the differential equation (1 + y’) +(x - gran! y ) oe =0 


dx 
is 
1 

(a) pian”! x (b) etan”! x 
(jj 2? (d) 1 (Garhwal 2010) 
Integrating factor of differential equation x log x eS + y =2 log x is 
(a) Z (b) xlog x 

Xx 

1 

log x (a) log (Garhwal 2012) 
Integrating factor of the differential equation (x + 2 a 2 = yis 
(a) y (b) I/y 
(c) 1 (d) -I/y (Garhwal 2013) 
Solution of the differential equation o + am =0 is 

Iv 
1 aa 
= b =-—-—+ 
hd X+e o) 3 : 
C 2 

(c) y=ce* (d) y=x (Kumaun 2015) 


&y | (ay) 
The degree of the differential equation “2 + ' + (2) | =0 is 


2 dx 
(a) | (b) 2 
(c) 3 (d) 4 (Kumaun 2011) 


The differential equation x dv + 2 a dy =0 is 


(a) exact (b) non-exact 


(c) partial (d) homogeneous (Kumaun 2014) 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


p-49 |) ‘ 
Integrating factor for the differential equation # + 2 je - will be 
x 

(a) (b) 
(c) x (d) log x (Kumaun 2014) 

2 
The order of the differential equation — + (#) + yt =¢ “is 

t 
(a) 1 (b) 2 
(c) 3 (d) none of these (Kumaun 2015) 


Which of the following is a solution of the differential equation +3x=0? 


(a) x=3e° (b) x=2e3! 
Cee (d) x=3? 
2 (Kumaun 2015) 
; : : . ay yp 
Solution of the differential equation ar will represent 
In Xx 
(a) family of circles (b) family of straight lines 
(c) family of hyperbolas (d) none of these (Kumaun 2015) 
The differential equation a +( * 7 } ye x is 
dx \l-x 
(a) linear (b) homogeneous 
(c) exact (d) total (Kumaun 2013) 


2 
The differential equation (2) +5 oe =x is 


(a) linear of order 2 

(b) non-linear of order | and degree 2 
( 
( 


c) non-linear of order | and degree 6 


d) none of these (Kanpur 2016) 
& 

The degree of differential equation “at i+ a. =0 is 

(a) 0 (b) 1 

(c) 2 (d) 4 (Kanpur 2016) 


The differential equation whose solution is of the form 


y= Acosx+ Bsinx is 


d° d° 
(a) aa (b) ae 
2 2 
(c) e “J+ y= Acos x (d) Se 


dx 2 dx (Kanpur 2016) 
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. . dy 2, 
36. The integrating factor of («+ mae = *(l+x)° is 
(a) x+1 (b) log (x + 1) 
() = (d) e**! 
xt+l (Kanpur 2016) 
37. The solution of y’+ ytanx=cosx, y(0)=0 is 
(a) cosx (b) sin x 
(c) xcosx (d) xsin x (Kanpur 2016) 
38. Which one is the homogeneous equation? 
ee eee Oe vr +2y* 
de 3x" 42° de 3x° +2 y" 
) Beer Cee y 427 
dx 3x7 +4" dy 3x7 +2y (Kanpur 2016) 


39. 


40. 


41. 


42. 


43. 


44, 


Solution of differential equation 3e* tan y dv + (1-e* ‘) sec” ydy =0 is 


(a) tan y=c(l-e7*)? (b) tan y=c(l-e*)? 


(c) sin y =c(e* -1) (d) tan! y=c(l-e*) 
(Kanpur 2016) 
Solution of differential equation Ds aa is 
dx x yt 

(a) yx? =log xtc (b) yx =xlogxrtc 

-3 c 2 

= ] _ d = ] 

(<) ae ss x (d) ae aia (Kanpur 2016) 
In solving (2x - y +2)dv+(6x-3 y +4)dy =0 substitution used is 
(a) 2x- yp=z (b) 2x+ p=z 
(c) x- p=z (d) r+ p=z (Kanpur 2016) 


The differential equation (y? oy 4 6x) dx + ( (Qxye*? - 4 y) dy =0 is 


(a) non-linear, non-homogeneous and not exact 


(b) non-linear, non-homogeneous and exact 

(c) non-linear, homogeneous and exact 

(d) linear, homogeneous and exact 

If Mdv+Ndy=0 and >" = = then differential equation is 

(a) linear (b) homogeneous 

(c) non-homogeneous (d) exact differential equation 
The differential equation M dv +N dy =0 can be reduced to exact if 
+ (= - “| is 

N\ oy ox 

(a) a function of x and y (b) a function of x alone 


(c) a function of y alone (d) none of these 
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45. 


46. 


47. 


48. 


49. 
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The differential equation oe is 
M\ ox oy 
(a) a function of x and y (b) a function of x alone 
(c) a function of y alone (d) none of these 


The differential equation (ay” +X+ x) dx + ( y® — y + bry) dy =0 is exact if 


(a) 2a=b (b) a=b 
(c) 2a#b (d) a#b 

: : dy ay 
The integrating factor of x +2xy =e is 
(a) (b) e* 
(c) e* (d) e* 
The integrating factor of cos” ro + y =tanx is 
(a) efanx (b) e tanx 
(c) eoot x (d) e oot x 

: , cH 1. 26, 
The integrating factor of ae +—y=x' y> is 

Xx 

(a) ° (b) x 

1 1 
(c) e (d) ~~ 
Fill in the Blank(s) 
Fill in the blanks “...... ” so that the following statements are complete and correct. 
The order of the differential equation 

Py .@y 2 
ao ae ae VS: sdsce sca 
3 
dy dy 


The degree of the differential equation (2) —Axy a +8 va =Ois...... ; 


2 \2 92 
The order and degree of the differential equation (| - f + (2) | =0 is 


siigo and ...... (Rohilkhand 2006) 
@ AM) 
fo(% y) 


are homogeneous functions of x and _y of the same degree, is called a ...... : 


A differential equation of the form , where f, (x,y) and fo (x, y) 


To solve the differential equation x” y dx - (4 yp) dy =0 ,we put...... : 


To solve the differential equation eee eal ,we put ...... ‘ 
x 4x+2y-1 
A differential equation is said to be ...... when the dependent variable y and all 


its derivatives occur in the first degree only and are not multiplied together. 


fl 0-52 | 


8. 


10. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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The integrating factor of the differential equation + Py = Q, where P and Q 
are functions of x only, is ...... . 
The integrating factor of the differential equation (x? -)) # + 2xy =lis...... : 
The integrating factor of the differential equation o +2ytanx=sinvis...... ; 
(Kumaun 2009) 

The ordinary differential equation M dv+N dy=0, where M and WN are 
functions of x and _y, is exact if and only if ...... . 

(Meerut 2003; Bundelkhand 08; Rohilkhand 10) 
A differential equation which is not exact can sometimes be made exact by 
multiplying by some suitable function of x and _y. Such a function is called an 


ee of the equation. 
1 


The differential equation bal + J irs an - 
dy \+y l+ yp 
is linear with ...... as dependent variable. (Kumaun 2010) 


If the differential equation M dv + N dy =0 is homogeneous and if 
Mx + Ny #0, then the integrating factor of this differential equation is ...... . 


(Bundelkhand 2007) 
The differential equation (x + y) dy = a’ dx is linear with ...... as independent 
variable. 
A solution of differential equation of three order has ...... constants. 
(Agra 2007) 
The differential equation ye dx + (xy + x )dy =Ois ...... : (Kumaun 2007) 


Differential equation Lad + Py=Q is...... : 
dx (Kumaun 2008) 


True or False 
Write ‘T’ for true and ‘F’ for false statement. 
The differential equation a dx + (xy + rv) dy =0 is homogeneous. 

nee ey (ay) 
The order of the differential equation a 7 = +6y =0 is 2. 

yp fay 
The degree of the differential equation ae +4 Ps a Sy =0 is 2. 
The differential equation x7 ad + y =lis linear with y as dependent variable. 
dx 

The integrating factor of the differential equation + ysecx=tanx is 


(sec x + tan x). 
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6. 


10. 


ll. 


12. 
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The differential equation (v+ y +1) o =1 is linear with y as dependent 
Va 
variable. 
The differential equation (4x +3 y + l)dv + 8x +2 y +1) dy =0 is exact. 
ay J 


The integrating factor of the differential equation ae +2 =sinx 
ot 


is log x. 


The differential equation _ yar a is linear with y as dependent 
variable. 

The differential equation x w. y = y" can be made linear by putting 
1 

7 =). 


A differential equation of the form # + Py =Qy", 


where P and Q are functions of x alone, is called Bernoulli’s equation. 
(Meerut 2003) 


If the differential equation M dv + N dy =0 is exact, its solution is 


J M dx e J N dy = 6. 
treating y as constant taking only those 
terms in N which 
do not contain x (Meerut 2003) 
f 
\ Answers 


Multiple Choice Questions 


(c) 2. (b) 3. (a) 4. (a) 5. (c) 
(a) 7. (d) 8. (c) 9. (d) 10. (c) 
(b) 12. (c) 13. (a) 14. (b) 15. (c) 
(b) 17. (c) 18. (a) 19. (b) 20. (c) 
(c) 22. (c) 23. (d) 24. (b) 25. (a) 
(a) 27. (a) 28. (b) 29. (b) 30. (b) 
(b) 32. (a) 33. (c) 34. (c) 35. (a) 
(c) 37. (c) 38. (c) 39. (a) 40. (a) 
(a) 42. (b) 43. (d) 44. (b) 45. (c) 
(a) 47. (b) 48. (a) 49. (c) 


y Ht D-54 
Fill in the Blank(s) 
l 3 2, 3 3. 
5. y= 6. 2xt+ yp=v 7. 
9. x-]1 10. sec? x ll. 
1 
13. x 14. — 5. 
Mx + Ny 
17. homogeneous equation 18. 
True or False 
lL T 2. F 3. 
6. F 7. T 8. 
ll. T 12. T 
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2D 4. homogeneous equation 
linear 8, ¢@?@ 

om = oN . integrating factor 

oy ox 

y 16. 3 


linear differential equation 


sh 
mY 
wn 
ie | 


eS 


( GChapter ) , 


—3 4 


0. 


Differential Equations of 
The First Order But Not of 
The First Degree 


1 Introduction 


’ the present chapter we shall discuss the solutions of differential equations which 
are of the first order but are of degree higher than one. Such differential equations 
will contain only the first differential coefficient dy/dx but it will occur in a degree 
higher than one. It is usual to denote dy /dx by p. The general form of such a differential 


equation is then 


n—l 2, 


p't+ App" + Aop" * +...4 A,_] p+ A, =0, 


where A, , Ag,..., A, are some functions of x and y. 
Now we shall consider the various methods of solving the differential equations of the 


above type. 


2 Eguations Solvable for D 


Suppose a differential equation of first order and of degree 1 can be solved for pie, it 
can be resolved into x linear factors in p of the type 


{p- fils vb {tp- fos yh... tp - fir (% yt =0. 
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We can equate each factor to zero and the resulting differential equations of the first 
order and first degree can be solved. Let their solutions be 

01 (4, V, 01) = 9, 69 4, V,62) =O, Oil Ws ln) = 9, 


where cy, ¢9,...,¢, are arbitrary constants. There is no loss of generality if we replace the 
arbitrary constants ¢],C2,...,¢, by a single arbitrary constant c because in any of the 
above n solutions c is free to take any real value. Thus the solutions of the given 
differential equation are 


b(t 720) =0, 9 (70) = 0). On (ts Ye) =O. 
Combining the above equations, we get a single composite solution as 


01 (x, P26) 2 (% V0). On Joe) =O. 


lnustrative Examples 


Example 1: Solve vr =ipr ied. (Bundelkhand 2008; Kanpur 04) 


Solution: Resolving into linear factors, the given differential equation can be written as 
(p—3) (p—4)=0. 
Its component equations are p=3, p=4. 


Solving the differential equation p=3 ie, dy / dv=3, we get y=3x+c. Also the 
solution of the differential equation p=4 is y=4x+c. 


So the solutions of the given differential equation are 
y=3xt+e, y=4xt+e. 

The single combined solution is 
(y -3x-c)(y-4x-c)=0. 


ce ae 
Example 2: Solve vr a 2py cobx= yr. (Gorakhpur 2005; Rohilkhand 09; Kanpur 08; 
Bundelkhand 04) 


Solution: The given differential equation is 
r +2py cot x— y” =0. 
Solving for p, we get 
_ dy -2ycot rtV (4y? cot? x +4 y*) 
ae oa — 
=— ycot x+ ycosec x = y (—cot x £cosec x). 


Thus the component equations are 


# = y (cot x +cosee x), aze( 1) 
and oy (cot x +cosec x). ...(2) 
Mv 


In each of the above differential equations, the variables are separable. 
From (1), separating the variables, we have 
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dy 
— =(-cot x +cosec x) dv. 
Integrating, we get 
log y — log c =— log sin x + log tan 5x 
1 f. 1 1_ 
tan —x sin — x /cos=x 
or log (2) = log, — 2 \_ log ee ee 
e aad 2 sin — xcos —x 
2 2 
[ | 
=lo poem eee lo I 
6 pee Le 5) T+ cos x ; 
2 
yle=I1/(1+cos x) 
or y=c/(1+cos x). s¢s(3) 
From (2), separating the variables, we have 
Ld =-— (cot x + cosec x) dr. 
J 


Integrating, we get 
log y — log c = — (log sin x + log tan - x) 
or log (y/c) = -log{(sin x) (tan )} 
melee 3 ore > ae > cos : x)} =—-log 2 sin? - Xx) 


2 2 
=— log (l— cos x) = log (1—cos Fe = log {1/(l—cos x)} . 


ple =\/(1- cos x) 
or y=c/(l-cos x). ..(A4) 
Thus the solutions of the given differential equation are given by (3) and (4). The 
single combined solution is 


=.—= a =0 
J l+cos x J l—cos x : 


Example 3: Solve (p— xy) (p 7) (p y’) =0. 


Solution: Equating each factor to zero, the component equations are 


p-x=0, i 
p-x =0, (2) 
and p-y? =0. ...(3) 


From (1), p=x 
or dy /dx = xy 
or (l/_y) dy = x dx. 


ge 058 | 
Integrating, we get 


log y= 537 + log c 


or log (ie=50 
i? 
or ple =e2 
12 
or y =ce2 
From (2), 


p=x° or dy /dx = x? or dy =x" dx. 


1 

7s w+ze 
or 3y-x =e. 
From (3), pay" 
or dy /dx = y” 
or (1/_y*) dy = dx. 
Integrating, we have 

-(l/ y)=x+e 
or wtey+1=0. 
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Now (4), (5) and (6) are the solutions of the given differential equation. The single 


combined solution is 
iZ 
[y-«? Jor-¥ —c)Qy t+eyt+l=0. 


Example 4: Solve p(p— y)=x (x+y). 

Solution: The given differential equation can be written as 
P - py - (xe +ay)=0. 

Solving for p, we get 


dy _ ytV(y? +407 -4y)_ yt Vy t 2x7} _ yt (+23) 


Po de 2 2 
Thus the component equations are 
dy/dx={y+(yt+2x)}/2= y+, 
and dy/dx =(y- y-2x)/2=-x. 


From (1), we have (dy / dx) -_y =x , which is a linear differential equation with y as 


the dependent variable. 


Integrating factor is 


gh -# ae, 
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Therefore its solution is 

ie" = J xtae +¢ 
or ye *=-xe*- Jc e “) dv +c, integrating by parts 
or ye *=-xe*-e* +e 
or ye*=-e*(x+l)+e 
or yor (v+l)t+ce* 
or ytxtl—ce* =0. s(3) 
From (2), we have 

dy =-xdx. 
Integrating, we get 

yer - x 4+ xe 
or 2y+x7-c=0. ... (4) 


Thus (3) and (4) are the required solutions of the differential equation. The single 
combined solution is 


(y+xu+1-ce* ‘\(Qy +x -c)=0. 


2 
Example 5: Solve [\- xr + “| pf - 2= p +2 =0. = 
Xx 


Solution: Multiplying throughout by x’, the given differential equation becomes 


(x? — x" y? + y*) p? -2ayp+ y* =0 


or xy - ued i - y*) 

or (xp- yl = py? (x 
ee a 

or pixt yV (0? = y*)] =p 


Putting x = vy so that (dv/dy) =v + _y (dv/dy), we have 
wry" - y°) I) 4 AD 


ae. 7 
or y Prt -D 
or La 

dy 


or dy =+[I/V (7 — l)]dv, separating the variables. 
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Integrating, we get pto=t cosh! v 
or pre =+cosh"!(x/ y) 
or cosh™! (x/ y)=£(y te) 
or x/ y =cosh{+ (y+c)}. 


Since cosh (— x) =cosh x , therefore, we have 
x= ycosh(y +c) and x= ycosh(y +c), as the required solutions. 
The single combined solution is [x — y cosh (y + c)P =0. 


(Comprehensive Exercise 1 


Solve the following differential equations : 


1. pp -Sp+6=0. (Rohilkhand 2006; Kanpur 02; Kumaun 12) 
2. y? +xyp-xp =0. (Meerut 2007B) 
3. wp -(x° + y*) p+ =O. (Gorakhpur 2011) 
4. xypr + p(3x° -2 y”)-6xp=0. 

5. x (dy/dxy +(y —x)(dy/dx) - y =0. (Meerut 2006B; Bundelkhand 09, 10) 
6. yp (dy/dxy? +(x - y)(dy/dx) - x =0. (Meerut 2005B) 
( Answers 1 

Ll. (y-2x-c)(y—-3x-c)=0 
2. (2-6 45) (2 aig N5) 0 
3. GPs a —c)(y - cx) =0 

4. (y — x”) (y? +3x7 -c) =0 

5. (y-x-c)(y-e)= 

6. (y-x-c) (x7 + y* -c7)=0 


3 Eguations Solvable for y 


Suppose the given differential equation is solvable for _y. Then it can be put in the form 


y=f (up. - (1) 
Differentiating (1) w.r.t. x and denoting dy / dx by p, we obtain 
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atlen ®@ 
p=o pe), ...(2) 


which is a differential equation in two variables x and p. Suppose it is possible to solve 
the differential equation (2). Let its solution be 


F (x, p,c) =90, ai(D) 
where c is the arbitrary constant. 
Eliminating p between (1) and (3), we get the required solution of (1) in the form 
wx, y,c)=0. 
If it is not easily practicable to eliminate p between (1) and (3), we may solve (1) and 
(3) to get x and _y in terms of pand c in the form 


v= fi (B06), y= fo (pe), (4) 


which give us the required solution of (1) in the form of parametric equations, the 
parameter being p. 


Special case: Equations that do not contain x: In this case the equation has the 
form f(y, p) =0.If it is solvable for p, it will give 


p=o(y) he, — dy/dx= (9), 
which can be easily solved by separating the variables. 


If it is solvable for y, it will give y = yw (p), which can be solved by the method just 
explained in article 3. 


linstrative Examples 


Example 6: Solve y + px = px’. 
(Rohilkhand 2006; Avadh 08; Agra 08; Purvanchal 11; Lucknow 11; Garhwal 10) 
Solution: Solving for y, the given differential equation can be written as 
yor pet px, (1) 
Differentiating (1) w.r.t. x and denoting dy/dv by p, we get 
p=-p-x a Paps 


dx 
or 2p—4pr? +x 1209p) =0 
or 2p(1—21°p)-+ x 22°) =0 
or (0-299 (29+ x2} =0 
7 : 


dp 
2p+x—=0, (2 
P ge (2) 
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and Le 2x3 p= 0. 
From (2), dp/dx = —2p/x 
or dp/p=—(2/x) dx. 


Integrating, we get 
log p=—2 log x + loge 
or log px = loge 
or pr =c oor pae/x*. 
Substituting this value of pin (1), we get 
yor (c/x”) + (c2 /x4).x4 
or y=—(c/x) +07 
or we c?x —c, as the required solution of (1). 


Note: If we eliminate p between (1) and (3), we get 
y =— (1/2x3)x + (1/4x°).x4 = — (1/247) + (1/427) = -1/42?, 


which is also a solution of (1) because it satisfies (1). This solution itself does not 


contain any arbitrary constant. Also it cannot be obtained from the general solution 


xy = Perse by giving any particular value toc. Such a solution is called the singular 


solution and we shall discuss it in details later on. 


Example 7: Solve _y = 2px - p . (Meerut 2001, 04B; Kanpur 07, 15; Kumaun 09, 11) 
Solution: The given differential equation is 
y=2pr- pr. sae) 
Differentiating (1) w.r.t. x and denoting dy/dx by p, we get 
dp 5, 
=2p+2x—-2p— 
ama ia ia 7 
dp 
+2—(x- p)=0 
or ee 
or p ad +2x=2p 
dp 
or a i? yg, sac(2) 
dp p 


which is a linear differential equation with x as dependent variable and p as the 
independent variable. 


2 
integrating factor = e!@/P)P = 7 logP = closp” = pf, 


the solution of (2) is xpr = f2rdp+e = ~ P +¢ 


or x= Epo se(3) 
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Here it is not easily practicable to eliminate pbetween (1) and (3). So putting the value 


of x from (3) in (1), we get y =2p(=p+ cp *) - rv 


or yaar +2ep1. .(A) 


The equations (3) and (4), which express x and _y in terms of a parameter p, constitute 
the required solution of (1). 


w) 
a 


Example 8: Solve y —x =x ad + ( 
dx (Meerut 2008; Kumaun 08) 
Solution: Denoting dy/dx by p, the given differential equation can be written as 
yrx=aptp. 
Solving it for _y, we get y=x(lt+ptp. sae le) 


Differentiating (1) w.r.t. x and writing p for dy/dx, we get 


dp dp 
=l+ptx—+2p— 
P P ia ae 
or ee oy 0 
dx dx 
or Bega y ...(2) 
dp 


which is a linear differential equation. 
Here the LF. =e)! =e. 
the solution of (2) is 
xe? =| —2pe? dp+c 


or xe? =—-2 (pe? —e?) +c, integrating by parts 
or xe? =—2e? (p—l)+ce 
or x=-2(p-l)+ce?. ...(3) 


Substituting this value of x in (1), we get 

y=(lt+ p){-2(p-D+ceP} 4+ 
or y=e(lt+pye? ee .. (4) 
The equations (3) and (4), which express x and _y in terms of a parameter p, constitute 
the required solution of (1). 


Example 9: Solve y =a\ (1+ vr ). 


Solution: The given differential equation is 


yaar (+p). ait 
Differentiating (1) w.r.t. x and writing p for dy/dx, we get 
1 -1/2 a dp 
=a:—(l+ 2 p(dp/dx or ——— > = ar. 
para (lt py” -2p(dp/ar) Tre 


— Krishna's T.B. Differential Equations and Vector Calculus 
y. (| D-64 } 
Integrating, we get 
x=alog{p+V(l+p)} +e. vea(2) 
Now from (1), 
y =¢ +a or a’ yr = y -a’ or p=V(y" -a)/a. 
Putting V(1+ p’)= yla and p=V (y? - a’)/a in (2), we get 


2 2 
vaatog ED 2h 
a a 
or x=alog{y+V(j" -a’)}-alogatc 
or x=alog{y+V(y* -a’)} +e, 


writing c for —a log a +c because ¢ is an arbitrary constant. 
Hence the required solution is 
x=log{y+V(y" -a’)} +c. 


(Comprehensive Exercise 2 


Solve the following differential equations : 


4 2 
Ll yp=2pxt px. (Meerut 2006; Avadh 09) 
2. 4p 4+3xp=y. 
3. 4+ px = yp. 
4. y-2xp=f (xp) : (Meerut 2007) 
5. yax{pt+V(lt+ p)}. (Kanpur 2009; Rohilkhand 09) 
6. y=sin p— pcos p. (Gorakhpur 2006) 
7. By differentiating with respect to x the equation P + xp = y, obtain its general 


solution in the form x= f(p), y = 0(p). 


( Answers yp 


I (y 0?) =4er 
2. rap +p? ya-3p +3epl/? 


I l } 
3. ranger te” y= Cah te y pte ge +e”) 
4. y=2cVx+ f (c’) 


x + y? -2xe =0 
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6. x=c-—cosp, y =sin p—cos p 
1 3 
—(2¢+3p -2 
7. yaa’ rn oS _2cf +2p° - pt 
(p-I 2(p-Iy 


4 Equations Solvable for x 


Suppose the given differential equation is solvable for x. Then it can be put in the form 


x= f(y, p). (I) 
Differentiating (1) w.r.t. _y and writing 1/ p for dx / dy, we get 

1 dp 

=of x0), “a(2) 

p dy 


which is a differential equation in two variables y and p. Suppose it is possible to solve 
the differential equation (2). Let its solution be 


F (y, p,c) =9, (3) 
where c is the arbitrary constant. 
Eliminating p between (1) and (3), we get the required solution of (1) in the form 


w(x yc) =0. 
In case it is not easily practicable to eliminate pbetween (1) and (3), we may solve (1) 
and (3) to get x and y in terms of pandc in the form 


x= fi(p,c), y= fo (pe); (4) 
which give us the required solution of (1) in the form of parametric equations, the 
parameter being p. 


Special Case: Equations that do not contain y: 
In this case the equation has the form f (x, p)=0. 
If it is solvable for p, it will give 
p= (x) 
ie., dy /dx = (x), which can be easily integrated. 
If it is solvable for x, it will give x= y (p), which can be solved by the method just 
explained in article 4. 


linustvative Examples 


Example 10: Solve y = 2px + yp. 
(Purvanchal 2007, 10; Lucknow 10; Avadh 07; Kumaun 07) 


Solution: Solving for x, the given differential equation can be written as 


2pr=y—y'p? 
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or 


2 
=p -F tt) 


Differentiating (1) w.r.t. y and writing I/p for dv/dy, we obtain 


sei i Ee, SO 
p 2p wd 2 2 dy 
1 J 2 | 4p 
or —-+ +|/—> + —=0 
a ye (5 py lg 
or J. + 4 Lae 
P PP BY \t Dy oP by dy 
1 dp 
—, + +y—|=0 
or srt o|(r» 2] 
dp 1 
+y—+=0 or —zr + py=0. 
p "yy pe by 


The equation ab. + py =0 will give us the singular solution of (1). 


2° 


From p+ y # = 0,we have 
uv 


Co se. Oimeaiy 
dpoy 


Integrating, we get 
log p=— log y + log c or log py=loge 

or py =e or p=c/ y. 

Substituting this value of p in the given differential equation, we get 
y =2x-(c/y)+ y2(c3/y?) or y=2ex/y +e3/y 


or 46 =2ev + c, which is the required solution. 


Example 11: Solve the differential equation 
3 - 2 
p —4xyp+8y~ =0. (Garhwal 2008) 
Solution: Solving the given differential equation for x, we get 


Axyp =p +8y" or ae sail) 


4y  p 
Differentiating (1) w.r.t. _y and writing l/p for dv/dy, we get 


1 _p 2p wD, 2 2y dp 


p 4y 4ydy p pay 


. #(¢ -2)-6-2 
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ay 25 yr) 22x FF 
er dp a cancelling the common factor on either side which 
dy 2y corresponds to the singular solution of (1) 
or (2/p) dp = (1/_y) dy, separating the variables. 


Integrating, we get 

2 log p= log y + loge or log p = log ey 
or a =o : ...(2) 
Nowwe shall eliminate pbetween the given differential equation and the equation (2). 


From the given differential equation, we have 


8 y? = p (day - p’) 


or 8 y” = (cy)? (A4xy — cy), substituting for p from (2) 

o Byr acl y24x—c) or By? =e! (4x —c) 

or 64y =c (4x—cy* or 64 y =l6c (re) 

or yazelr= sey or y =e (x-c), writing c for <6. 


Hence the required solution is y =c (x- cy. 


Example 12: Solve ap + py - x =0. (Rohilkhand 2005; Meerut 13B) 
Solution: Solving the given differential equation for x, we get 
x= py tap. as(L) 
Differentiating (1) w.r.t. _y and writing l/p for dv/dy, we get 
1 dp dp 
—=pt y —+2ap— 
p dy dy 
or ee =y kg + 2ap ae 
P dy dy 
or le ® — y =2ap, multiplying both sides by dy / dp 
P 
or Bee yt (2) 


which is a linear differential equation. 


2 L 2 
Here the LF. =e! #/(p°—D}ap = 2108-1) _ (f -1?. 


the solution of (2) is 


y(P-1)? = j=Eur- p2apve= 20 f ME ipa 
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=-2a [|v -)+—_,—la 
J] (7° 1 Tee od pre 
== 2a 5 pV (y? =1) ~ 5 cosh! p+ cosh"! p] +c 
=-ap\ (pf -1)-acosh"! pte 
_c¢-acosh! p_ 
or are aa ap. (3) 


Substituting this value of y in (1), we get 


7 c -acosh'! p_ _ p(c —acosh"! p) 
(fa wpa? or oa ... (4) 


The equations (3) and (4) constitute the parametric equations of the required 
solution. 


(Comprehensive Exercise 3 


Solve the following differential equations : 


1. y* log y=xyp+p. (Agra 2007; Purvanchal 08) 
2. py +2pr—y=0. (Meerut 2005; Purvanchal 06; Lucknow 08; Kumaun 10) 
3. 4 (xp + yp)=y?. 
4, (2x -b) p= y—ayp’. 5. xp =atbp. 
6. p=tan{x-p/(1+p)}. 7. x+p/N(1+ p’)= 
Co 
\ Answers 5 
1; log y=ertc? 2: y -2ex +c? =0 
3. yp =4e (xye +1) 4. ac? + (2x —b)c - y* =0 
5. x=(a/p’)+(b/P), y = (3a/2p’) + (2b/p) +e 
6. ane +tan- lany=e-V+tp’) 7. (x-a’ +(y te =1 


5 Clairaut's Eguation 


(Meerut 2004; Lucknow 08) 
(a) The differential equation 


y= per f (p), al) 
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is known as Clairaut’s equation. Here f(p)is some function of ponly. This differential 
equation is very important and the students should note its form carefully. To solve 
this differential equation, we shall obviously adopt the method explained in article 3. 
Thus differentiating (1) w.r.t. x and writing p for dy / dx, we get 


AD | pry, 
=p+tx—t — 
pagre 1 ies 


or Pixs f (h=0, 

dp _ 

7a mal(2) 
or x+ f’(p)=0. se(3:) 
From (2), we have p= constant = c, (say). ... (4) 


Eliminating p between (1) and (4), we obtain 

yout fc), (5) 
which is the required general solution of (1). 
If we eliminate p between (1) and (3), we get the singular solution of (1). 
Remember: To obtain the general solution of a differential equation in Clairaut’s form 
simply replace p by c. 
(b) To solve the differential equation 

y= xf (p) + fo(p)- ws) 
This differential equation is not in Clairaut’s form. However it can be solved by the 
method we adopted in solving Clairaut’s equation. Thus differentiating (1) w.r.t. x 
and writing p for dy / dx, we get 


d d 

p= filp) + xh’ (E+ fo’ (PE 

d d 

on p- A= xf E+ fr’ (2 


ee [p- Ale -2 fA! = fa’ 


dp 
& fy fh’ 2) 
dp fi(p)-P p- filp) 


which is a linear differential equation with x as the dependent variable and pas the 


or 


independent variable. 
Let the solution of (2) be 

0 (x, pc) =0. iex(3) 
Then eliminating p between (1) and (3), we get the required solution. 


lituswative Examples 


2 
Example 13: Solve = x (dy /dx) + (dy /dx) : (Meerut 2011; Kumaun 14; Kanpur 15) 
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Solution: Denoting dy / dx by p, the given differential equation is _y = px + r , which is 

in Clairaut’s form. So replacing pby the arbitrary constantc, the required solution is 
yoerte?. 

Example 14: Solve p= log (px — y). (Gorakhpur 2007; Lucknow 09; Garhwal 09) 

Solution: The given differential equation can be written as pr — y =e? or y = px—e?, 


which is in Clairaut’s form. So replacing p by the arbitrary constant c in the given 
differential equation, the required solution is c = log (cr —_y) . 


Example 15: Solve sin px cos y = cos px sin y + p. 
(Meerut 2003; Rohilkhand 06, 08, 10; Lucknow 07) 


Solution: The given differential equation is 

sin px cos y — cos px sin y = p 
or sin(pyr-y)=p or px- y= sin! P 
or y= per sin”! p, which is in Clairaut’s form. 


So changing p to the arbitrary constant c, the required solution is 


y= ex — sing! ¢. 


Example 16: Solve vr (x7 - a”) —2pxy + a -h* =0. 
Solution: The given differential equation can be written as 
px — 2 pxy + = pa +h? 
or (y - py? = +0 or y=pxtv(b? +a7)), 
each of which is in Clairaut’s form. Hence the required solution is 
(y - oxy’ =b? +.a°c?. 
Example 17: Solve y =2 px + p". 
Solution: The given differential equation is 
y= 2px + p". (1) 
Differentiating (1) w.r.t. x and writing p for dy/dx, we get 
p=2p+2x (dp/dx) + np"! (dp/dx) 


or p+ 2x (dp/dx) = —np"" (dp/ dx) 

or p (dx/dp) + 2x =—np"™", multiplying both sides by dv/dp 

or DE oe age ...(2) 
ap 


which is a linear differential equation. 
Hence the LF. =e! 2/P)4 = ¢2 og — clog py? = fr. 


the solution of (2) is 


xy =- Jn yp"? p-dp +c 
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or wp =—nf{ phdp+e=—np (n+l) +e 
or x=cp~ —{n/(n+})}p". sae(3) 
Substituting this value of x in (1), we get 
= 2plop? —{n/ (n= 1}p""] + p" 
or y =2cp! + p"- an p" =2cp! - ee ...(4) 


n+l n+l 


The equations (3) and (4), which express x and _y in terms of a parameter p, constitute 
the required solution. 


6 Equations Reducible to Clairaut’s Form 


Some differential equations by suitable change of variables may be reduced to 
Clairaut’s form. 


Example 18: Use the transformation x* = u, a =v to solve 


(px - y) (py + x)= IP p. (Agra 2006; Lucknow 08, 10; Kanpur 15) 
Solution: The given differential equation can be written as 

pay t+ p(x — y? -h?)- xy =0. re) 
Putting x =uand y =p, we have 2x dv = du and 2 y dy = dp. 

yi de xd x dr 


= or p=——. 
x dx du dx y du y du 


Putting this value of p in the differential equation (1), we get 


2 2 , 
9 (2) +2 @ (2 _ y? 9) =0 


ye \du y du 

or |. (#4) oe ¢ 42) # y =0 

y du du 
or xv (dv/duy* + (x7 - yy - h*) (dv/du) - Va =0 
or u (dv/duy + (u—v —h*)(dv/du) -—v=0, 

[putting u for x and p for a ] 

or u P? +(u-—v—h*) P-v=0 where P = dv/du 
or uP(P+l)-v(P+)l-h? P=0 
or v(P +l)=uP(P+))-I’P 
or y= uP —h? P/(P +1), which is in Clairaut’s form y= px+ f(p) 


replacing P by the arbitrary constant c, we get the required solution as 


peuc —h’c/(c +1) or yp =e -he/(c +0). 


Ab 72) 


S00 ON, (yee eS 


— 
ij) 


11. 


et oe 


_ypHra +e 


Krishna's T.B. Differential Equations and Vector Calculus 


(Comprehensive Exercise 4 


Solve the following differential equations : 
y= pet a/p. (Rohilkhand 2006, 07; Agra 05; Gorakhpur 08, 11; Purvanchal 06) 


J = px +ap(1- p). (Agra 2006) 
J = px + p— ae (Kanpur 2010) 
(y - px) (p - i) = p. (Agra 2005; Gorakhpur 06; Lucknow 09, 11) 
(xa) f° +(x- y) p-y =0. (Agra 2007; Garhwal 07, 08) 


rv (x7 —a*)-2pry + y? +a? =0. 
y+ (dy/ dx) — 2xy (dy/dx) = 4(de/dy). 
cos y COS px + sin y sin px = p 


9(y +x plog p)=(2 +3 log p) p’. 


_ x? (y- px) = yp. (Gorakhpur 2006, 09) 
[ Hint. Put x =u and 7 =v] 
e* (p-lt per =0. [Hint. Put e* =u and e’ =r] 
i 
\ Answers 4 
Na 
yp=ata/c 2. y=ex tac (l-c) 
yoate-c 4. (y-cx)(c-l=c 
(x -a)c? +(x- y)e- y=0 6. c* (x* -a*)-2ay + y? +47 =0 
(y - ex =4/¢? 8. y=ex—cos tc 


x=ae +cp', y =— xp log pro Q2+3 log yp 


2 2 2 11. 3 


eF =ce* +e 


7 Geometrical Meaning of a Differential Equation 


of the First Order 
(Avadh 2010) 
Let f(y, py=9, sai(l) 
be a differential equation of the first order, where p = dy/dx. 
Suppose the general solution of (1) is 
o (x, y,c) =0, ...(2) 


where c is the arbitrary constant. 
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For each real value ofc the equation (2) represents a curve. Thus (2) is the equation of a 
family of curves; c being the parameter for the family. Hence every differential equation of 
the first order represents a family of curves. 
Let us take any point (x1, ,)in the plane. If we substitute the coordinates of this point 
in (1) and (2) and solve the resulting equations in pandc, the values of¢ so obtained are 
the values of the parameter for the curves of the family (2) which pass through (x, y)) 
and the values of pare the slopes of the tangents to these curves at the point (11, y}). 
Naturally the degree of c in (2) must be equal to the degree of p in (1). 


8 Singular Solutions 


(Gorakhpur 2009) 
Sometimes a differential equation (for degree higher than one) possesses a solution 
which does not contain any arbitrary constant and which cannot be derived from the 
general solution of the differential equation by giving a particular value to the 
arbitrary constant. Such a solution is called a singular solution and it is generally not 
included in the general solution of the differential equation. 
The singular solution of a differential equation is given by the envelope of 
family of curves represented by that differential equation. 


Whenever the envelope of the family of curves 


(x, yc) =0, ...(1) 
represented by the general solution of the differential equation 
f (x,y, p) =0 (2) 


exists, the equation of the envelope is the singular solution of the differential equation (2). 
Suppose that the family of curves (1) possesses an envelope. For any point P (x, y)on 
the envelope, there exists a curve of the family (1), say 0 (x, _y,c) =0, which touches the 
envelope at (x, y). The values of x, y, dy/dx for the curve at P satisfy the differential 
equation (2). But the values of x, y, dy/dx at P for the envelope are the same as for the 
curve. Hence the values of x, y,dy/dxv at each point of the envelope satisfy the 
differential equation (2). Consequently the envelope of (1) is also a solution of (2). 
This solution does not contain any arbitrary constant and in general, cannot be 
obtained from (1) by giving any particular value to the arbitrary constant c. Hence this 
envelope is the singular solution of (2). 


Q Determination of Singular Solution with the Help of 


c-Discriminant and p-Discriminant Relations 


The discriminant: Let F (c) =0 be an algebraic equation. The discriminant of this 
equation is the simplest function of the coefficients the vanishing of which represents 
the condition that the equation should have two equal roots. Thus the discriminant of 
the quadratic Ac? + Be + C =0 is B? —4 AC. The equation 
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B? —4AC =0 is called the discriminant relation. 


Let the given differential equation be 


f (Gy p)=O0. eal) 
and let its general solution be 
(x, y,c)=0. vei(2) 


The envelope of the family of curves (2) is contained in the locus obtained on 
eliminating c, between (2) and 


6 (%, Jo) _ 9 (3) 
dc 
Let the c-eliminant between (2) and (3) be 
w(x, y)=0. ...(4) 


Since the equation (4) may sometimes represent other loci besides the envelope, 
therefore only that part of the locus (4) is the singular solution which also satisfies the 
given differential equation (1). Therefore if the equation (4) fails to satisfy (1), we 
should resolve it into others that are simpler. Then we should try for each part whether 
it satisfies the differential equation (1) or not. Only those parts will constitute the 
singular solution which satisfy (1). 
From our knowledge of the theory of equations we know that the c-eliminant between 
(2) and (3) gives the condition for the equation (2) inc to have two equal roots. 
Therefore we shall call this c-eliminant the c-discriminant relation. The singular 
solution is contained in this c-discriminant relation. From the geometrical point of 
view the c-discriminant relation (4) is the locus of the points (x, y) such that two of the 
curves of the family (2) through (x, y) coincide. Now if two curves of the family 
coincide, their tangents must also coincide and so the corresponding values of pi.e., 
(dy / dx) given by (1) must also coincide. The condition for the equation (1) in pto have 
two equal roots is obtained on eliminating p between (1) and 

Ff (% IP) _ 6 (5) 

op 

The p-eliminant between (1) and (5) is called the p-discriminant relation and the 
envelope and hence the singular solution is also contained in it. 


Note 1: From the above discussion it is clear that if p occurs only in the first degree in the 
differential equation, there will be no singular solution. 


Note 2: A differential equation which possesses a singular solution is not considered 
completely solved until the singular solution also has been found. Therefore while 
solving a differential equation of the first order but higher degree we must find the 
general solution and also discuss the singular solution. 
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10 Working Rule for Finding the Singular Solution 


Let the given differential equation be f (x, y, p)=0. sce (ll) 
Find the general solution of (1) and let it be 6 (x, y,c)=0. wae (Z.) 


Find the c-discriminant relation by eliminating c between 
o (x, y,c) =0 and PEO 9, 
Ic 


Also find the p-discriminant relation by eliminating p between 
=0 ide) ee © JP) =0. 
op 


The locus common to both the c-discriminant and the p-discriminant relations gives 


f (% > P) 


us the singular solution of (1) provided it satisfies (1). 


However, we can find only one of these two discriminant relations and only that part 
of the locus contained in it is the singular solution which also satisfies the given 
differential equation (1). 


11 The Singular Solution of Clairaut’s Equation 


We know that the general solution of the Clairaut’s equation 


y=pxt f(D) (1) 
is y=ext f (c) fec( 2) 
Differentiating (2) partially w.r.t. c, we get 

O=x+ f’(c). s32(3)) 


The singular solution, which is the envelope of (2), is obtained by eliminating c 
between (2) and (3). 
Now differentiating (1) partially w.r.t.p, we get 

O=x+ f’ (p). (A) 
The equation (1) and (4) differ from the equations (2) and (3) only in having pinstead 
of c. Therefore the c-eliminant between (2) and (3) and the p-eliminant between (1) 
and (4) are identical and either of them gives us the singular solution. Hence the 
singular solution of the Clairaut’s equation (1) is obtained by eliminating p 
between (1) and (4). 
Note: The equation (4) is the same as the equation (3) of article 5 (a). 


luustrative Examples 


Example 19: Find the general and singular solutions of 
2 : 2 2 eye 
Je = 2pxy + vp (x° —l=m*. (Bundelkhand 2010; Kumaun 15) 


Solution: The given differential equation can be written as 
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(y - px)? =p +m 

or yn pe=tv(p +m’) or y= prtv (PP +n’), 

either of which is in Clairaut’s form. Hence the general solution is obtained on 


replacing p by the arbitrary constant c in the given differential equation. Thus the 
general solution is 

(y - ex)? =c* +m 
or e (x7 - 1) -2xye + _y? -m =0. (1) 
Now from the given differential equation and from the general solution (1) both the p 
and the ¢ discriminant relations are 

4x” y? -~4 (x =i ty? —m’)=0 
or Pm + y?-m=0 or yt tmx? =m’, 
which is the singular solution. 


Example 20: Find the general and singular solution of the differential equation. 


(xp- yy) =p -1. (Bundelkhand 2008; Lucknow 06) 
Solution: From the given differential equation, we have 

xp- y=tvV(p -l) or y= ptr (Pp -l) 
either of which is in Clairaut’s form. Hence the general solution is obtained on 
replacing p by the arbitrary constant c in the given differential equation. 
Thus the general solution is 

(xe — y) =c*-] 
or C2 (x7 - 1) -2aye + y? +1=0. «a(l) 
The envelope of the family of curves (1) is the singular solution. 
From (1) the c-discriminant relation is 

4x” y? —4(x* -1)(y? +1) =0 
or a Pe +1=0 
or ae a =. 
which is obviously also the p-discriminant relation. Since the c-discriminant relation 
contains only one locus, therefore it gives us the envelope of the family of curves (1). 


Hence the singular solution is x= y =I, 
Example 21: Find the general and singular solution of 
Op (2- yy =4(3- y). 
Solution: Solving the given differential equation for p, we have 


ty _,21G-y) 
dx 3 2-y 
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or dx =+ “ Te dy , separating the variables. 


Integrating, we have 


_.3( 2-y , _.3(2-@6-#), 
se cee cae) eee ee (—2t) dt , 


putting 3- y=¢" so that — dy = 2t dt 
=£3[(? -pdt=23(G 8 -=44(? -3) 
=+V8-y)(-y), [-3-y=] 


2 = y (3= 7), w(l) 


which is the general solution of the given differential equation. 


(x +c) 


Differentiating (1) partially w.r.t. c, we get 
2(x+c)=0 ie, x+c=0. saa(2) 


Eliminating c between (1) and (2), we get the c-discriminant relation as 

y B- y)=0. 
Now y =0 gives dy/dx = p=0. Putting y=0 and p=0 in the given differential 
equation, we see that these values of y and pdo not satisfy it. Therefore y =0 is not a 
solution. 
Again3 — y =0 gives y =3 and sody/dx = p=0 . Putting y =3 and p=0 in the given 
differential equation, we see that these values of y and psatisfy it. Therefore y =3 is 


the singular solution. 


Example 22: Reduce the differential equation (px — y) (x — py) =2p to Clairaut’s form by 


substituting x =uand ¥ = vand find its complete primitive and the singular solution. 


Solution: We put u = x andv= ce so that 


du/dx = 2x and dv/dx = 2 y (dy/dx) = 2py. 
dv _dv/dx _2py _ py 
du du/dx 2x x 


or P = py/x, where P = dv/du 
or p=xP/y. 


Substituting this value of P in the given differential equation, we get 


2 
[HP yea ym22 or x(x? P- y?)(1- P)=2x P 
J 


or (x7 P - y”)(1- P)=2P or (uP-v)(1-P)=2P 
or uP-—v=2P/(1- P) 
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or vy=uP—-2P/(1- P), 

which is in Clairaut’s form. 

Hence its general solution is py = uc — 2c /(1-c) 

or ye =x'c -—2c/(1-c) or a (l-c)= xc (l-¢)-2c 


or c7 x" —¢ (x2 + y? -2)4 y? =0. (1) 


Now (1) is a quadratic in c. So the c-discriminant relation is 
(x? + y =o) - 4x" y” =0 


or (x7 —Qxy + y* -2) (x7 + 2ay + y* -2)=0 
or {(x — y)* -2}{(x + py -2} =0 
or (x— y-V2)(x- y+ V2)(x+ p—V2)(x+ p+V2)=0. 


All the four equations x-y-V2=0, x-y+vV2=0, xt y-V2=0 and 
x+ y+V2=0 satisfy the given differential equation and are therefore the singular 


solutions. 


(Comprehensive Exercise 5 


1. Find the complete primitive and singular solution of y = pr + (b? +a? YP). 


Interpret your results geometrically. (Avadh 2010) 
2. Find the general and singular solutions of y = pr+a/ p. 
3. Solve and examine for singular solution the differential equation 
xp +x ypta =0. (Gorakhpur 2007) 


4. Find the general and singular solution of 27 y — 8 p =0. 
5. Solve and examine for singular solution the equation xp -(x-ay =0. 


6. Find the general and singular solution of 


(a) (y- px) +a°p=0. (b) 3xy = 2px? - 27. 
(c) pty? =l. 
7. Examine y? (1+ Pr) = for singular solution. (Bundelkhand 2009) 


8. Reduce the equation xy + py (2x + y)+ qr =0, where p=(dy/dx) to 


Clairaut’s form by putting uv = y and v = xy and find its complete primitive and 
also its singular solution. (Gorakhpur 2010) 
‘a 


9. Solve the differential equation ( pr + y’) (px + y)=(p+I)° by reducing it to 


Clairaut’s form and find its singular solution. (Purvanchal 2009) 
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10. Reduce the differential equation y = 2px + y P to Clairaut’s form by putting 


ll. 


NX 


10. 


au ew N = 


a = vand hence find its general and singular solutions. 


Solve and test for singular solutions Pr —Apxy + 8 a =0. 


(Answers 5 


. y= atv (b* +a? c 2). 7 Ja? + y*/b? =1 


ysata/e;y? = 4ax 
c2 +aytaex=0;x=0,x7 - 4a? =0 
ya=(x+ey, y=0 
9(y +c =4x (x-3a)*,x=0 
(a) (y - cx + ac =0;xy =a’ /4 (b) (3.y +2c)* =4er?; x7 -6y =0 
ie eee y=tl 
¥ +(vtcy = 2 y= tr 
w=cy +c 2 y=0,y+4x=0 
c* (x + y)— cay -1=0; 2x" y? +4 (x4 y) = 


yp =r +09 /8; 27 y* +322 =0 Lil. yrewr-Piy=0,y= 


( objective Type Questions 


NY 


Multiple Choice Questions 

Indicate the correct answer for each question by writing the corresponding letter from (a), 
(b), (c) and (d). 

Solution of the differential equation rv -—8p+15=O0 is 

(a) p=5,p=3 (b) (y-Sx-c)(y -3x-c)=0 


(c) (y +5x)(y +3x4+c)=0 (d) none of these 
(Kumaun 2006, 08) 


Solution of the equation yx log y =xyp+ rv is 
(a) log y=art+ x (b) log y=ar +e" 
(c) log x=cy + y (d) none of these. 
Solution of the equation y = px + Sa is 

(a) p=e"+e (b) y=ex+c? 

(c) y =log cx (d) r=e/ +c. 
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4. Which of the following equations is Clairaut’s equation ? 
(a) x= py + f(p) (b) y= prt f(c) 
(c) y= prt f(p) (d) pax’ +e 
5. Solution of the equation p” —5p +6 =0 is 
(a) y=2xt+ce (b) y=3x+e 
(c) (y-2x-c)(y-3x-c)=0 (d) none of these 
(Garhwal 2007; Kanpur 16) 
6. Solution of the equation y = px + fis 
P 
(a) y=ov (b) yaar ® 
(c) pto=a (d) y=x+" 
c 
(Garhwal 2008; Kumaun 14; Kanpur 16) 
7. Solution of the equation (x — a) a +(x- y)p- y =0 is 
2 2 
ac ac 
= ox — —— b) y=oy+ 
I as rare Dy I= ore 
2 2 
ac ac 
(c) yaar wal (d) *=——-——— — (Garhwal 2009) 
8. Solution of equation y = px + log pis 
(a) y=e’ +e (b) y=er+ loge 
(c) y = log cx (d) x=e7 +e (Garhwal 2011) 
9. The solution of the equation y + px = xt rv is 
(a) xy=-c +0e7x (b) Vv =c-c*x 
2 2 
(c) yo =ate (d) wy" =a-c (Garhwal 2010) 
10. The solution of y = px + f(p) is 
(a) y=avt f(c) (b) y+ar= f(c) 
(c) y-a=f(c) (d) y= f(c)-ox 
(Garhwal 2005, 06, 14) 
11. Solution of the differential equation y = px +e? is 
(a) y=-ax+e?P (b) y=ax+e* 
(c) y=av+e" (d) None of these 
(Kumaun 2006; Garhwal 15) 
12. General solution of differential equation sin(_y — px) = pis 
(a) yp =cx-sin!¢ (b) y =cx-cos!¢ 
(c) p=ext+ sin! ¢ (d) y= cx? +sin |e (Kanpur 2016) 
13. 


Singular solution of y = px + is represents 
P 


(a) ellipse (b) circle 
(c) parabola (d) none of these (Kanpur 2016) 
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15. 


16. 


17. 


18. 


19. 
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General solution of differential equation p = log (px — _y) is 
(a) y=cx-e° (b) y=cex+e° 
Gf yserate? (d) y=cx -e** (Kanpur 2016) 

2 
General solution of differential equation & - ax? =0 is 
(a) 25(y-c)=4ar (b) 25(y +e) =4ar 
c) 25(y +c)? =4ar? d) 25( y-c)* =4axr° 
(c) 25(y +e) (d) 25( y-c) caus 
General solution of the differential equation xp — yp+a=O is 
(a) xe” — yo+a=0 (b) xe? + yo+a=0 
(c) = ~2t¢=6 (d) none of these 
é Cc 
General solution of differential equation y =x ® + ¢ 4!) ig 
x 

(a) y=ex+ce (b) y=cx+e® 
(c) p=ext+ gre (d) none of these 
Let p= 2, then the solution of y = px + yl =p is 
(a) y=ex (b) y=ext+vl—c? 
(c) pax? +e (d) yao) +egx (Kanpur 2016) 
General solution of the differential equation y = px + p- P is 
(a) y=exte-c3 (b) y=xte-03 
(c) p=x- he (d) none of these 
Fill in The Blanks 
Fill in the blanks “...... ” so that the following statements are complete and correct. 
We usually denote # by the letter ...... , 


The differential equation y = px + f (p), is known as ...... ; 


(Meerut 2003; Avadh 05; Kumaun 10) 


n-1 2 


p' t+ Ap" + Agp" * +...4 A,_| p+ A, =0, 


where A;, Ag,..., A, are some functions of x and _y, is a differential equation of 
re order and ...... degree. 


Solution of the equation rv —-7p+12=0is...... i 


Solution of the equation y = pr + ap(1— p)is ...... : 
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6. Solution of the differential equation y = pr +e? is ...... ; 
. dy\ (dy). 
7. Solution of the equation y =x] |+]—] is...... ‘ 
dx dx (Kumaun 2007, 09) 
8. Solution of the equation cos y cos px + sin y sin px = pis ...... ; 
9. Solution of the equation (x — a) yr +(x+ y)p- y=0 is...... : 
True or False 
Write ‘T’ for true and ‘F’ for false statement. 
1. Every differential equation of the first order represents a family of curves. 
2. The singular solution of a differential equation is given by the envelope of the 
family of curves represented by that differential equation. 
3. Only those differential equations possess a singular solution in which 
p(or dy/dx) occurs only in the first degree. 
\ Answers 
Multiple Choice Questions 
1. (b) 2. (a) 3. (b) 4. (c) 5. (c) 
6. (b) 7. (a) 8. (b) 9. (a) 10. (a) 
ll. (b) 12. (c) 13. (c) 14. (a) 15. (c) 
16. (a) 17. (b) 18. (b) 19. (a) 
Fill in the Blank(s) 
l.  p 2. Clairaut’s equation 
3. first, mth 4. (y-3x-c)(y-4x-c)=0 
5. y=ex+tac(l-c) 6. y=arte’ 
7. yoate? 8. y=er-cos!c¢ 
9. (x -a)c* +(x- y)e- y=0 
True or False 
lL T 2. T 3. oF 


( Chapter p } 


| (3 


Orthogonal Trajectories 


1 Trajectory 
(Lucknow 2005; Gorakhpur 06; Bundelkhand 08; Meerut 13, 13B) 
efinition:.A trajectory of a given system of curves is defined to be a curve which cuts all the 
|B eee of the family according to a given law. Here we propose to find the equation of 
the trajectories (a family of curves) each member of which cuts each member of a given 
family of curves at a constant angle. If the angle is a right angle, the trajectories are 
called orthogonal trajectories, when it is other than aright angle they are called to be 
oblique trajectories. 


2 Trajectories 


Cartesian Co-ordinates: To find the trajectories which cut every member of a given family of 
curves at a constant angle. 
Let the equation of the given family of curves be 

f(x yc)=0, 0) 
c being the arbitrary parameter. Let the required trajectories cut the given curves (1) at 
a constant angle a. 


Differentiating (1) with respect to x, we have 
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GF DG, ...(2) 
ox oy dx 


Eliminating c between (1) and (2), we get the 


differential equation of the given family of curves 


(1). Let it be (x, y) Trajectory 


d 
o(nrZ)-0. ...(3) 


Let (x,y) be the coordinates of a point of 
intersection of a member of the given curves (1) 
and a member of the required trajectories. If the tangent to the trajectory at this point 
makes an angle y, with x-axis and if the tangent to the given curve at this point makes 


an angle Wy with x-axis, we have 


7 tan yw, — tana 
dy/d by (3) = tan Wo = tan (yy ~ ot) = ——b 
ly /dx given by (3) = tan wo = tan (yy — @) 1+ tan y; tano 


Putting this value of (dy/dx) in (3), we get 


tan yw) — tana 
x, py, —————_|=0. ext 
of 1+ tan yy a ” 


Now dy / dx for the trajectory is tan yw). So replacing tan w, in the equation (4) by 
dy / dx, we get the differential equation of the required trajectories as 


dy /dx — tana 
, Ya |=9 
of ed 


Solving this differential equation, we shall obtain the equation of the required 
trajectories. 
Orthogonal trajectories: If is a right angle, we have 


tan yy, X tan ys =-1. 


2 given by (3) = tan yo =- 


tan Wy : 


Putting this value of dy/dx in (3) of the last article, we get 


ef. Jeo. ...(5) 


tan Wy 


Now (dy/dx) for the trajectory is tan yw). So replacing tan y; in the equation (5) by 
dy /dx, we get differential equation of the orthogonal trajectories of (1) as 


d. 


Solving this differential equation, we shall get the equation of the orthogonal 
trajectories of the given family (1). 

Remember: To obtain the differential equation of the orthogonal trajectories, we have to write 
— dx/dy for dy/dx in the differential equation of the original family of curves. 
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3 Orthogonal Trajectories 


Polar Co-ordinates: Let the equation of the given family of curves be 

f (7,0,c)=0, eel) 
c being the parameteri.e.,c can take any real value. Differentiating (1) w.r.t.@and then 
eliminating c, let the differential equation of the given family (1) be 


6(r.02)-0. ...(2) 


Now if at a point of intersection P (r,6), the tangents to the trajectory and the given 
curve make angles $, and ¢) with the common radius vector OP of that point, then 
tan , — tan 09 


tan 90° = t — ob) = 
= an (1 ~ 2) 1+ tan @; tan o9 


Trajecto 
and therefore tan @, tan d) =-1. ey 


Now r e given by (2) 
a 


1 


= tan 9 = — . 
tan 


dr/d® given by (2) =r tan oy. 
putting this value of dr/d® in (2), we have 
 (7,8,— r tan o) =0 


But tan 6, =r = for the trajectory. 
% 


the differential equation of the required orthogonal trajectories is 
9 +) 
r,0,- 7° — |=0. 
o (/ T Tr 


Solving this we shall get the required equation of the orthogonal trajectories. 


Remember: The differential equation of the orthogonal trajectories is obtained from the 
differential equation (in polar co-ordinates) of a given family of curves by writing 


2 d0 dr d0 1 dr 
-1r — for — or -r— for —— 
dr d0 dr r dO 
l dr d0 
or --— for r—- 
r d0 dy 


lnustrative Examples 


Example 1: Find the orthogonal trajectories of the family of curves y = ax”. 
(Kumaun 2008, 12; Meerut 11; Kanpur 15) 
Solution: The equation of the given family of curves is 


y =ax", a being the parameter (1) 
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Differentiating (1) with respect to x, we get 

dy /dx = a.nx"™, sua(2) 


Dividing (2) by (1) to eliminate a between (1) and (2), we have 

_ nl 

i a =" or x (dy/dx)=ny, ...(3) 
J ax as 


which is the differential equation of the given family of curves. Now to obtain the 
differential equation of the orthogonal trajectories, write — dv/dy for dy/dx in (3). 
Hence the orthogonal trajectories are given by the differential equation 

Xx (— dx/dy) = ny. . (A) 
Separating the variables, we have — x dv = ny dy. 


2 


; I] a) : . : 
Integrating, we have — 3 xx=n 5 y” +c,where c is constant of integration. 


Thus x? + ny” =2corx? + ny” =c* isthe required family of orthogonal trajectories. 


Example 2: Find the orthogonal trajectories of the family of parabolas y = 4ax, where ‘a’ is the 
variable parameter. (Meerut 2013B; Kanpur 09) 
Solution: Differentiating the given equation i = 4ax, (1) 


with respect to x, we get 


2 y (dy/dx) =4a . ...(2) 
Eliminating a between (1) and (2), we get 
2x (dy/dx) = y, see (3) 


which is the differential equation of the given family of parabolas. 


So to obtain the differential equation of the orthogonal trajectories, write — dv/dy for 
dy/dx in (3). Thus the differential equation of the required family of orthogonal 
trajectories is 

2x (-dx/dy)=y or 2xdx=—- ydy. 
Integrating, we get 

Pans yee or 2x7 + y* =k, 
which is the required family of orthogonal trajectories. 


Example 3: Find the orthogonal trajectories of the family of rectangular hyperbolas xy = c”. 


(Meerut 2003; Rohilkhand 06, 07; Kanpur 07, 12; Bundelkhand 09; Avadh 10, 11) 


Solution: The equation of the given family of curves is 

xy = ee being the parameter. (1) 
Differentiating (1) w.r-t. x, we get 

x(dy/dx)+ y=0, ..(2) 
which is independent of the parameter c. Hence the equation (2) is the differential 
equation of the given family of curves. 
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So to obtain the differential equation of the orthogonal trajectories, write — dv/dy for 
dy /dx in (2). 
Thus the differential equation of the required family of orthogonal trajectories is 
x (-dx/dy) + y =0 


or x dx = y dy, in which the variables are separated. 
: | eee ee : : : 
Integrating, 5 = 5 yo +c, where c is constant of integration 
or r- e =2c =k? (say) is the required family of orthogonal trajectories. 


Example 4: Find the orthogonal trajectories of the family of parabolas - = 4a (x + a), where ‘a’ 
is the parameter. (Meerut 2006; Purvanchal 06; Lucknow 06; Avadh 07, 09) 


Solution: The equation of the given family of parabolas is 

y’ =4a(x+a), sae) 
a being the parameter. 
Differentiating (1) w.r.t. x, we get 

2 y (dy/dx) = 4a. ...(2) 
Now eliminating a between (1) and (2), we get 

y? =2y (dy/dx)[x+ x) (dy /dx)] 
or y = 2x (dy/dv) + y(dy/ax), ..(3) 
which is the differential equation of the given family of parabolas. So to obtain the 
differential equation of the orthogonal trajectories, write — dv/dy for dy/dx in (3). 
Thus the differential equation of the required family of orthogonal trajectories is 

yy = 2x (- de/dy) + y (- de/dyyY 
or y (dy /dx)* + 2x (dy/dx) = y. (A) 
Now we observe that the differential equation (4) of the orthogonal trajectories is the 
same as the differential equation (3) of the given family of parabolas. Therefore the 
given family of parabolas (1) is self-orthogonal i.e, the orthogonal trajectories of the 
system belong to the system itself. Hence the equation of the orthogonal trajectories 
of (1) is Da = 4c (x +c),c being the parameter. 
Example 5: Find the orthogonal trajectory of the family of circles rae y = 2ax, a being the 
parameter. (Meerut 2005, 10) 
Solution: Differentiating 

r+ y* =2ax vee) 
with respect ot x, we get 

2x +2 y (dy/dx) -2a=0 
or x+y (dy/dv)-a=0. ...(2) 
Eliminating ‘a’ between (1) and (2), we get 
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ra + =2x{x+ y (dy/dx)} 

or x +2xy (dy / dx) - y* =0, ...(3) 

which is the differential equation of the given family of circles. So to obtain the 

differential equation of the orthogonal trajectories, write — dv/dy for dy/dyx in (3). 

Thus the differential equation of the required family of orthogonal trajectories is 
x + 2xy (- dx/dy) — y? =0 

or dx/dy = (x* — y”)/2xy. (4) 

This is a homogeneous differential equation. To solve it putting x = vy, so that 

dx/dy =v + y (dv / dy), in (4), we get 

v + y (dv/dy) = y° (v* -1)/Qvy*) 

dv v-l ler 


' a aa 
ae 2vdv__ 
l+ J 


Integrating, we have 
log (I+ v’)=-log y+ log b 
or 1+ =b/ y 
or 1+ (x?/y*)=b/y, since p= x/y. 
Hence x7 + ae = by is the equation of the required orthogonal trajectories. 


Example 6: Find the orthogonal trajectories of the family of curves 
{x7 /(a* +a)}4{y? /(b? +A)} =1, 


where X is the parameter. (Meerut 2007B, 09B; Lucknow 10; Rohilkhand 10; 
Gorakhpur 11; Purvanchal 07, 09, 11) 
Solution: Differentiating the given equation with respect to x, we get 


2x/(a* +r) +{2y/(b? +A)}- (dy/dx) =0 


or x (b? +) + _y (dy/dx) (a? +2) =0 

or A {x+y (dy/dx)} = —{b? x +a? y (dy/dx)}. 

2 a= {b? xt a? y (dy/dx)} + {x + y (dy/dv}. 
Thus a’ + = (a? —b?) x/ {x + y (dy/dx)} 

and b? +h =-(a? -b?) y (dy/dv)+{x+ y dy/dv}. 


Substituting these values of (a? + 2) and (b? + 2) in the given equation, we get the 


differential equation of the given family of curves as 
x ixtydyldd}  ytxt+ yyldt _, 
(a? =b°)x (a? = b”) y (dy /ae) 
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or 2p oy(Z- : J-@ =. sae() 


Hence putting — dr/dy for dy/dx in (1), the differential equation of the orthogonal 
trajectories is 


d dx 
or v-yty wr ! =a —p?, 
dx dy/dx 


which is the same as (1). Therefore solving it we shall get 

xr /(a? +u)+ y? (b? +) =1, 
u being the parameter of the orthogonal trajectories. In other words the system of 
given confocal conics xi (a2 +A)+ y / (b? + 2) = Lis self-orthogonal. 
Example 7: Find the orthogonal trajectories of the cardioids r = a (1—cos ®), a being the 
parameter. (Meerut 2006B; Gorakhpur 05; Lucknow 11; Kashi 11) 


Solution: The given family of curves is 


r =a (l-cos 6), (1) 
the parameter being a. Differentiating (1) w.r.t. 8, we get 
dr/d®=asin®. ..(2) 
Now we shall eliminate a between (1) and (2). So dividing (1) by (2), we get 
r (d8/ dr) = (1—cos 8) /sin 8, Be ())) 


which is the differential equation of the given family of curves (1). 


To obtain the differential equation of the orthogonal trajectories, write — (1/r) (dr/d®) 
for r (d0/dr) in (3). Thus we get 
L291 
ldr _1-cos0 on 7° 1 
= =— 47 = tan 58, 
2 sin —8cos —0 2 
2 2 


rd sin® 


which is the differential equation of the orthogonal trajectories. To solve it, separating 
the variables, we get 


| | ee | 
Hi i =sihs ® = son 8 
—=- tan —0d0 = ——-#~— d0=2 .—_+__ = 0 - 
7 2 cos —0 cos —0 
2 2 


Integrating, we have 


log r= 2 log cos = 6+ log ¢ 


or log (r/c) = log cos? 59 
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or eaten b= - Gcae) 
2 2 
or p= elses) 
2 
or r=k (1+cos 8), 


which is the required family of orthogonal trajectories. 
Example 8: Find the orthogonal trajectories of the system of curves r" = a" cos n ®,a being the 
parameter. (Meerut 2007, 10B; Bundelkhand 05; Gorakhpur 06; Lucknow 08; Kanpur 08) 


Solution: The given family of curves isr” = a" cos n6 , sac ( Ih) 


the parameter being a. Taking logarithm of both sides of (1), we get 
n log r =n log a + log cos nO. 


Now differentiating both sides w.r.t. 8, we get 


n dr —nsinn® 
=0 + ——_ 


r dO cos n 8 
or Le: teed) 
r d0 


which is the differential equation of the family of curves (1). 


Now putting —r e for oe in (2), the differential equation of the orthogonal 
r r 


trajectories is 


sag BO etna 
dr 


or ane nO de. 
S 


Integrating, we get log r = (1 / n) log sin nO + log c 


or n log (r/c) = log sin n® 
or log (r/c)”" = log sinn® 
or r"=c" sin nO, 


which is the required family of orthogonal trajectories, the parameter being c. 


(Comprehensive Exercise 1 


1. Find the equation of the family of curves orthogonal to the family y = ax? 
(Avadh 2005; Rohilkhand 09; Kanpur 11) 
2. Find the orthogonal trajectories of the semi-cubical parabolas ay” = xr, where a 


is the variable parameter. (Gorakhpur 2007; Kashi 13; Kumaun 15) 


Orthogonal Trajectories 


10. 


ll. 


12. 


13. 


14. 
15. 
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Find the orthogonal trajectories of the family of circles e+ oa =a’ , where ‘a’ is 
the parameter. (Bundelkhand 2008; Kanpur 10; Kumaun 10, 13) 
Find the orthogonal trajectories of the family of curves 3 4 y B ge! a 
where a is parameter. 
Find the equation of the family of curves that is orthogonal to ax? + Da =l. 
Find the orthogonal trajectories of the system of curves (dy / dx)° =a/x. 

(Bundelkhand 2007, 10; Agra 08; Kumaun 11; Purvanchal 14) 
Find the differential equation of the family of curves given by the equation 
es ee + 2dxy =1, where i is a parameter. 
Obtain the differential equation of its orthogonal trajectories and solve it. 
Show that the orthogonal trajectories of the family of conics 
y ~x7 4 4xy —2cx=0 consist of a family of cubics, with the common 


asymptote r+ y=0. (Meerut 2009) 
Find the orthogonal trajectories of the family of circles e+ a +2fp+1=0. 
where f is the parameter. ( Meerut 2004; Gorakhpur 08, 11) 
Find the orthogonal trajectories of the family of curves 
2 2 

x y 

—= + =1,A being parameter. 

a beh a 


(Lucknow 2005; Meerut 05B; Purvanchal 14) 
Find the orthogonal trajectories of the family of coaxial circles 
e+ yp +2 ex +c =0,where g is a parameter and c is a constant. (Agra 2007) 
Find the orthogonal trajectories of 
(i) r0=a, (ii) r=a0. (Rohilkhand 2008) 
Find the orthogonal trajectories of the family of cardioids r = a (1+ cos 6) . 


(Rohilkhand 2006; Lucknow 06; Purvanchal 08, 10; Gorakhpur 10) 


Find the orthogonal trajectories of r = ef (Kumaun 2009) 


Find the orthogonal trajectories of r” sin n@ = a”. (Meerut 2001, 04B) 


—— 
a 


f 


\ Answers 1 


a 


~ 


43 y? =c? 2. Pas ae 
x= 4, x43 _ yA 2483 
y = +P) 6. (3/2 463/2)2 = say? 
ge ae Pay ae ae 8 yp t+3x2 74+ 40 =k? 


yi tx? -lacx 10. x + y* -2a* log x=c 
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il, a 4 oa +2 fy -—c =0, f being parameter. 
1.2 
9 --6 
12. (i) r=c?-0° (ii) r=ce 2 
13. r=c (l—cos 8) 14. @ + (log ry? =¢? 


15. r” cos nO =c" 


——— 
Z 


\ 


( Objective Type Questions 


od 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from (a), 


(b), (c) and (d). 


1. To find the orthogonal trajectories in polar form, we replace ~ by 


dr d0 
ge py 
(a) 70 (b) dr 
() -P 2 (a) PS 
dr dr (Kumaun 2010) 
2. Family of orthogonal trajectories for the curve xy =c is 
(a) yp - x7 =2c (b) yr =2e+x 
(c) y= x +e (d) e?-e* =e (Kumaun 2014) 
3. Orthogonal trajectories of the system of curves (2) eee 
x 
(a) 9a( yc =4x° (b) 9a( y +c) =4x° 
(c) 9a* (y +2c)* =4x7 (d) 9a(_y - 2c)? = 4x? 
(Kanpur 2016) 
4. Orthogonal trajectories of cardioids r= a(1—cos®), a being a parameter, is 
(a) r= 4(1+cos6) (b) r=“(1-cos@) 
2. 2 
2 C c no 
=—(l-—cos0 d) r=-(a- ) 
oo 2 eno oe 2 aa) (Kanpur 2016) 


5. Orthogonal trajectories of the family of parabolas a =4ax, a being a 
parameter, is 


(a) r+ y? =k (b) vy? =k 
(c) 2x* sy =k? (d) x +2" =K 

6. Equation of the family of curves orthogonal to the family y= ax? is 
(a) 3x° + =¢? (b) x” +39" =0" 


(ce) 3x - y =0? (d) 7 -3y? =0 
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ll. 
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Orthogonal trajectories of the semi-cubical parabolas ay” =x°,a is the 
variable parameter, is 
(a) Ps Pad (b) Pes Pad 
2 2 
(c) 32 P=? (d) 324 ya? 
2 2 
Orthogonal trajectories of r@ =a is 
(a) r? =c7e® (b) r? =c7e® 
(c) r= e208 (d) r= cree 
Orthogonal trajectories of r= a8 is 
(a) ag? ® (b) race’ ? 
(c) r=ce 9? (d) race? 
Orthogonal trajectories of r= a” ig 
(a) 07 + logr =¢? (b) 67 + (log ry? =e? 
(c) @ - logr= ef (d) 6 - (log ry =c? 
Orthogonal trajectories of the family of curves y =ax" is 
(a) x° +ny” =¢* (b) nx? + y =¢? 
(c) x7 - ny” =¢? (d) nx? - y =¢? 
Fill in the Blank(s) 
Fill in the blanks “...... ” so that the following statements are complete and correct. 


The differential equation of the orthogonal trajectories is obtained from the 
differential equation of the given family of curves by writing ...... for dy /dx. 

The differential equation of the orthogonal trajectories is obtained from the 
differential equation (in polar coordinates) of the given family of curves by 


Orthogonal trajectories of the system of curves r” =a" cos n0, a being the 
g J y g 


parameter, is ...... 


True or False 

Write ‘T’ for true and ‘F’ for false statement. 

A family of curves is said to be self orthogonal if the differential equation of the 
orthogonal trajectories is the same as the differential equation of the given 
family of curves. 

Family of curves {x7 / (a +A)} + {y / (b? + 2)}=I1, where A is the parameter, 


is self orthogonal. 


fb 094 | 
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( Answers 


Multiple Choice Questions 
(c) 2. (a) 3. (b) 4 c 
(b) 7. (b) 8. (c) 9. (a) 10. (b) 
(a) 


Fill in the Blank(s) 
oe a a a 
dy dr 


3. r™=c" sinn® 


True or False 
T 2 -P 


( Chapter ) 3 : 


Linear Differential Equations 
with Constant Coefficients 


1 Definitions 


linear differential equation is an equation in which the dependent variable and its 
derivatives appear only in the first degree. 


A linear differential equation of order 1 of the form 


dq" q'! q'-2 d 
a +a, | + do aod tet ay + ayy =Q, sae( I) 


where a), a,...,4y,_1,4, are constants and Q is any function of x is called a linear 
differential equation with constant coefficients. 
& 2 qa” 
For convenience, the operators —,—,,—z,...,— are also denoted by D, 
dx dx de dx" 


D*, D®,..., D" respectively. 
Thus the equation (1) can also be written as 
D"y +aD""y +...4.a,_Dy + any =Q 


or [D"+4,D"! +...+4,,.D+a,] y=Q. ist) 


If y = f(x) is the general solution of 
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[D" +a,D"!4...44,,D +4] y =9, ..(3) 


and_y = (x)is any particular solution of the equation (2) not containing any arbitrary 
constant, then 


I= f (x) + O(x), 
is the general solution of (2). 
Thus the method of solving a linear equation is divided into two parts : 
First, we find the general solution of the equation (3). 


It is called the complementary function (C.F.). It must contain as many arbitrary 
constants as is the order of the given differential equation. 


Next, we find a solution of (2) which does not contain an arbitrary constant. This is 
called the particular integral (P.1.). 


If we add (C.F.) and (P.I.), we get the general solution of (2). Thus the general solution 
of (2) is 
y=C.F.+ PAL (Gorakhpur 2005) 


2 Determination of Complementary Function (CF) 


Consider a linear nth order differential equation with constant coefficients of the form 


f(D) y=9 ie., 


[D" + 4D"! + a)D"? +...4a,] y =0. acl) 
This is equivalent to 

[(D — m,) (D- my)...(~D—-m,)| y =0. 222) 
The solution of any one of the equations 

(D-m) y=0,(D-m) y =0,...,(D-m,) y =9 sae(9) 
is also a solution of (2) and we know that the general solution of (D — ny) y =0 is 

y = Ae’. 
Hence we can assume that a solution of the equation (2) is of the form y =e”. Then, 
substitutinge” for yin (1), so that Dy = me", D* y = me” ,...,D"y = me", we get 

e™ (m" + am"! + agm"~2 +...+.a,) =0 


or m" + am"! + agm"~? +...+a,=0 , because e”™ #0. 
Hence e”* will be a solution of (1) if m has the value obtained from the equation 
m"+am""!4...44,=0. ..(4) 


The equation (4) is called the auxiliary equation (A.E.) and is obtained by putting 
D=min f (D)=0. 


It will give in general 1 roots, say, my, 17),13,..., My. 
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Case I: If all the roots of the Auxiliary equation (A.E.) are distinct: 


MX Myx My, X 
er 


If the roots m,, my, m3,...,m,, are all distinct, then e .€™ are all distinct and 
linearly independent. So the general solution of (1) in this case is 
y = cye* 


Case II: Auxiliary equation having equal roots : 


+090 2* +... 40,0", ..(5) 


If two roots are equal say my = mp, then the solution (5) becomes 
y = cye* 


or yH(qy +e9) el" +. c3¢ 


my x M3 x MyX 


t+ege 1" +6603" +... 4+ bye 


M3 X My, X 


Haas Oye 


Now (c} + ¢y) can be replaced by single constant say c. 


Therefore this solution has only (7 — 1) arbitrary constants and so it is not the general 
solution. 


To obtain the general solution, consider the differential equation (D — ny jr y=Oin 


which the two roots are equal. 
This can be written as (D- m)[(D-m) y]=0. ...(6) 
Now putting (D — m) y =v, we get (D- m) v=0, 


or dv/dx=myv or dv/v = ny dx, (variables being separated). 
integrating, 
log v=m x+logc, or log (v/cy)=myx or vec, el". 
Thus (D- my) y=v=c, ec!" 
and putting it in (6), we get (D—m) y = ce!“ 
or Dy = my =cye"* or 2 —my =cye™", E 7 ” 
This is a linear equation of the first order. Hence the I.F.= gm = gs, 


The solution of this equation is 


Myx _ IN X — Myx " 
prev = J ce™ -e 1" dx t+c9 


= 0 [dv +09 =e, x +09 


or y=leyxt+cg)e™* or y=(cg tex) el. 


Hence the general solution of f (D) y =0 in this case is 
y=(c, +cox)e 


Similarly if three roots of the auxiliary equation are equal say, my = mp) = m3, the 
general solution of f (D) y=0 will be 


myx Na X x 
M+ ¢ge3" +. 40,¢"". 


myx Mg X My X 


y=(c $eox+03x)e + cge 4" +... 4 Cy€ 
and so on. 
Case II: Auxiliary equation having complex roots: (Meerut 2003) 


Let the two roots of the auxiliary equation be complex, say m, =a + iBandmy =a — iB, 
(where i= V — 1). 
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The solution corresponding to these two roots will be 
y = ce +i) x + ¢ye6% — iB) * =ce™ ibe ‘eye .e7 Br 

= ce (cos Br + isin Br) + cge™ (cos Bx — isin Br) 

= (c) +c) e cos Bx + i (cy — cy) e sin Bx 
or y =e™ LA, cos Bx + Ay sinBx], where Aj =c, +¢y and Ag = i(c - co) 
or y =e (c cos Bx + co sin Br), chaning the constants. 


If the imaginary roots are repeated, say a + if and — iB occur twice then the solution 
will be 


y =e™ [(q, + cyx) cos Bx + (cz + cq x) sin Br], 
and so on. 
Note 1: The expression e (c, cos Bx + cy sin Br) can also be written as 
ce" sin (Bx + cy) or ce cos (Bx +¢9). 
Note 2: If a pair of the roots of the auxiliary equation are irrationali.e.,they area + VB , 
where B is positive, then the corresponding term in the C.F. will be 
e™ (c, cosh V Bx + cg sinh V By), 
or ce sinh (VBxt+co) or cye™ cosh (V Bx + ¢9). 


If these irrational roots are repeated twice, then the corresponding portion of the 
solution will be 
e™ {(cy + cx) cosh V Bx + (cz + c4x) sinh V Br}. 


lhustrative Examples 
Example 1: Solve ay -7 a +12y=0 

ple I: eR es yO. 
Solution: The given differential equation is (= 741) yO. 

the auxiliary equation is m —7m+12=0 
or (m—3)(m-4)=0. * m=3,4. 
Hence the solution is 

y =oe?* + coe". 

Example 2: Solve (D? + 6D? +11D +6) y=0. (Meerut 2010) 


Solution: The auxiliary equation is 


m? +6m~ +11n+6=0 
or (m + I) (m? +5m+6)=0 


or (m +1) (m+2)(m+3)=0. 


Linear Differential Equations with Constant Coefficients 


/D-99 |W 
m=-—1,-2,-3. 
Hence the solution is 
yp =cye™ + c9e2* + ce". 
Example 3: Solve o -3 & + 2x =0 ,given that when t=0,x =0 and dx /dt=0. 
(Gorakhpur 2008) 
Solution: The auxiliary equation is m -3m+2=0 
or (m-l)(m-2)=0O or me=1,2. 
Hence the solution is x = cye* + eye", (1) 
where c, and cy are arbitrary constants. 
Now x=0 when t=0; 
a O=c, +¢. ...(2) 
Also dv / dt = c, eae, and dx / dt =O when t=0. 
O=c, + 2c. ...(3) 


Solving (2) and (3), we get c) =0,c9 =O. 

Now putting the values of cj and cy in (1), we get the required solution as x=0. 

Example 4: Solve (D> -3D +2) y=0. 

Solution: The auxiliary equation is m> -3m+2=0 

or (m — I) (m? +m-2)=0 or (m—-1){(m-l1)(m+2)}=0. 
m=11,-2. 


Hence the solution is 


y =(c) +09x) e* +03e72*, 
3 
Example 5: Solve ay -8y=0. 
dx (Meerut 2010B) 


Solution: The auxiliary equation is m —8=0 
or (m — 2) (m? +2m+4)=0 ie, m-2=0 and m? +2m+4=0. 


m=2 andm=-I1+tiv3. 
Hence the solution is 


y =e (q cos V3x + cy sinV3x) + cge*. 


4 3 
Oy 98 J gO 2 i, 


Example 6: Solve ae - a - 


Solution: The auxiliary equation is 
m* — 2m? -2m-1=0 
or (m* -—l)-2m (m? +l)=0 


or (m? + I) (m? -l)-2m (m? +l)=0 


— Krishna's T.B. Differential Equations and Vector Calculus 
gf v-100) 
or (m? +1) (m? -2m-l])=0 ie, m =-1 or m*-2m-1=0. 
m=O0+i,l4V2. 
Hence the solution is 
y =&* (cy cos x + ¢9 sin x) + e* (cz cosh V 2x + cq sinh V2 x) 
or y =c, COS x +C9 sinx + e* {cz cosh V2x + cy sinh V2x} . 


4,74 
Example 7: Solve (D" +k") y =0. (Meerut 2003, 04B, 05B, 06) 


Solution: The auxiliary equation is m! +k* =0 


or (m? + ky —2k*m* =0 
or (m? +k?) - (V2kmy =0 
or (m? ef? =W2 km) (m? $f 242 km) =0 
or m? —V2km +k? =0 and m? +V2km+k* =0 
V2k $V (2k? — 4k?) —V2k +0 (2k? — 4k?) 
or m = and m = —_$_J++___ 
2 2 
or ae ® saa cena 


Hence the solution is 
y =e 2 £6) cos (ke / V2) +9 sin (kx / V2)} 
+e M2 f04 cos (ky / V2) +4 sin (kv /V2)}. 


(Comprehensive Exercise 1 


Solve the following differential equations : 


dy dy Py 4% 
ae d d a d 
3. “£4162 2132 10 y=0 4,52 42 .4y=0 
5. (D? -4D* +5D-2) y=0. 
4 3 
6. F498) 349 49 4ya0, 
dx dx dx (Garhwal 2009) 
ds 
7. (i)(D* +1) y=0. — (Agra 2006) (ii) ar Hy =0. 


8. (D*+8D? +16) y=0. 
9. (D? +7) y =0. (Avadh 2005, 14) 


3 2 
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11. Solve (d? y/dx?) + y =0, given y =2 for x=0 and y=-2forx=>m, 


——~ 
a ~ 


f 


( Answers 1 


~ 


lL. yoo e™ te9e°™ 


2. pace * +coe* 
3. yoy” +09e 2" +0677 
4. y=(c)teox)e* 
5. p=(cy +c9x) e* + e327" 
6. y=(c) tex) e* + (cg +04) 62" 
7. (i) py set! fe) cos (x / V2) + c9 sin(x / V2)} 
+e tne {cz cos (x / V2) +4 sin (x / V2)}. 
(ii) y =cye™ + cy e™ +3 cos kx +c4 sin kr 


8. y=(c, +c2Xx) cos 2x + (cg + c4x) sin 2x 
9. y=c, cosprtcy sinurand yp =cge" +cqe°¥ 
10. y=(c) +¢9x) 2* +c 62" 


ll. y=2N2c08(x4+2] 


3 The Particular Integral (PI.) 


As already shown in article | the complete solution of 


(D" + 4,D""! + ay D"~? +...4 ay_1 D+ ay) y=Q ora: 
or F (D) y=Q is y=C.F.+P.I, 
where the C.F. consists of the general solution of the differential equation 

F(D) y=0. 


In article 2 we have discussed different methods of finding the complementary 
function by taking the differential equation as F (D) y =0 . Methods of finding the 


particular integral will be discussed now. 
I 
F (D) 


The particular integral of the differential equation F (D) y = Q is Q. It is 


obviously a function of x which when operated by F (D) gives Q. 


Nowas F (D) FD Q=Q, therefore F 


F (D). Similarly Dand1/D are inverse operations. If D stands for differentiation then 
1/D will stand for integration. 


D can be regarded as the inverse operator of 
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Hence the particular integral of the equation 


_ ; 1 
Pe a ay 


because it satisfies the given equation. 


A Particular Integral in Some Special Cases 


Case I: To find P.I. when Q is of the form e“, where a is any constant and 
F (a) #0. 
By simple differentiation we know that D (e) = ae”; 


De (e“)= aze™. D? (e“) = ae™ ,...,D" (ec) =a"e™. 


It suggests that F (D) e“ = F (a) e™. ..(1) 
Let F (a) #0. 
Operating on both sides of (1) with 1/ F(D), we have 
1 1 
F D AX = F AX 
FD) (D)e FiD' (a) e} 
or e = F (a)- : ce“, because F(a) is a constant 
F (D) 
or : = : e*, because F (a) #0 
F (a) F (D) 
PI.= or = ec“, provided F(a) #0. 
F(D) F(a) 


Working Rule : If P.1. = {1/F(D)} e“, then put a for D in F(D) and we get the P.L., 
provided F(a) #0. 


limateative Examples 


Examples on case I: 


iy 4 Sx 
Example 8: Solve ——-3 —+2y=e%. 
xample ae cz y 
(Kumaun 2006; Avadh 08; Garhwal 10B; Purvanchal 11; Kanpur 12) 

Solution: The given equation can be written as 

(D? -3D +2) y =e", where d/dx = D. 
Here F (D) = D* -3D +2 and Q=e"*. 
The auxiliary equation is 

m- —3m+2=0 or (m — 1) (m-—2)=0. 


m=12. 
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C.F. =cye* + c9e**, the roots of the AE. being distinct. 
3x Died 
and Pe 
F(D) D* -3D+2 5°-3-54+2 12 


[We have put 5 for D in F(D), because here a = 5] 
Hence the complete solution is _y = (C.F.) + (P.I.) 
, F ] : 
or ste" +e. * +. 
Hey 2 1D 


2 
Example 9: Solve ie +31 a +240 y =272e™. 
dx dx (Meerut 2010B, 11) 


Solution: The auxiliary equation is 
m? +3lm+240=0 or (m+15)(m+16)=0; 


m=-15,-16. 
C.F. = ce * + ee 16, 
and PI. = > —__ 272¢"") = 272. ,§ —*__e* 
D? +31D +240 D* +31D +240 
I Sp OTD oe 196 


2212 = =—eé = é 
Cp +3l(-)+240. 210° «+105 


Hence the general solution is y = (C.F.)+ (P.I.) 


F -15x -l6x , 136 -+ 
WE.5 = 4 + 0 ts : 
ie pyre cge 105 ° 
Example 10: Obtain the complete solution of the differential equation 
2 
oe J -7D soy = 2%, 
dx dx 


and determine the constant so that y =O when x =0. 
Solution: The given equation is [D* -7D+6] y= ae 


auxiliary equation is m -7m+6=0 


or (m-l)(m-6)=0O or m=1L6. 
i C.F. = cye* + ce". 
x 
and Bie ee 
D* -7D+6 2° -7-2+6 4 


the general solution is_y = (C.F.)+ (P.L) 
ie., pace tee! = 22, (1) 
Now when y =0,x=0; 


0 =c, +e ~ = from (1) 


1 
so that C9 =|—-c) |. 
»=(F-4] 
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Hence from (1), we have 


or y=ey (e* - r+ 7 e°* (e#* — ]) is the required solution. 
(Comprehensive Exercise 2 


Solve the following differential equations : 


dx 
2. 
2 FP oD yar 
dx dx (Bundelkhand 2001) 
2 
3: ToD pao’ 
4. [D?+D+l] y=e™ 
ae d d 
5 at OTe tl + 6yae" 
6. (D> +l) y=(e* +1)" 
a. 
( Answers 2 
1. y= (ce +02x) & + e*/(1- ky? 2. ya tensor eee 
3; yee fe cos (6513) +p sin (SVayh ere" 
4. yaoe* cos{x (V3 /2)+e9}+e* 
5. pao * +c9¢2* +e9¢ 3% bos 6. paper re’ +1 


Case II: To find P.I. when Q is of the form sin ax or cos ax and F (- a’) #0. 


By simple differentiation we know that 
D (sin ax) = acos ax ; D* (sin ax) = — a? sin ax ; 
bi (sin ax) = - a’ cos ax ; D* (sin ax) = (- a’ - sin ax, 
ee ,(D*)” sin ax = (- a7)" sinax. 
It suggests that 
F (D’) sin av = F (— a”) sin av. ..(1) 
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Let F (-a*) #0. 
Now operating both sides of (1) with I/F (Dr), we get 
1 : | 0. 
F(D*) sin ax = { F(- a“) sin ax} 
FID?) (D*) FD) (—a*) 
‘ 1 
or sin ax = F(-a’)- sin ax. 
(— a") FD?) 
Thus ——7~ sin ax = = sin ax, provided F(- a’) #0. 
D*) F(- a’) 
Similarl cos ax = ———=— cos ax, provided F (- a’) #0. 
” FD?) F (- a’) ee 


Working Rule: If P.I. ={1/ F(D)} sin ay or cos ax, put - a2 for D’,- a2 D for D>, 
(- ae a ie.,a* for D*,a*D for D’,-a® for D® etc. in F(D) and calculate the P.I. 
Note: Linear factors in D of the form (pD + q) appearing in the denominator are 


removed by first multiplying the Nr. and Dr. by the conjugate factors (pD ¥ q) and 
then putting — a’ for D* in the denominator. The operation left in the numerator 


can be easily worked out because the operator D stands for differentiation with 


respect to x. 


litusteative Examples 


Examples on Case I: 
Example 11: Solve “y - o —2y =sin 2x. ik Sapeatlone id) 
Solution: The given equation is [=p 3] y =sin 2x. 
auxiliary equation is m” —m-2=0 
or (m+I)(m-2)=0;  « = m=-12. 


C.F. = ce" * + c9e7*. 


And P.I.=——— sin 2x = —____ sin2x, 
D* -D-2 -4-D-2 
putting — a ie.,—4 for ie 
= ! oe at ae, Oe oe 
D+6 (D +6)(D-6) D* - 36 


= (8) 5 putting —4 for D* 


=. (D —- 6) sin 2x = iD (sin 2x) — 6 sin 2x} 
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ae ee ee eee 
40 20 20 


the complete solution is _y = (C.F.)+(P.L.) 


or pace +e9e7* + 508 2x - - sin 2x. 
Example 12: Solve (D* -5D+6) y=sin3x. (Kanpur 2015) 


Solution: Here the auxiliary equation is m —5m+6=0. 


or (m-2)(m-3)=0; »  m=2,3. 
C.F. = ce** + ene?*. 
1 F 1 : 1 ; 
And P.1.= ————- sin 3x = —3——— sin 3x = ——__——— sin 3x 
D* -5D+6 -3°-5D+6 -9-5D+6 
7 = sin3x=—— PP 79) sin 3y= PO) sin 3x 
5D+3 (5D +3)(5D - 3) 25D* -9 
= OP 9) sin3x= + 5D (sin 3x) -3 sin 32} 
25 -(-3°)-9 234 
=|. 64 corsy— 9nd = Cees yoda ae, 
234 78 
the complete solution is _y = (C.F.)+(P.L) 
or y =ce"* + eye>* + (1/78) (5 cos 3x — sin 3x). 
dy 


Example 13: Solve rea +9 y =cos2x+sin2x. 


Solution:. The auxiliary equation is 


m2 +9=0, & MSc 
C.F.=c, cos3x+c9 sin3x or =c; cos (8x+ cp) 
And P.I.= —,;—— (cos 2x + sin 2x) = = cos 2x + ce sin 2x 
(D* +9) D* +9 D* +9 
cos 2x sin2x cos2x sin2x | ; 
= Se =—(cos2x+sin2x). 
-2°+9 -2°+9 5 5 5 


Hence the complete solution is y = (C.F.)+(P.L) 


or y= cy cos (Bx + 69) + = (cos 2x+sin2x). 


(Comprehensive Exercise 3 


Solve the following differential equations : 
lL. (i) @ p/dx’) +9 y =cos 4x (ii) (D? +4) y=sin3x (cumaun 2013) 
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2. (i) (D*-3D+2)y=sin3x (ii) (D? -2D+5)y =sin3x 
(Kumaun 2007; Garhwal 15) 
3. (i) (D? -3D+2) y=cos3x (ii) (D? + D* - D-}) y =cos 2x 


(Kanpur 2006; Avadh 08) 


2 2 
4. Hp 2 P+ y=cos3s D5 p82 49-40 sin5y 
2 
6. PE AO ey 
dx dx (Meerut 2006B) 
2 
7. #Y 9% 410 y +37 sin2x=0 
dx dx (Lucknow 2005; Gorakhpur 07) 
8. (D* +l) y =cos2x 9. (D> -2D? +3) y=cosx 


———~, 
f 


( Answers 3 
at: 


~ 


1. (i) pe, cos3xt+cy sin 3x — = cos 4x 
(ii) y =c, cos 2x + cg sin2x—- zsin 3x 
2. (i) page’ +e +0 cos 3x — 7 sin 3x) 
(ii) y= e* (cy cos 2x + c¢9 sin 2x) + (1/26) (3cos3x — 2 sin3.x) 
3. (i) y= qe" +e" (7 cos 3x + 9 sin 3x) 
(ii) y =(¢) +¢9x) e* + c3e* — (1/25) (2 sin 2x + cos 2x) 
4. y=(cy +cox)e" - = sin3x + 4cos 3x) 
5. y= ee cosh (x7 + ¢9) + 2G cos 5x ~2sin 5x) 
6. y= ae cosh (V 3x + ¢9) + (1/ 73) a (8cos 2x - 3sin2x) 


7. y=e™ (¢, cos3x+¢9 sin3x)+ - (2 cos 2x — 3 sin 2x) 
8. y=oe*+ ee {: cos (=) +063 (3) + = (cos2x — 8sin2x) 


 peqge” te" {: cos (=) +63 n()] + 57 Geos.» — sin x) 


Case III: To find P.I. when Q is of the form x”, where m is a positive integer. 


Consider first {1/(D — a)} x”. We have 
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1 xy ——— 1 m —— l m 
(D—a) (a— D) at{l—-(D/a)} 
2 
=- I (! = 2) x” 
a a 
2 
aa f pd a) x” , expanding by the binomial theorem 
a a a ) 
1 


1 _ 1 = 
= 3 fm 4 Ln ‘hm (m —1) x"-? 4.4. 
a a a 


Here we observe that in the expansion by the binomial theorem, the terms of the 
expansion beyond the mth power of D need not be written since Dt! ww =-0, 


Db” +2 .m = 0, etc. 


Working Rule: In order to evaluate {1 / F(D)} x", bring out common the lowest degree 
term in D from F(D) so that remaining factor in the denominator is of the form 
[1+ f(D) ]or[1—- f(D) ] which is taken in the numerator with a negative index. Next we 
expand [I+ f(D)]"! in powers of D by the binomial theorem and operate upon x” 
with the expansion obtained. 

This expansion should be done upto the term D”, since D*!x” =0 and all higher 
differential coefficients of x” are zero. The whole process will be clear from the 
following examples. 


The following binomial expansions should be remembered well. 


(i) (l-splalextxt ee srt... 
(ii) (+a)! =l-x42 -29 +24 -... 
Gi) da) =14224327 4 +... 
(iv) (+x)? =1-27 43x" -4 4... 


litigtrative Examples 


Examples on Case III: 


Example 14: Solve (d? y /dx*) -4y= ae (Lucknow 2010) 


Solution: The auxiliary equation is m? -4=0 or m=+2. 


C.F. = ce** + e9¢77*. 
-1 
And PL a —_ ! x ~s[i-5 | x 
D* -4 -4f1-4D7} 4, 4 
--5|l+2 D+ |e 
4 4 


expanding by binomial theorem upto the terms containing D 
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or y= eye + ene * = 2 ( ‘ an 


3 2 
Example 15: Sipe Se 6 aie xe. 
dx dx dx 


Solution: The auxiliary equation is 


m> —m? —6m =0 or m(m+2)(m—3)=0. 


'D-109 iy. 


-= E + a De (x? | , because all the remaining terms vanish 


(Gorakhpur 2006; Avadh 06) 


m=0,-2,3. 
C.F. = 60°? + coe ?* +4 c963* =) + c9¢°2* + 90°". 
And P.L=— (I+ x) = : x (1+ 37) 
D* — D* -6D -6D[l+%D-4D"] 
1 1 2] Z 
=-——|l--(-D+D 1+ 
s|!-5' y+) 
1 1 2 1 22 2 
=-—~]1+-(-D+D*)+—(-D+ DY +...)}0+ 2°), 
6D 6 
the terms in the expansion being needed only upto Pp 
=- o|1-2 D+. DP +e D? +. (+) 
6D 6 6 36 
--BlI-2 me +..Jd+ 2) 
6D 6 36 
-- lle) -2 Dds?) +S DP a+], 
because all other terms vanish 
=- (lee -px+ 0 }--2(B- re) 
6D 3 18 6D\18 
= (-sxt? ae, E /D= far] 
6 18 3 
--2|2 242 
6L18 6 3 


Hence the complete solution is y = (C.F.)+ (P.L) 


22,321 Fra 


1 
or pac, tege "+063 ; ar 


18 6 


Example 16: Solve (> +8) y= xi 42x41. 


Solution: The auxiliary equation is 


). 
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m +8=0 or (m + 2) (m? -—2m+4)=0. 

oP m=-2,1+iV3 
Hence C.F. = cye?* + e* {cy cos (x V3) + cg sin (xV3)} . 
And Pleas Ce ee ee ee | 

D' +8 8|1+=D'] 

8 
1 


(i+ 2d D>} (x4 +2441) 
=<[1-ED? +...] (x4 +2x+)), 

the other terms in the expansion being of no need 
=a" +2x4D]-5D? Gf? 4224) 
=o" +2x41-3x]= 2 (4 =e): 


Hence the complete solution is y = (C.F.)+ (P.L ) 


or y=cyee* +e*{c9 cos (x V3) +c3 sin (x V3)} acd —x+l). 


Example 17: Solve (D* + D-2) y=x+t+sinx. 


Solution: The auxiliary equation is m +m-2=0 


or (m—1)(m+2)=0. 
° m=1,-2. = C.F. = cye* + joe. 
And | PL =a tsind= tt sins 
D'+D-2 (O+ D9) D4. D=2 
1 


= ¢¥ + —5———_ in x 


We) 
-2|1-5D-> P| a a= 2 
2° 2 


2 
ji-($0+3.0")| ip A sin x 
an) ( 


Il 
| 


1 
Bl D -3)(D+3) 
-- [i435 D+..|e¢ Doin s=-5(x45]4 27 sins 
Z|: 2 D9 2 af =1=9 
== 5 (6+5)- FD (sins) +3 sina}, 
ae yo toed a. 
2 4 10 


Hence the complete solution is_y = (C.F.)+(P.L) 


or eT ee oe ee 
a ee 2 4 10 iO 


2 
Example 18: Solve 2-42 44 y=2 +e" +cos 2x. 
dx dx (Meerut 2001) 
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Solution: The auxiliary equation is m —4m+4=0. 
m=2,2. 
Hence C.F. = (cy + cox) 7, 
1 2 x 
and P. 1. = —,————_ (x" + &* + cos 2x) = B + Py + Ps, (say), 
(D> -4D+4)| )= + Py + Ps, (say) 
-2 
vite = j= _ al A 
D* -4D+4 (D - 2) 4 2 
-7|l+D+2 D+ 2-5/7 +243], 
4 4 
1 i en ey 
hy = = <0. a hee, 
(D* -4D +4) r-4-14+4 1 
1 1 1 
and Ps = —5—_—— cos 2x = —.—— os 2.x = — —~ cos 2x 
(D* -4D +4)] -2° -4D+4 


=- + foos 2xdr=— 4. sin 2x =~ < sin 2x. 
4 4 2 8 (Rohilkhand 2008) 


Hence the complete solution is y = C.F.+ P.I. 
or y=C.F.+Rh +P + P3 


2% 


or y=(e, +cox)e +p? +2045) 46" — Zin dx, 


(Comprehensive Exercise 4 


1. (D? +D-6) y=x. (Bundelkhand 2007) 
2. (By/dx>) + 34 y/ dx?) + (dy /dx) = x. (Bundelkhand 2001) 


2 
4, (D? +2D+1) y=2x4x. (Kumaun 2007) 
2 2 
5. (D° +3D+2) yp=x. (Bundelkhand 2001) 
6, (D* +I? +16) ye 16x7 +256. (Lucknow 2005) 


7. (Dp -5D+6) y=x+4+sin3x. (Kanpur 2007) 
8. (D* -4D+3) y=e* 45. 

ew) «9 
9. (d° y/dx)-—4y =sin’ x. (Gorakhpur 2007) 


2 
10. (D* -2D +3) y =cos x + a (Meerut 2009B; Bundelkhand 11) 
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3 2 
ll. OV FI Vier 4 bar 
dx dx (Meerut 2009; Gorakhpur 10) 
3 3 
12. (Dt -2D° + D*) y=2. (Garhwal 2007) 
. 
( Answers 4 
No 
1. yaee* +03? -1 6x +0 
36 


11. 


12. 


. poe *+eQe 


yaey +ege* +0907" + tee —9x +21) 


: 2 
y =e +0907" cos (x +03) + =% 


VHy tegxye* + (x7 -2x4+2) 


tee pho: 


Pee e W/2V7-x sin(5 x+ | - cel /2V7x sin > X+ cs) eae de aa 


yeoettoe%st(r42)- 6 sin 3x — 15 cos 3x) 
~ PS; bee eae 42 
y= qe’ + oye? — 2 + cos 2s 
ye [c) cos V2x + c9 sin V2x] 4527 b Ext Se 5 (cos x sins) 
J = C1 + (€g +03 Nera eraes 52 +4x 


YH=ly +gx+(c3 tele’ eee? textes + 36x 


3 PI. whenQ =e" V, where V is any Function of x 


By successive differentiation we notice that 


D (e“V) =e" D (V) + Vae™ =e (D F a) V, 
D? (e V) = D{e™ (D+ a) V} 
=e D(D+a)V +ae“ (D+a)V =e (D+ ayV. 


Similarly, D> (e“V) =e (D +a) V,..., 
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D" (ec Vy =e" (D+a)"V. 
F(D)(e“V) =e“F(D+a)V. (1) 
The result (1) is true for any function V of x. A VinplaceofV in (1), we 
F(D +a) 
have 
ax 1 ax 1 
F(D)<e Vi =e™ F(D+a) 
F(D +a) F(D +a) 
ie, F(D) ai_liy =e"V. ...(2) 
F(D +a) 
Operating by AD on both sides of (2), we get 
a ol yl ayy 
F(D +a) F(D) 
Thus, d (e“V) =e —_ 
F(D) F (D+a) 


Working Rule: Replace Dby(D + a) and take out e before the operator! / F(D).Then 
determine {1 / F(D + a)} V by the methods discussed in 4. 
This method also enables us to find {1 / F(D)} e when F(a) is zero. We shall discuss it 


later on in article 6. 


liiistrative Examples 


Example 19: Solve (D? — 2D +1) ve re*. 
(Agra 2005; Kumaun 06. 08; Avadh 09; Garhwal 13) 
Solution: The auxiliary equation is 
m? —2m+1=0 or (m -1)° =0. 
m=l11. 


C.F. = (¢y + ¢9x) e*. 


And pie =e = : er x 
Dr -2D+1 


Pe 1 ; ?. 
{(D + 3) — I} 


putting D +3 for D and bringing e** before the operator 


~2 
= pt Se =O ay = (14 5D) xe 
aed) {1+ 5D) 
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Hence the required solution is _y = (C.F.)+(P.L ) 
or yale tegaye’ +O" 12 204 St 


Example 20: Solve (D* - 2D +5) y= e-* sin x. 
Solution: The auxiliary equation is m? —2m+5=0. 


m={2+V(4-20)}/2=1+ 2i. 


Hence C.F. = e* (c cos 2x + co sin 2x). 


And P.I.= ee sin x 

D* -2D+4+5 

2% 1 : 2x : 

= 6 7 in ¥ = 0 SS _ In 
(D2 =2(D 49/45 DP #2045 

= ¢* —.___—___ sin x, putting — for 

a = 5) mo, g=F i p 
== + 

al 2s : ne ae 

a, psa 5° (2) 20) 

al oe SF i yl oe Pe ae 

2° (D’-4) 2° -1-4 

== 2 (D=2)sin x == {D (sin x) - 2sin x} 


eee mre 
10 


Hence the complete solution is _y = (C.F.) + (P.I.) 
2% ( 


or y =e" (cy cos 2x +¢9 sin 2x) — cos x —2 sin x). 


(Comprehensive Exercise 5 


Solve the following differential equations : 
lL. (D+Ip yar ec. 


9 ax 
2. (D* -2D +1) y=x e’. (Avadh 2007; Kumaun 09) 
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13. 


1 
é Jae tegnyet +x e 


. =cye + C9€ +—e 
tre 2 10 


(D? +2D +1) y =e*/(x+2). 
(D? -3D +2) y =xe". 

(D? -2D +1) y ae 
(D? -4D +4) y =e?" sin 3x. 
(D* -1) y =e* cos x. 

(D? -2D +4) y=e*cosx. 
(D? +4D-12) y=(x-l)e?* 
D? -5D+6) y =e?" sin2x. 
D* -4D +3) y =e" sin3x. 


( 
( 

. (D* +2D+2) y= 
( 


Des 1) y =e* cos x. 


—— 
( Answers 5 


x 1 3 4-x 


‘ y= (cq) tegx +063x7) a e 


4 x 


. pHl(cy tegx)e* +e * {x log (xv +2) -—x +2 log (x + 2)} 
. ypacye® $e9e* -e(5 +s) 


. yp=(cy +cox) e* +e* (x2 —4x +6) 


2 


» I . 
Y= Fegaye*— Se" sin3x 
. =¥ . ee 
» PHO Ee tone +03 cose +eg sine —— 6" COS 


. yp=e* (cy cosV3x4c9 sin V3x) + 5" cos x 


2x l 2.2 -6x 
. poe (qo +x -—x)t+me 
J (¢] 16 64 ) +9 
al 3x41 2x (cos 2x — 2 sin 2x) 


. pacye™ +90 2 *sin3x 


y=e “(cy cos x +c ee (x- =) 


—x 


Lg ' 
y=cye* + ce =3e (cos x — 2 sin x) 


[D-115) 


(Bundelkhand 2008) 
(Purvanchal 2007) 
(Purvanchal 2006) 

(Lucknow 2010) 


(Garhwal 2001) 


(Garhwal 2008) 
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6 PI. when QO =e” and F (a) = 0 


In this case we use the method explained in article 5 to find the P.I. 
Waiwera = J e™ 1, if F(a)=0. 
F(D) F(D) 


Now this is of the forme“ V. Hence by the method of article 5, i.¢.,by putting (D + a) 


for D in the operator and by making e“ free from the operator, we have 
P.l.=e ae Is 
F(D+a) 


mn 


Now this can be evaluated by using the method for finding P.I. in the case of x”. 


liustrative Examples 


2 
Example 21: Solve as -3 ad +2y=e". 
dx dx (Garhwal 2003, 05) 


Solution: The auxiliary equation is m -3m+2=0 


or (m-l)\(m-2)=0 . 2» m=12. 
Hence C.F. = cye* + ¢9¢". 
1 x 1 é 1 7 
_—_—_ CF OF OC =-e———_¢ 
if =3D42 (922) (p=) (=2)(D=) 
[putting | for D in the factor D — 2 because 
it does not vanish by doing so] 


And P.L= 


[Note that D —1 becomes zero by putting 1 for D; so 
here we shall apply the method for eV by taking | for V.] 


ee a a ee er 
(D+1)-1 D 
Hence the complete solution is_y = (C.F.)+(P.L) 
or pace tege*— xe. 


Note: While finding P.I. in the case of e if F(D) becomes zero by putting a for D, we 
factorise F(D) . Then we put D = ain the factors which do not vanish by doing so. The 


remaining operator is then dealt with by using the method for e“V on taking 1 forV. 
Example 22: Solve (D> -7D +6) y =e**. 


Solution: The auxiliary equation is 
m? —7m+6=0 or (m — 1) (m —2)(m +3) =0. 


m=1,2,-3. 
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C.F. = cye* + cge?* + c9¢7>*. 
(D>-7D+6)  (D-)(D-2)(D+3) 
1 2x 


? 


~ (2-1 (D=2) (2 +3) 
putting 2 for D in all the factors except D — 2 


= a -l= 1 px ee ee 1 x Jie Lpe 
5 D-2 5 (D+2)-2 5 D5 
Hence the complete solution is 
y=(CF.)+@.1) or yp =cqe™ +c9e** +.cge73* + “ xer*, 
Example 23: Solve (D? +4D +4) y=e* —¢?* 
or (D? +4D +4) y =2 sinh 2x. (Garhwal 2010) 
Solution: The auxiliary equation is (m + 2 =0. 
m=-—2,-2. 
Hence C.F. = (c) + cox) e?*. 
And Pie. 5 GtaP so 5 a 5 eet, 
(D + 2) (D + 2) (D + 2) 
2x 
Now Gs" = [-: Here, F(a) #0] 
(D + 2) (2+2) 16 
Also eee a [- Here F(a) =0] 
(D + 2) (D + 2) 
= 08 I pl=e? ‘l= -2r 1 il as 
{(D — 2) + 2} D 
Hence the complete solution is_y = (C.F.)+(P.L) 
or y=(cy + cx) ety] pr_l por 
16 
Example 24: Solve D* y -3Dy +2 y= cosh x. (Rohilkhand 2010) 
Solution: The auxiliary equation is 
m? —3m+2=0° or (m-l)(m-2)=O « m=1,2. 
C.F.=cye* + c9e7". 
x —x 
And P.1.= cosh x = — = 
D* -3D+2 (D* —3D +2) 2 
1 1 yl 1 ay 


= -— —————_ ¢ +-~—,————_- ¢ 
a I =3 p43 27F =3Ds9 
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Now ae a u et 
2P=a3ps2 ~2(D=h Deo) 
a a eo 
2 (p=)0=9) 5p 
site d ae a ee 
a Dei] 2 D 
1 1 4 1 _ 
Also — ——___ ¢ * = = —__ ¢' * putting —1 for D 
2 iy 340 2.6) =3ep+2 pore 
ao: 
12 
eek ee eee 
2 


Hence the complete solution is_y = (C.F.)+(P.L.) 


or 


: a | | ere 
ape" Hee * —— xe" +e, 
an | 2 5) 1D 


Example 25: Solve (D* - 4D +4) y= e* +sin 2x. 


Solution: The auxiliary equation is 


m? —4m+4=0 or (m -2Y =0. 


m=2,2. 
Hence C.F. = (cy 49x) 2". 
And PI=—_, ?* +1 __sin2x. 
(D — 2) D* -4D+4 
Now l 5 2X : er l=¢2* : 5 
(D - 2) (D - 2) (D+2-2) 
2 
= Qe Pt F(a eh = 2px 
1 ; 1 : : 2 2 
and ———_ sin 2x = —~—_ sin 2x, putting — 2° for D 
D?-4D+4 =2 =4D44 ee 
=} sin 2x=— [sin 2x de=— ~~ (cos 2x) =~ cos 2x. 
-4D 4 4 2 8 


Hence the complete solution is y = (C.F.)+ (P.L ) 


or Y= (cy Hepa) ON + 5 PP 4 cos De 
(Comprehensive Exercise 6 
Solve the following differential equations : 
2 # 
1. (D° -2D+)) y =e". (Garhwal 2006) 


2. (D? +D-6) y=e". 
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Ww 493% 
3. (D? -4D +3) y =20*. 
4, (D> +3D?+3D+l) y=e™. 
Ds (D* — a’) =cosh ar. 
6. (D? -5D* +7D-3) y =e"* coshx. (Rohilkhand 2005) 
7. (D* -4D +4) y=8 (x2 +2" +sin2x). 

\ Answers 6 

l. Y= tense’ + sae! ax 4] px 


2. pace’ + ee" tam 


—x 1 3 x 


pe 4. ya(qtegrtogr et +o xe 


3. p=ce* +coe** + xe 
5. p=cye™ + coe ™ + (x/2a)sinh ax 


3x_ 1 2 4x 


6. Y= (Cl tegx)e* tog 8 + xe xe 


7. y=(c) +¢9x) Cr 40 (x? +2x 4+ >) +4y762* 4.cos 2x 


: 2 
7 PJ when Q = sin ax or COS dxand F (— a’) =0 
To find out these types of particular integrals, itis convenient to replace sin ax orcos ax 
by the exponential value and then apply 6. Thus the particular integral of cos av 


iLe., cos ax, when F (- a’) =0 ,can be written as 


I 
Dp") 


=! (Real part of e“), [. el =cos ax + isin ax] 


F(D’) 
1 


= Real Part of e .], which is now of the form of article 5. 
F(D’) 


Similarly, the particular integral of sin ax 


ieé., sin ax, when F (-— a’) =0 


F (D’) 


Imaginary part of e!“), “el = cos ax + isin ax 
ginary p 


~ F(D?) 


= Imagina art of 
ginary p F(D?) 


which is now of the form e“ V of article 5. 


F(D) 


Now the method of article 5 is to be followed. 
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hiustvative Examples 


& 
Example 26: Solve ae + a’ y =COS aX. 
dx (Meerut 2003) 


Solution: The auxiliary equation is 
m +a* =0 ,Le.,n=O+ai. 
C.F. = 9* (c) cos ax + cy sin ax) 
= C] COS aX + C9 Sin ax. 


And P.1.= <5 c08 a 
D* +a 


=the real part in cos ax + isin ax) 


D2 x ( 


=the real part in —~——~ 
P De +e 
by Euler’s theorem of trigonometry. 
1 ei = 1 eit 
foes (D + ia) (D — ia) 
= a ee eit putting ia for D in the factor D + ia 
(ia + ia) (D — ia) 
2 1 
2ia (D — ia) 


Now 


eit | 


1 1 


_ ei l= — ci =] 


Qia (D+ia)—ia  2ia 


=—¢™ x =— (cos av + isin ay), [- e“ = cos ax + isin ax] 
2ai 
ix oe 1 i . 
= — — (cos ax + isin ax), Vos ay == -i 
2a i 
es Ho ; 
= — i— cos ax + — sin ax, [ if? =-]] 
2a 2a 
1 Fay ee ae _ x 
——; cos ax = the real part in | — sin av — i— cos ax 
D? +a" ) 2 
a a a 


ape sin ax. 
2a (Agra 2006) 


Hence the complete solution is y =(C.F.)+ (P.L ) 
or J =¢] COS ax + Co sin ax + (x/2a) sinay. 


Remember: While solving the differential equation (D? +a ) y =cos ax , the P.I. 


Hx x 
Drege cos ae = sin ax = = [cos ax dr. 
+a a 
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Example 27: Solve (D" +a") y = sin ax. (Bundelkhand 2008; Rohilkhand 10) 
Solution: Here as in Example 26, C.F. =c, cos av + co sin ax. 
1 ‘ 
Also P. I. =—,;—z sin ax 
D* +a 
a a 1 te 
= the coefficient of iin ——z (cos av + isin ax) 
D’ +a 
id oe 1 ie 
= the coefficient of iin —— e™. 
+a 
1 iax x xX. . 

Now = = — i= COS ax + — sin ax. [Proceed as in Example 26] 

D +a 2a 2a 

i sin ax 
Pee 
= the coefficient of iin (- i— cos ax + —sin as] =—-— cos ar. 
2a 2a 2a 


Hence the complete solution is y = (C.F. )+ (P.I.) 


or J) =, COS ax + Cy sin ax — (x / 2a) cos ax. 


: x xf. 
Remember : sin ax = — a COS ax = 3 fin ax dx . 
a 


] 
D? +a’ 
Example 28: Solve (D? +4) ye sin? x. 
(Rohilkhand 2007; Gorakhpur 10; Avadh 11) 


Solution: The auxiliary equation is m?+2=0. 


m=0+2i. 
Hence C.F.=c, cos 2x +¢9 sin 2x. [. &* =] 
1 2 1 1 uid) 1 1 
And P.I.=—,—— sin? v= — (2 sin® x) = — —,—— (l-cos 2x 
D* +4 D+42' 2 (p44) 
a 
2D°+4 2D*°+4 
-l 
Now Dee 1=Z (14D) [= 7 (1-7 DP +... lad 
2D +4 8 4 8 4 8 
: 1 1 I. 1... 
Again =< cos 2x =—-—xsin2x. [Refer Example 26] 
2 D* +4 24 


Hence the complete solution is _y = (C.F.)+(P.L ) 

or =o, cos 2x + 69 sin Be + = = xin 2. 
Example 29: Solve (D? +1) y=sin x sin2x. 

Solution: The auxiliary equation is m? +1=0 orm=+i. 


C.F.=cj cos x +c 9 sinx. 


Arr) 


And P.L= 


Pai 


_ 


1 
“a +1 
1 
Now = 
psi 
= the real part 
= the 


= the 


= the real part 


= the real part 
= the real part 
= the real part 


Again cos 3x = 


1 
i #1 


(sin x sin 2x) = 


cos x= the real part in 


real part i 


real part i 


= i 7 (2 sin x sin 2x) 
+ 


(cos x —cos 3x) == 


Pa 


ix 


1 
DB xi 
1 el 


in ————__—_- 
(D + i) (D — i) 


2i(D — i) 


ine 4) = the real part in J it y 
2i 2i 


Xx 
in oF (cos x + isin x) 
i 


: I dost 
oe 


i al ee 1. 
TS eLOS LS eee | BSI, 


a -cos 3x == 608 3x. 
+ 


e.1=the real part in . e 
i 
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cos 3x 
_ |; 
D+i-i 


the Pee pone ae ee ee 
2 2 2 8 4 16 


Hence the complete solution is y = 


or 


(C.F.)+(P.L) 


: | ee 1 
=¢,cosx+ec sin x +— x sin x + — cos 3x. 
Jr 2 4 


(Comprehensive Exercise 7 


Solve the following differential equations : 


1. (i) (D* +4) yp =sin2x. 
(ii) (D* +4) yp 
(D? oe ax. 
D? +9) ( 
Dt 


=cos 2x. 


m 4) y = sin mx. 


Se PP 


( 
( 
( 
( 


(Agra 2005; Gorakhpur 09; Kumaun 11) 


(Kumaun 2012) 


(Avadh 2005, Gorakhpur 05) 


+1) y =cos 3x. 


D* +9) y =2sin3x + cos 3x. 


i 497 +a‘) y =cosax. 
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2 


dy 


7. Find the solution of the equation res +4y =8cos 2x, giventhat y =0 and 


ay 


=2 when x=0. 


“~~ 
\ 
f 


\ Answers 7 


a 


l. (i) y= 6, cos 2x + 69 sin 2x ~ 7 cos 2x 
(ii) y =c, cos 2x +c sin2x+ jain 2x 
2. y=, +9 COS ax + ¢3 Sin ax — (1/2a*)xsin ax 
3. 1 =€) C08 3x + ey sin 3x4 05 cos x +e4 sin.x— Z xsin 3x 


NN 


4. yps=cye™ + ce9¢"™ +3 cos mx + cq sin mx + 


7 Cos mx 
4m 


5. y=, cos3x+ co sin3x— Zp xcos3x + Zxsin3x, 


6 _ ; x : 
-  y=(cy +¢9x)cos ax + (cg Ba ax 


7. y=sin2x + 2yxsin2x 


8 Pl whenQ = xV,where V is any Function of x 


Here P.I. = —_ (xV). 
F(D) 


By Leibnitz’s theorem, we have 


D" (xV) = x-D"V + nD"V =x DV + 5 D" V, 


dD 

showing that F (D) (xV) = xF (D) V + F’(D)V. will) 
Taking F D V in place of V in (1) and then operating on both sides by AD , we get 
after transposition 

— (xV) =x oe V- av [Remember] 

F(D) F (D) {F(D)} 
or li xV) =x i + 4a i 

F(D) F (D) dD F(D) 


Proceeding by repeated application of the above formula {1/ F(D)}x”"V can be 


determined. 
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Note: The method of article 8 cannot be used when V is of the formcos ax or sin ax and 
F(- a’) =0 ie.,F (D*) vanishes by putting — a’ for D?. In that case PI. is found by 


the method discussed in article 7. 


lustrative Examples 
2 

Example 30: Solve ow -2 YD + y=xsinx. 
dx dx (Rohilkhand 2010) 


Solution: The auxiliary equation is m? -2m +1=0. 


m=1l,1. Hence C.F. = (cy + cox) e". 


And P..L= 7 ¥ sin x= x ——-sinx - z sin x, by article 8 
(D -]) (D -]) (D -]) 
1 ; 2 : 
= X ———— sin x - =~, sin x 
D* -2D+1 D° -3D* +3D-1 
=X: : sin x - "sin x , putting — P ie, -1 for D” 
-2D -D+3+3D-1 
ee oe 2 : Xx , 
=-—=-—sin x - ——— sin x = =cos x- sin x 
2 D 2(D+)) 2 1 
x (D - 1) : xcosx D-1 , 
= —cos x — ——————_ sin x = - sin x 
2 (D4) (D=} 2 pal 


oF pease iia eons eee, 
2 2 2 
Hence the complete solution is_y = (C.F.)+(P.L.) 
re | 1 ‘ 
or y=(e, +cox) c ra 


Ae 
Example 31: Solve a +4y=xsinx. 


Solution: The auxiliary equation is m’+4=0. 


Therefore m=0 +2 i. 


C.F.=c, cos2x +c sin2x. I< eo* =]] 
1 2D 
And P.I.= xsinx=x sin x - —+~——-— sin x, by article 8 
D +4 De +4 (D? +4y : 
x sin x 2D 


sin x, putting — FP for D? 


“oP +4 (+4? 
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: 1. 2 
or JHU ey Ne SE COS 
Example 32: Solve (D* -1) y=axsinx. (Lucknow 2006) 


Solution: The auxiliary equation is m* —1=0 or (m? -1) (m? +)1)=0. 


m=1,-\10 +i. 


C.F. = cye* + cge™* + €* (cz cos x +c4 sin x). 


And P.I. 


xsinx. 


Dai 
Here we cannot use the method given in 8 because D* — lvanishes by putting — Pr i.é., 


-1 for D?. So here we shall proceed by the method given in article 7. 


P.I. = Imaginary part of Hal xe, [. e* =cos x + isin x] 
=I. P. of e* ———e by using the method for e™ V 
{(D +i)* -I} 
iy 1 
=L.P. of &* ———————_ —_——_ + 
(D* +4 46° D? +47 D+F =) 
o l 9 
=I. P. of e* ———_,_——_____ 7x, al 
D* + 4iD? —6D* —4iD ! 
ee 
-4D [+ @6D/2)=D" =(D° /49] 
ix =i 
=I. P. of : = 1+ (52... x 
-4i D 2i 
ix 
=I. P. of £ alee hs 
-4i D 2i 
sina herd bog 
=-4i D 2i ~ dv 
e* (x7 3x 
=I. P. of — -—|, [. (1/D) stands for integration w.r.t. x] 
-4i\ 2 2i 
=LP.of Fiet(5 2 +5 is) te 2 =-l>Vi=-i] 
4 2 2 


=1.P. of Fi (cos x-+isin x) (53° +5 i) 
4 2 2 


(5 9 SaaS } 
—xX cosx¥-—xXx sin Xx 
2 2 


=a cos x-Sxsin x). 


Hence the complete solution is _y = (C.F.)+(P.L) 
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, -x : 1 : 

or yay’ +c9e* +¢3 CoS x +04 SiN x + ric cos x — 3x sin x). 


Example 33: Solve (pD* 42D? + Il) y= x cos x. 


(Gorakhpur 2010; Purvanchal 07, 08; Garhwal 09, 11) 
Solution: The auxiliary equation is m* + 2m? +1=0 
or (m? + i =0 giving m=+i, +i. 


C.F. = (cy + cox) cos x + (cg +¢4x) sin x. [es or = lj 


=Real part of a [. e® =cos x + isin x] 


{(D? +1 


=R.P. of e* wry by article 5 
+i + 


=R.P. of e# —__, 2’, [- %=-]] 
(D> + 2iD) 
1 2 


=R.P. of e&* ——,————__ 
Oo BPD (l+(D/2)2 


: =2 
-RP. of 28 142 xr, [2 =-]] 
i 

=R.P. of -2e* 4 l- cir ?, E s=-i| 

4  D 2 i 
=R.P. of - te ay|b+2-5 iD+3-- 2D? +.|2?, 

4° 2 4 

expanding by binomial theorem 


=: RP: of- re" [14 iD- 2D? +...) 
4 4 


D2 
=R.P. ota) 3% J +t -3 4 terms in D, D?,and soon | 
4 D D 4 


belie .1.5 33 
ze 


x “5 + terms insta] 


(. I/D stands for integration w.r.t. x) 


=k. P- a (enone (= ae ee + termsin.a!,.°) 
4 12 3 4 
=~ 5 (G24 -F 9 Joose+ 3 (37 Jsin » 
4\12 4 


+ terms already included in the C.F. 
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= se — 9x") cos ee ‘sin x , 
48 12 
neglecting the terms already included in the C.F. 
Hence the complete solution is _y = (C.F.)+ (P.L.) 
or y= (cy + ¢2Xx) cos x + (cz + ¢4x) sin x — — (x4 — 9x") cos X+ =e sin. 


Example 34: Solve (D* - 2D +1) pare” snes 
(Purvanchal 2010; Kanpur 12; Avadh 13; Kumaun 13) 


Solution: The auxiliary equation is 


m? —2m+1=0_ or (m—1)* =0. . m=HL1. 
C.F. = (c) + cox) e* 
And P..= xe sin x = ze xsin x 
D2 -2D+1 (D1) 
=e —_+__ rsinx, by 4.5 
{(D+])-]} 
¢ 1 


(x sin x) =e* is [sin ede, 


['. (L/ D) stands for integration w.r.t. x] 


(— x cos x + sin x), integrating by parts 
=¢* Jr x cos ¥ + sin x) dy = e* [| - «cos x dx + fain x dx] 
=" [-xsinx + fsin.xde+ [sin x de]=e* (— xsin x—2cos x). 


Hence the complete solution is _y = (C.F.) + (P.I.) 


Or DY = (cy + €px) e* —e* (vsinx+2 cos x). 


(Comprehensive Exercise 8 


Solve the following differential equations : 


1. @ yd? +9y = xsinx. 

2. (D? +2D+1) y=xcosx 

3. (D?-4D+4) y=8x°e*sin2x. (Gorakhpur 2011; Meerut 05B; Garhwal 12) 
4. (ir + 4) y=xsin2x. 

3. (4D D) y=xcos x. 

6. Ur = l) y= =x" cosy. 

7. (D? +1) y=x" sin2y. (Meerut 2004, 07B; Lucknow 11) 
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4 : ‘ 
8. (D* -l) y=xsin2x. (Meerut 2001, 06B) 
9. (D? +m”) y = xcos mx . 


x 


10. (d? y /dx’) — y=xsinx+(1+ ) e°. (Bundelkhand 2009) 


2 rae 1 
1. yp =c, cos3x + cy sin3x + —x sin x — —cos x 
8 32 

2 =(c) +¢ ii ease see cok 

ae OL OD 5) 5) 5) 
3. y=(c, +¢9x) e* + * (-2x* sin 2x +3 sin 2x — 4x08 x) 
4. =o, c08 2x + 65 sin 2x = x? cos 2x-+ 7 xsin 2s 

eed : l. 

5. yHcy+cge ge ae ea ee 
6. y=ce* +c9e* = 5" —l)cos x +xsin x 


7. y=, COS X + Cy sin x — ~ [24x cos 2x - (9x7 — 26) sin 2x] 


8. y=o e* +¢9e* +3 cos x+e4 sins 2 (Ecos 2r4xsin2x) 


9. yp =c, cos mx + cy sin mx + (x/4m?) cos mx + (x2 /4m) sin mx 


10. y=cye* +c9¢* — - (cos x + x sin x) + - e* (2x? — 3x7 +9x) 


1 
Q The Operator —— Do = and , being a Constant 


If Q is any function of x, then 


= = Qa 0" femad and 


1 —-OxX ax 
= dx 
ee Q=e fe Q 


(Meerut 20, 03; Rohilkhand 09) 


Proof. We have ! 
D 


Il 


Ox 1 —OxX b ic 
——____——_- , article 5 
. (D+a)-a Nae 


=e Lee ‘Oa ero dx. 


Similarly proceed for second operator proof. 
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linasteative Examples 


Fe 
Example 35: Solve 2 + ay = sec ax. 


(Garhwal 2002; Agra 06; Bundelkhand 07; Purvanchal 07, 08; Lucknow 09) 
Solution: The auxiliary equation is 
m +a2=0 or m=tia. 


C.F.= cj cos ax + C9 sin ax. 


And ee 


De +a" (D + ia) (D — ia) 


eS |e ee sec ax [by resolving into partial fractions] 
D-ia D+tia y : 


I 
eee ee | 
S 
ee, 
n 
wk: 
= 
n 
la’) 
io) 
| 
n 
ee, 
SR 
= 
Dn 
iar) 
QO 
7 
ion 
<< 
3) 
a 
c. 
Q 
CO. 
oO 
Ke) 


aay f CoS ax —i sinav _iax [ COS ax + i sin ax 
a dv—e a dx| , 
COS ax COS ax 


(2 e“™ =cos ax —isinay and e“* =cos ax + isin ax) 


= aes + as log cos axl ag {x me log cos a | 
2i a a 


x [ iar _ gia . l ee clk 4 pmax 
7 a| 2i ee 2 


Hs 1 
= — sin av + —y (log cos ax) cos ax. 
a 


Hence the complete solution is 


y =(C.F.)+(P.L) 


or Jy =c1 Cos ar + cy sin ax + * sin ax + cos ax - log (cos at). 
a a 
dy 
Example 36: Solve ae +4 y =4tan2x. (Garhwal 2015) 
Solution: The auxiliary equation is 
m +4=0 
or m=+2i. 


oe C.F. = cy) cos 2x + ¢y sin2x. 
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i 1 
And PL. = ——~74 tan2x = ——___—_ 4 tan 2x 
Dr +2 (D + 2i)(D — 2i) 
==] ot fan =2] u tan2x -— : tan 2] 
iLD-2i D+2i iL D-2i D+2i 
Now tan2x = ¢* la tan2x dv = “| (cos 2x — isin 2.x) ome a 
-—2i cos 2x 
22 i psi 
= “aul sin2x — MoE dx = “aa sin2x — cS) dx 
cos2x cos 2x 
= aa) {sin2x — isec 2x + icos 2x} dx = aa | (eo — sec 2.x) dx 
; Dix eciv ] 
= ie” | —— — — log (sec 2x + tan2x) 
-2i 2 
«2X 
=- “ oe log (sec 2x + tan2x). 
» 2X 
Similarly, ! tan2x = =l ae log (sec 2x + tan 2.x) 
+2i 2 
2ix —2ix 
PI.= - | log (sec 2x + a) 
i 


=—cos 2x log (sec 2x + tan2x). 
Hence the complete solution is 
yoCF.+ PL 
=c, cos2x + Cy sin2x — cos 2x log (sec 2x + tan2x). 


(Comprehensive Exercise 9 


Solve the following differential equations : 
(7 y/dx*) +9 y =sec3vy. (Meerut 2007) 
(D* + a’) J =cosec ax. (Lucknow 2008) 


(DO +a’) y= tanax. 


(D? +3D+2)y =e". (Kumaun 2014) 


oe ee 


(i +1) y =x-cotx. 


joe 
( Answers 9 
No, 


1. y=c, cos 3x+ cy sin3x + - x sin 3x + 5 0s 3x log (cos 3x) 
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2. y=, COS ax + Cy sin ax + (1/a”) sin ax log(sin ax) — (x/a)cos ax 
3. y=) cose 69 sin ae ~ (/a)cos arlog tan (+ > at) 


; _9y Lig ae 
y=cye* +e 22 4 ete 


5. y=c,cosx + co sinx + x — sin x log (cosec x — cot x) 


—_ 
( Objective Type Questions 
YY 


Multiple Choice Questions 
Indicate the correct answer for each question by writing the corresponding letter from (a), 
(b), (c) and (d). 

2 


1. The solution of differential equation aa + y =O is 
(a) ce * + ce" (b) cy cos x + cy sin x 
(c) (cy + ¢9x) cos x + (¢3 + ¢4x) sin x (d) none of these. 


(Bundelkhand 2001; Kumaun 07) 
2. PI. of the differential equation (D* + D +1) ae is 


1 x x 
= b) 3 
(a) ae (b) 3e 
(c) e* (d) none of these. 


(Avadh 2005; Garhwal 11) 


3. For the differential equation F(D) y =e, if F(a) =0, then PI. = : e is 


F (D) 
given by 
. 1 
ax b ax 
ay ae ere 
(c) e* _ i (d) none of these 
F(D+a) (Rohilkhand 2005; Kumaun 11) 

4. For the particular integral a sin ax when f (- a’) =0 , which one of the 

following is correct 

ae d sin ax (b ——y sin av = — ~ cos ar 

f (D’) fEL) D’ +a" 2a 
(c) plage sin ax = = cos ax (d) none of these 


(Bundelkhand 2001; Agra 08; Kumaun 12) 
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, , _ a@y ody * 
5. The solution of the differential equation a 3 Pe +2y=e" is 
c i 
(a) y=ce* +e9e* +x (b) y = (cy +¢2) e* — xe” 
(c) p=ey e* +.coe°* — xe* (d) pHa, xtc far 


10. 


ll. 


12. 


The PI. of the differential equation (Dp? <1) y =cos x is 
(a) sein x (b) - sins 


(c) * sin x (d) * cos x 
2 2 (Rohilkhand 2007) 

2 

a"y 


The solution of differential equation —- + a’ y =Ois 
dx 


(a) y=ce™ +e9¢™ 


(b) y =c¢, sinax + cg cos ax 
(c) y=sinare™ (d) y=cosaxe“ 


(Garhwal 2005, 08; Kumaun 10) 


The solution of the differential equation (D* +9) y =0 is 


(a) y= qe* + oe (b) y=(c, +x) et 


(c) py =¢,cos3x + cy sin3x (d) y= (cy +¢9x)sin3x 
(Garhwal 2006) 
The general solution of (D* =m? )y =0 is 


mx 


(a) yp=(c, +ceox)e (b) y =c) sin mx + cy cos mx 


() y=ee™ 


t+ ¢9e (d) none of these  (Garhwal 2007) 


The PI. of the differential equation (iD =3) 49) ye © is 


1 es 1 5x 
= bh) & 
(a) 5° (b) ze 
l 5x 
(c) a (d) 0 (Garhwal 2010B) 


C.F. of the differential equation (D? -3D+ 2) y=’ is 


2x 2x 


(a) cye* +c9e (b) cye* + e9e7 
2x 


os x 2x 
(c) cye* +e9¢ (d) cye* +e9e°* (Garhwal 2013) 


: _ a . 
A part of the C.F. of the differential equation ua d +a’ y =cosax is 
p q ie eA 
a) cy sinax — c9 COs ax b) —(c, sin ax + c9 cos ax 
| 2 1 2 
C) cy] COS ax + C5 sin ax d) -c sin! ax +c cos”! ax 
(c) ¢ 5 ( 1 2 


(Garhwal 2015) 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


[D-133) iy 
3 
The solution of the differential equation a -2 oat -4 w +8 y =0 is 
(a) y= cye?* + e9e77* (b) y= eye" $0907* 
c = Cx + 96727 d) p=(c) teox)e2* +c3¢727 
(c) y=ex t ey (d) y = (cy + ¢9x) 3 


The particular integral of the differential equation y”-5Sy’+4y=0 is 
(a) 0 (b) y=4e" +e** 

(c) p=cye** + eye" (d) y=2x (Kumaun 2014) 
For the differential equation F (D) y =e” if F(a) #0, then the value of the 


. : 1 ; 
particular integral ——— e™ is 


F(D) 
el ee 
. F@ (b) F (a) 
(c) aid (d) none of these 
F (a) (Kumaun 2013) 


The value of particular integral oe 7 sinax of the differential equation 
+a 


(D? +a’) y =sinayx is 


(a) xf sin avde (b) = | sinax dx 
(c) = [cos ax dx (d) none of these 
2 (Kumaun 2013) 
The general solution of the differential equation y” —2 y’+5.y=0 will be 
a =e" (c) cos2x +c sin3x =c)e* +09 6°" 
(a) y =e" (¢ cos 2x + cy sin3x) (b) y=ce*+eQ 07 
Cc =e* (c) cos2x +c9 sin2x =¢) COS2xX + Cy sSin3SX 
(c) y=e* (c, cos 2x + cy sin2x) (d) y =¢, cos 2x + cy sin3 


(Kumaun 2014) 
The particular integral of (Dp? +4) y =cos 2x is 


(a) = 0s 2x (b) qsin2x 
(c) xcos2x (d) d indy 

4 (Kanpur 2016) 

2 
The solution of differential equation ra + y=0 satisfying the initial 
condition y(0)=1, y(m/2)=2 is 
(a) y=2cosx+sinx (b) y =cosx+2sinx 
(c) y=cosx+sinx (d) y=2cosx+2sinx 
(Kanpur 2016) 
; : dy dy 2. 
Particular integral of —>+—=—+ y=x" is 
dx dx 
(a) x7 -2x (b) x7 +2x 
2 


(c) ae (d) x* -2 (Kanpur 2016) 
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; x" cos ax is equal to 

21 _ n qual 

(a) real part of gia Ln 

f (D + ia) 
(b) imaginary part of Oa 
(c) ei 1 x 
f (D+ ia) 

(d) none of these (Kanpur 2016) 
22. The solution of (D* +2D+2)y =0, y(0)=0, y’()=1 is 

(a) e*sinx (b) e *cos x 

(c) e *sinx (d) e* cos x (Kanpur 2016) 
23. The roots of the auxiliary equation of the differential equation 

d d 3 

roe FOV =H " are 

(a) 3,-3 (b) 3:3 

(c) -3,-3 (d) none of these (Kanpur 2016) 


24. 


25. 


26. 


24 


28. 


Complete solution of the differential equation y” + y =secay is 
(a) y=c,cosx+ cy sinx + cos x log cos x + xsinx 

(b) y=c cos x+¢y sinx + xsinx 

(c) y =¢ cos x —¢y sinx 


J : xe 
= + +— 
Kay J = ey SOs e+ 9 Sine 2 (Kanpur 2016) 
& 
Particular integral of 2 +9 y =sin3x is 
x 
(a) ~ Fcos 3x (b) 7008 3x 
(c) = sin3x (d) -Asin3x 
6 6 (Kanpur 2016) 
Solution of (D* +2D* + D) y =0 is 
(a) cpe* +069 (b) (cy +e9x)e* 
(c) (c) t0ox+egx)e* (d) cy + (cg +egx)e* 


Complementary function of (D* 1 = 3D)y = x is 


(a) (cj te9x)+ce3e* +c40e * (b) (cy) +e9x) +03 e* +04 go 


3x x 


(c) (cy tegxtegx)e* +¢4 0 (d) (cy +¢ x) gore (cz +c4x)e~ 


Complementary function of (D? — 4) y =0 is 
2x 2x 
é 


(a) (c) + ¢2X) (b) (cy + e9x)e~ 


2% 


(c) Hie +6 e (d) cy sin2x + cy cos 2x 
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29. 


30. 


31. 


32. 


33. 


[D-135)¥iy 
Complementary function of (Dp +l)y=0 is 
(a) cy) +¢9x (b) (cy +cgx)e* 
(c) (cy +ce9x)e* (d) c) cosx + cysinx 
The roots of the auxiliary equation of (D* +2D? +1) y =0 are 
(a) m=+1,+1 (b) m=+1, +i 
(c) m=+i, ti (d) m=1,1,ii 
The roots of the auxiliary equation of (D4 —l)y=0 are 
(a) m=1-1li-i (b) m=+1,+1 
(c) m=+i, ti (d) m=1,1, +i 
The roots of the auxiliary equation of (D* -2D+5) y =0 are 
(a) 1+2i (b) 1-2: 
(c) 142i (d) 2+i 
Complementary function of (D+ 22 +a" )y =cos ax is 
(a) (cj + cg) xcosax + (cg +¢4) xsinax 
(b) (c) + ¢9x)cos ax + (¢3 + ¢4x)sinax 
(c) (yx + cx") cos ax + (€3x + c4x*) sinax 
(d) none of these 
Fill in the Blank(s) 
Fill in the blanks “...... ” so that the following statements are complete and correct. 


The general solution of the equation f (D) y=0 is called the...... of the 


equation f (D) y=Q. 
a y 


The solution of the differential equation ot a ype=Ois...... ; 
dx 


The complementary function (C.F) of the differential equation 


dy sw 
res -5 a +4y=0 is...... 
The particular integral (P.I.) of the differential equation 
3 
a eee ee 


The particular integral of the differential equation f (D) y = Q will be ...... 3 
The particular integral of the differential equation 
a y 


9 ue 
—> +a’ y =sinaxis...... . 
dx? 4 (Kumaun 2009) 
For the differential equation F (D) y =e" if F (-a) =0 then PI. = are 


IS .ess% : (Kumaun 2009) 


All ose) 
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True or False 
Write “T” for true and ‘F’ for false statement. 


A linear differential equation is an equation in which the dependent variable 


and its derivatives appear only in the first degree. 


4 3 

ay -5 ay -2 a + 4xy =0 is a linear differential equation with constant 
dx dx dx 
coefficients. (Meerut 2003) 
e* (cycos V3x + cg sin V 3.x) + c3e"* is the solution of the differential equation 
a y 
Fa a 

i 

\ Answers 

a 


(b) 2. (a) 3. (c) 4. (b) 5. (c) 
(c) 7. (b) 8. (c) 9. (c) 10. (c) 
(d) 12. (c) 13. (d) 14. (a) 15. (c) 
(b) 17. (c) 18. (b) 19. (b) 20. (a) 
(a) 22. (c) 23. (b) 24. (a) 25. (a) 
(d) 27. (b) 28. (c) 29. (d) 30. (c) 
(a) 32. (c) 33. (b) 

Fill in the Blank(s) 

GLE: 2. y =c) COs ax + cy sin ax 3.. Hoe + ee 

ee Ds <7. 6. a cos ax vie =a 

5 F (D) 2a F(D-a) 

True or False 

T 2. F 3. T 


( ©Ohapter | 


eo. 


(Cauchy-Euler Equations) 


e 


Homogeneous Linear 


Differential Equations 


1 Homogeneous Linear Differential Equations 


(Meerut 2009B) 
|B sii A differential equation of the form 
n n—-1 
| d d 
5 a J + ax $+ dy {t+ ayy =Q, veel 1) 
dy" dy Ht dx ? 
where a, d9,..., a, are constants and Qis either a constant or a function of vis called a 


homogeneous linear differential equation of order n. 


A linear homogeneous differential equation with variable coefficients is called 
Cauchy-Euler equation or Euler-Cauchy equation or simply Euler's equation. 


2 Method of Solution 


To solve such equations, we introduce a new independent variable z such that 


x =e* or log x =z, so that l/x = dz /dx. 


We have y_ ya _ ih 
dx dz dx <x dz 
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ea D, say 
dx dz dx dz 
n—] n pl 
Now x ca [fe te +] = os +(n—1)x"1 aa 
dx ax" dx" dx! 
n n-l 
OF Ea (rE —nsi}xm J 
dx" dx at 
n-l 
=(D-n+l) xt — (2) 
Putting n = 2,3,4,... etc. in (2), we have 
a d F 
- = J = Crier = 
vy = (D-1)x7-=(D-}) Dy [x tp| 


= D(D-1) y, because the operators can be interchanged 
a° a 
Pp Of -(D-2)x% ae 
=(D-2)(D-J) Dy 


=piD=N(D=0) 7%. 


Whence, generalizing, we have 


n a"y 
x" 7 = D(D-1) (D-2)...(D-n+)) y. 


Substituting these values of x o ; xr es eee — in (1) and thus changing the 
independent variable from x to z, we have 
[{D (D-])...(D-n+])} +a, {D(D-1)...(D-1+ 2)}] 
+...+4, 1D +a,] y =Q, 


or f(D) y= ..(3) 
where Q has now become a function of z. 
In the differential equation (3) the independent variable is z and the operator D stands 
ford / dz. Obviously (3) is a linear differential equation with constant coefficients and 
so it can be solved by the methods given in the previous chapter i.e.,chapter 3. Thus as 
in the case of the linear equations with constant coefficients, the general solution of 
(3) is the sum of any particular integral of (3) andthe complementary function i.c., 
the general solution of 
f(D) y =0. ...(4) 
To find the Complementary function (C.F.): 
(i) If my, mg,...,m, are the roots of the auxiliary equation of (4), and no two of 
them are equal, the general solution of (4) ie., the C.F of the solution of (3) is 
easily seen to be 
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mz MyZ 
> 


pace + ce? +...4 eye 


or yey x tox? +...40,0"™. [ee =x] 
(ii) Incase there are r roots alike, each equal to m, and the rest all different, then the 


MZ My 41% 


CE. HG 46 24.46.82" \e™ See pane 


+..4 C)¢ 
= [ce + co log r+... +6, (log x)" 1] x" +.¢,.y0741 +..46,0, 
(iii) In case the roots are imaginary, say of the form o + if, then the 
C.F.= e%*(c, cos Bz + cy sin Bz) = x® [c, cos (B log x) + cg sin (B log x)]. 
In this case we can also write the 
C.F. = cye** cos (Bz + ¢) = ¢)x® cos (B log x +9). 


(iv) In case the roots o + i$ occur r times, the C.F. corresponding to these roots will 
be 
eT (cy +92 +...+ ¢,2" 1) c0s Bz + (c)’ + 69’z +...+¢,’2" 4) sin Bz] 
=x" [{c] +c log x+...+¢, (log x)! } cos (B log x) 
+{c)’ +c)’ log x+...+0¢,’ (log x} sin (B log x)]. 
To find the Particular integral. (P.I.): 
The particular integral (P.I.) of (3) is given by 


1 
Q. 
pee, 
If @ is a constant, we have 
1 1 _ 
ia pan “Q)} 
_ az 1 -OZ 
° (D+o)-a- Q 


Methods to find the P.I: 

General Methods: 

(i) We resolve the operator f (D) into linear factors. Thus we write 
f (D)=(D-m) (D = my) ...(D - m,). Then the 


1 1 
PS Dane Omid 


= 1 elnz [e""0 dz, 
(D - m) (D - my)...(D - m,4) 


by operating upon Q as explained above. 


D-m, 


Similarly we operate with other remaining factors in succession and thus we find the 
PI. 


eR Krishna's T.B. Differential Equations and Vector Calculus 
y .D-140) 


(ii) First we resolve f (D) into linear factors as in (i) and then we break up 
{f (D)}- ' into partial ee Then the 


: a5 2-| ie, fo 


~ f(D) 
= Ay em fe Bld @, dz+...+A mt le nC) dz, 
n 


D-m D-m D-m, 


Special short Methods. 
(i) When Q is of the form e“*, then 
1 az 1 


P= 7D = Fa’ provided f (a) #0 
(ii) When Q is of the form cos az or sin az, then the P.I. is given by 
7 Te cos az = ; aw az, 
and FD sin az = Fee) sin az, [Provided f (— a“) #0] 
(iii) If Q is of the form z”, we have P.I. = a) ge 
f (D) 


We expand { f(D)}~ Min ae powers of D retaining terms as far as D” and 
operate each term on z”. 
(iv) If Q is of the form e“*V, where V is any function of z, we have the 


I. = : e*V =e"* | 


__-__y 
f (D) f(D +a) 


(v) If Qis of the form zV, where V is any function of z, we have the 


Phar evy-ert ove oly 
f(D) f(D) dD f(D) 


litwstrative Examples 


Example 1: Solve oa D* y +5x Dy +4y =0, where D = d/dx. (Kumaun 2008) 
Solution: The given differential equation is 
a 
PAS 45 o +4y=0. atl 


Now (1) isa homogeneous linear differential equation of order 2. So putting x = e* and 


denoting d/dz by D’, we have 
dy i) 
—s D’ (D’ -}) y. 
a Ie Ps )y 
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the differential equation (1) transforms to 
{D’ (D’ -1)+5D’ +4} y =0 
or (D” +4D’ +4) y =0 
or (D’ +2)" y =0, 


which is a linear differential equation with constant coefficients, the independent 
variable being z. 


auxiliary equation is (mm + oy =0, giving m=-2,-2. 


the complete solution is 


Y= (G) +092) 7? 
or I= (4 +092) (€)” 
or y=(c, +9 log x) x, 


Example 2: Solve (x° D? + 3x? D* -2xD +2) y =0 , where D = d/dx. 


Solution: Putting x = e* and denoting d/dz by D’, we have 
dy _ 9 oy | 
Se ade = =D’ yx? D? y =x ae =D’(D’-l) yp 
3 73 — 
and xD ysx —-=D'(D'-))(D’—2) y. 


the given differential equation transforms to 
[D’(D’-1])(D’-2)+3D’(D’-l)-2D’+2)]y =0 


or [D’(D’-1})(D’-2)+3D’(D’-))-2(D’-)] y =0 
or (D’-1) LD’ (D’-2)+3D’-2] y=0 
or (D’-1)(D” + D’-2) y=0 
or (D’-1)(D’+2)(D’-J) y=0 
or (D7 <1 (D’+2) y=0. 
the auxiliary equation is (m — iy (m + 2) =0 , giving 
m=11-2. 
the general solution is 
DV =(cy +€9z) €* +03 77? = (c) + Coz ) e +63 (7) 
or y=(cy +eq log x) x +c x, [. x =e* and z = log x] 
or y=(e, +¢9 log x) x +e -(1/x*). 


ey xg 2D ePay=l 


Example 3: Solve x* 5 
dx (Garhwal 2011) 
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Solution: Dividing out by x, the given equation may be written as 
2 
3 d J 2 d J dy 1 
+2 —+y=-, 1 
- 7 ae (1) 


which is a linear homogeneous equation of order 3. 


Putting x = e* in (1) and denoting d/dz by D, we have 
[D (D-1)(D-2)+2D(D-1)-D+I] y=e* 
or (D-1 (D+) y=e™. 
auxiliary equation is 
(m - 1 (m +1) =0 , giving m=1,1,-1. 
C.F. = (cy + ¢92) e* +03 €7 
= (cj +c log x) x+ tax, [- e7 =x and z = log x] 
I ~z 
~(D-IP (D+) 


_i Li 
(D+1)| (D-1 


Hence the complete solution is 
y=le, +09 log x) x+ 23+ log x. 
x 4x 
3 
Example 4: Solve x? 3d “7 $29 a ee pi og pes eK: 
dx? dx? dx 
(Meerut 2001, 07; Gorakhpur 05, 08; Kanpur 15) 
Solution: Putting x= e” and denoting d/dz by D, the given differential equation 
becomes 
[D (D -1)(D-2)+2D(D-1)+3D-3] p=e7* +e 
or Oana ae 
or (D -1){D(D-2)+2D +3} y =e? +6 
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or (D -1)(D? +3) y= +’. 
Hence the auxiliary equation is 
(m — I) (m? + 3) =0, giving m=1,0 + V 3i. 
C.F.= ce + &% (cy cos V3z +63 sin V3z) 
= cye* + cg cos V3z +3 sin V3z. 
fe “fee 
(D — 1) (D* +3) (D—1)(D> 43) 
2z 
=-—_£ 4 ig d 
(2-1)(D* +3) (fF +3)(D-1I) 
a1 ps ele ! 1 
vi 4 D+I1-1 
= 1 + i? ty 
7 4 D 
al Pet 
7 4 
the complete solution is 
y=ey & +c, cos V3z +3 sinV3z beet aoa 
or y =e, x+cy cos (V3 log x) +c3 sin (V3 log tse +4 log x. 


[. e7 =x and z =log x] 

a y 
de 
(Meerut 2004B, 10; Gorakhpur 07; Kanpur 07, 14; Lucknow 09, 11; 
Avadh 08; Bundelkhand 04; Garhwal 07, 10; Kumaun 09) 


Example 5: Solve a -x # -3y= x log x. 


Solution: Putting x = e* or z = log x and denoting d/dz by D the equation becomes 
[D(D-l)- D-3] y =e*.z 
or (D? -2D-3) y=e"?.z. 
auxiliary equation is 
(m* — 2m - 3) =0 
or (m-3)(m+])=0 ie, m=-1,3. 


C.F. = ce?? + ce. 


And a nr 
(DF 2D =3) 


2z 1 Zz 
B4oy =2(0 49) —3) 


=¢ 


Aoi 


or 


10. 


oS SP SS 
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complete solution is 


3z -z_ loz 2 
y= e C96. = (z +=) 
3 1 1 2 2 
= + = ] yS). 
VHC x + C9Kx (log x + —) 


(Comprehensive Exercise 1 


Solve the following differential equations : 


2/72 2 . 

x (d° y/dx") — 4x (dy/dx) + 6y =x. (Garhwal 2005; Bundelkhand 10) 
2/72 2 A 

x (d Jl dx 4x (dy /dx) a oy = - (Garhwal 2006; Gorakhpur 09; Kumaun 11) 


x (d? y/dx’) - 2x (dy/dv) +2 y =1/x. 


( ) 
(d” y/dx") 

2 ¢72 2 2 
x (A yldx") + x(dy/dx) -Ay =x". (Rohilkhand 2009) 
x (d? y/dx’) + 2x (dy/dx) - 20 y =(x +1). 

x (d? y/dx’) + 4x (dy/dv) +2 y =e". 
(Meerut 2005; Avadh 08, 11; Rohilkhand 07, 11) 
x? (a? y/dx”) + 7x (dy/dx) +13 y = log x. (Bundelkhand 2006) 
(i) °° (@P y/dx?) — x (dy/dx) +2. = xlog x. 
(Rohilkhand 2010; Gorakhpur 06, 10, 11; Purvanchal 09; 
Avadh 06; Bundelkhand 13; Garhwal 13) 
(ii) 3 (dB y/de?) + 3x? (a? y/dx’) + x (dy / de) + y =x log x. 
(Kanpur 2009; Rohilkhand 08; Purvanchal 08) 

OP y/dv?) + 3x? (a? y/dx?) + x(dy/dx) + y =x + log x 

a (@ y/dx?) + 3x° (d° y/dx*) + x (dy/dx) + y =x + log x. (Avadh 2006, 14) 


x (a? y/dx*) — x (dy/dx) + 4 y = cos (log x) + xsin (log x). (Garhwal 2009) 
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LW. 2 PB y/de) + 2x (? y/de) +2 y =10 [x + (1/4). 
(Meerut 2007B; Bundelkhand 09; Agra 2006; Lucknow 06; Garhwal 2010B) 
ery _3y o, _ log xsin (log x) +1 
ae oye x 
1 
xr 
(l— x)" (Rohilkhand 2008; Purvanchal 08; Bundelkhand 01) 


2 2 
14. 2 y Peay? = 0? (=} + day (2). 


12. 


ciate tan 


-——, 
i 


\ Answers 1 
— 


l. yao text +o 
2. yey + 9x oa 
1 
3. ya xtc, x a (1/x) 


4. yaar (o/P)ro? log x 


= 1 1 1 
5. = ay c oS 25 = 
J Cyx COX 14° a: 0 


6. y=(c)/x) + (cn /x*) + (e*/x) 


6 


7. y= 1 De area 
y=ey {cos (log x7 +¢9)}/x03 +5 ee 169 


8. (i) a | 
(ii) yaox +e, V xc0s {( 3/2) log x +05} += x log x= 
9. y= ex"! +09 Vxcos {(V3/2) log x +g) +5 x + log x 
10. y=x[c, cos (V3 log x) + cg sin (V3 log x)] 
+ Boos (log x) — 2 sin (log x)] +5 xsin (log x) 


ll. y =cyx! +c xcos (log xt+e3)+5x4+2x log x 


12. y= xe (cy 8 +¢9 x3) u 


+2llog . CRE ere 
61 3721 
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XxX 


13. y=(cy +¢9 ipegesee 
XY ox l-x 


14. y= xz (cy + C9 log xy 


3 Equations Reducible to Homogeneous Form 


A differential equation of the form 
n 


n—-1 
(a + bx)" a Pages 


dx"! 


+...4+P,_1 (+n) 24 Piy=Q, 


where F,, Py,...,P, are constants and Q is a function of x, can be reduced to the 
homogeneous linear form by putting a + by = t and then can be solved by the method 
explained in article 2. We can also solve this differential equation directly by making 
the substitution. 


e =atbhx 
or z = log (a + by). 
If we denote the operator d/dz by D, we can easily see that 


4 
at+bx =) Dy, 


o@y_ yy 
(a + bx) Pa D (d-1) yand so on. 
be 


liusteative Examples 


dy 
+a) +6 
x+a) : yx 


L 
Example 6: Solve (x + ay “2 -4( 
Mv 


(Meerut 2001, 06, 11; Kanpur 11) 
Solution: Putting (x + a) = e* and denoting d/dz by D, the given equation becomes 
[D(D-1)-4D+6]y =e -a 
or (D-3)(D-2) y=e? -a. 
auxiliary equation is (m—3)(m-—2)=0, giving m=3,2. 
C.F. = ce? + 0907? = 0 (FP +09 (€7)* 
=C] (x+ a)? +c (x+ a)’ 


and P.L= a eH ee ; eer a] 
(D -3)(D-2) (D - 3) (D - 2) 


1 1 
aa ee 


(D— 3) (D - 2) (D-3)(D- 2) 
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a 1 Za l 07 
(l- 3) d- 2) (0 — 3) (0 - 2) 
= a (aa _ L a 
2 6 
1 
=— + -_— 
9 (x + a) a 
Hence the complete solution is y = C.F.+ P.L 
or yaa (eta) bey (ebay +o (ta) — 2a. 


(Comprehensive Exercise 2 


Solve the following differential equations : 
2 
Ll. 8x42) “p43 Gx+2)P-36y=30 44x41, 
(Bundelkhand 2009; Agra 06; Lucknow 06) 


2 
2. da? SP 4 dey D+ y=4cos log (+2) 
2 
7 (42a? S76 042) 2 + 16y =8 4 2a7. 
2, 
4. Gx +2? SP Br 42)P-12y = 6x 


2 
5. (+P SP +e) P= r43)Qr+4) 


f_™ 


( Answers 2 
ae 


lyse 8x42) +c Bx +2)? (3x +2)? log (3x+2)+]] 


1 
* jos! 
2.  y=c, cos log (1+ x) + cg sin log (1+ x) +2 log (1+ x) sin log (1+ x) 
3. y=(1+2x) log(l + 2x)[1 + log(1+2x)] 


4. y=o(3xt+2" +0e9(3x+2)2 - 5 Gr+2)+5 
5.0 pHey+cg log(x +1) + (x +1)? +6(x+1) + [log (x+l)P 
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( Objective Type Questions 
ee” 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from (a), 
(b), (c) and (d). 
1. The complementary function (C.F) of the differential equation 
2 
xr op -xP ayer log x is 


(a) cy coSx¥+co sin x (b) ¢ pry c9e 


(c) ¢ & +09¢7>? (d) none of these 


2 
2. CE of the differential equation # ay +4x oe +2y =e" is 
dx dx 
(a) cy + Cox (b) cx! + gor * 


(c) cy e* + c9e* (d) none of these 


3 2 
3. CE of the differential equation - — +29" a -x a + xy = lis 
(b) cye* +c9e¢* +¢3¢e 


(a) (c) +c9x) e* +03 e~ ot 


(c) (c, + ¢g log x) x+ aes — log x (d) none of these 
Xx Xx 


: ‘ . 2 dy dy a 
4. CE of the differential equation (x + a) -—4(x+a) om +6y=xis 


(a) cx” + eyx° ‘ ? 


(c) ¢, O* +5 2% 


b) cy (w+ ay +c (vt+a 


d) none of these 


5. To solve homogeneous linear differential equation, we put : 
(a) x=X+h, y=Y +k (b) y=2 
Xx 


(c) z=logx (d) none of these (Garhwal 2008) 


6. The substitution z = log x transforms the differential equation into the following : 


os 3x2 44y=0 
ay dy dy dy 
Ay 4D +4y=0 b) 422%-Diay=0 
(a) dz a J (b) dz? dz _— 
Fe d @ d 
(c) “7-34 +4y=0 (d) 2? 7-32 +4y=0 


(Garhwal 2009) 
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gd y y 
The general solution of the differential equation x° —> — ia + y=0 
dx 
(a) Ax + Bx? (b) eee 
(c) Ax + Bx? log x (d) Ax + Br log x 
where A and B are constants. (Kumaun 2015) 
On putting x = e*, the transformal differential equation of x oy, x2 + y=x 
is 
d? y d? y 
a) — + yae* b) —+- y=e" 
a) ar ee aa 
dy dy s 
c) => + y =e" d) —s-- yp=e"% 
(©) 720°" ) fe (Kumaun 2016) 
The substitutions in solving the homogeneous linear equation are 
ieee! = Dpe ay = D(D-1)y, where D= 
ee ee me J = 
2 
(b) x= cre = Dy,x° — = D(D-1l)y, where D= = 
2 
(c) x=? oe Dy,x “}- D(D-1)y, where Det 
(d) none of these 
The auxiliary roots of the equation GD 42D 43x03) ye x? + xare 
(a) m=-1,+3i (b) m=+], V3 i 
(c) m=1,+V3i (d) m=+1, -V3i 
Fill in the Blank(s) 
Fill in the blanks “...... ” so that the following statements are complete and correct. 


dy 


Homogeneous linear differential equation pay e J 45x - +4y=0 


will reduce to a linear differential equation with constant coefficients by putting 


To reduce the homogeneous linear differential equation 
3 2 
349 5,424 3 dy : 
(x + a) ae) yo CO 


to a linear differential equation with constant coefficients, we have to put ...... 
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True or False 
Write ‘T’ for true and ‘F’ for false statement. 


2 
ee — -—x # -3y= xr log x is a linear homogeneous differential equation of 


order two. (Meerut 2003) 


3 2 
2. x — +2x° — _x e + xy =1 is not a linear homogeneous differential 


equation of order 3. 


3 2 
3x aa 44x oF +2x ed + xy = x is a linear homogeneous differential 


equation of order 3. 
“a, 
( Answers 
anal 


Multiple Choice Questions 
1. (b) 2. (b) 3. (c) 4. (b) 5. (c) 
(a) 7. (d) 8. (a) 9. (c) 10. (c) 


Fill in the Blank(s) 


l & 2. (x+a)=e 


True or False 
l,. £ 2. F 3. F 


Ordinary Simultaneous 


Differential Equations 


1 Introduction 


[I the present chapter, we shall discuss differential equations containing one 
independent variable and two or more than two dependent variables. To 
completely solve such equations we need as many simultaneous equations as there are 
dependent variables. 


2 Methods of Solving Simultaneous Linear Differential 


Eguations with Constant Coefficients 


Let xand _y be the two dependent variables and tbe the independent variable. Thus the 
equations will contain differential coefficients of x, y with respect to ¢. Let D=d / dt. 
Then such equations can be put in the form 


f(D) «+ fo(D) y =T LN 
and (D) x +o (D) y =T, ...(2) 
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where Tj ms are some functions of the independent variable ¢t. Here 
f(D), fo(D D) and 69(D) are all rational integral functions of D with constant 
rei 


There are two methods to solve such equations. 
First method: Method of Elimination (Symbolic method): 


To eliminate _y between (1) and (2), operating both sides of (1) by 6 (D) and of (2) by 
by f2(D), we get 


D) f, (D) «+ 2 (D ra ) y= 2 (D . (3) 
and fo (D) >) (D) x + fo (D) b2 (D) y = fo (D) Th. vsi(4) 
Subtracting (4) from (3), we get 

D) fi (D)- fo (PD) 0) (D) I «= b (D)T - fo (D)T, 
which is of the form F (D)x=T. (5) 


The equation (5) is a linear differential equation with constant coefficients in x and ¢. 
Solving it we can find the value of x in terms of t. 
Putting this value of x in either (1) or (2), we get the value of y. 
Note 1: The equations can also be solved by first finding the value of y by eliminating x 
between (1) and (2) and then solving the resulting linear differential equation in_y and 
t. The value of x can now be obtained from (1) or (2) after putting the value of y. 
Note 2: Since f(D) and ¢9(D) are functions of D with constant coefficients, so 

fa (D) 2 (D) = $2 (D) fo (D 
Second method: Method of differentiation: 
Sometimes x or _y can be conveniently eliminated if we differentiate the equations (1) 
and (2). For example suppose the two given equations (1) and (2) connect four 
quantities x, y, dv / dt and dy / dt. Pee (1) and (2) w.r.t. £, we get in all four 

dx dy s: x & dy 


all & - Eliminating three quantities y, A and 


equations containing x, Sie = 
dt’ dt’ de dt? 


d : ‘ 
— from these four equations, we get an equation of the second order with x as the 
t 


dependent and t as the independent variable. Solving this equation we find the value 
of x in terms of ¢. Then the value of the other variable can be found. 


3 Number of Arbitrary Constants 


In the general solution of (1) and (2) the number of arbitrary constants is equal to the 
degree of D in the determinant 


_|A(D) fad) 
~|oD)  o2(D) 


If A vanishes then the system is dependent. Here we shall not consider such cases. 


,if A#0. 
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liwstrative Examples 


Example 1: Solve the simultaneous equations 


a 7x4 y 0, a 2x-Sy=0. 

(Purvanchal 2008; Rohilkhand 09; Lucknow 10; Kumaun 11; Kanpur 15) 
Solution: Writing D for d / dt, the given equations are 

(D-7)x+ y=0 said 1) 
and -2x+(D-5) y=0. ves(2Z) 
Let us eliminate y between (1) and (2). Operating on both sides of (1) by D —5 and 
then subtracting (2) from it, we get 

{(D -5)(D-7)+2} +=0 


or (D* -12D +37) x=0, ...(3) 
which is a linear differential equation of second order in x and t with constant 
coefficients. 
AE. is m* -12m+37=0 >m=6+Hi. 
the solution of (3) is x = e® (cy cos t + cg sin t) ... (A) 
= 6 06 (c] cos f + ¢9 sin t) + e! (— c, sint + cg cos ft). 


Putting the values of x and dv / dt in (1), we get 
y =7x — Dx =7x - (dx / dt) 
=7 (c) cos f+ cy sin t)—6 et (cj cos t + ¢9 sin ft) 
et (— c, sin t + ¢9 cos f) 
or ya [(c] —¢2) cos t + (cy +¢9) sin ft]. t(D) 


The required general solution of the given equations consists of the equations (4) and 
(5). 


Example 2: Solve the simultaneous equations 


2 2 

oY 82-4520 2? eee 9-0 

dt t (Kanpur 2003; Meerut 09) 
Solution: Writing D for (d/dt), the given equations are 

(D* -3)x-4y =0 eas) 
and x+(D? +1) y=0. ..(2) 


Let us eliminate y from (1) and (2). Multiplying both sides of (2) by 4 and operating 
on both sides of (1) by D* +land adding, we get 


{(D? + 1) (D* —3)+4}x=0 
or (D* -2D? +1) x=0. ...(3) 
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ALE. is m* —2m? +1=0 or (m? - Va =0. 

matl),+1. 

the solution of (3) is x = (¢, + cg t)e' +(c3 +. c4t) ee ...(4) 

a = (c1 + egt) e’ — (cz + c4t) eo +90" + eg, 

dx t -t t -t 
and qe une + (cg +e4t)e +2¢9 e —2c4 ee. 

t 


Putting these values in (1), we get 
4 y = D?x-3x = (dx/dt*) - 3x 
=(c) +cat) e’ + (cz +c4t)e* 
+2 coe’ —2Qcge* —3 (cy + cot) e' —3 (cz + c4t) e* 
=—2 (c +e9t) e' —2 (cg + c4t) e* + 2co ef — 2cge* 
or vax (a -et)- se (C4 +¢3 + ct). (9) 
The required general solution of the given equations consists of the equations (4) and 
(3). 


Example 3: Solve the simultaneous equations 


Oh aes yar hey Dreewte 
Solution: Writing D for (d/dt), the given equations are 

(D? +4) x+ y= te! (1) 
and —2x+(D* +1) y =cos” t ig) 


Eliminating y from (1) and (2), we get 

{(D? +1) (D* +4) +2} x =(D* +1) (te?") — cos? t 
or (D4 £50" +6) x =10t0?# + 6¢7! — cos? t. <35(3) 
ALE. is m* +5m? +6=0 or (m? +3) (m? +2)=0. 

main 3,412. 

C.F. = (c; cos V3t + cg sin V3t) + (cz cos V2t + cq sin V 2t). 

10 3t 6 3¢ 1 > 
=e 0 ¢ SS ee ee eo 08" t 
D* +5D* +6 D* +5D? +6 D* +5D? +6 

q 7) a “3 oF 
(D+3)* +5(D+3) +6 3* +5 .3° +6 

1 1 
-——,—_ — (1+ cos 2t 
DP 45D 62 


-et —_! gy Lg 
132 4138D459D =. 22 


P.L= 


=10¢** 


~ eats ppg (go) 
64+5D?+D*2 pt+5D? +62 
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aj 
=10e" (14S De. ) po Bt 
132 22 22 
1 1 or 1 cos 2t 


-—:+ hE — 
2 6450 +0" 2 (47 454) 46 


pak ( 2) ae oo 
=—|t-—] + —- —--cos 2t. 
66 22 22 12 4 
x = (c cos V3t +c sin V3t) + (cz cos V2t + cq sin V 2t) 
Peay) Peace er) ee ... (4) 
66 1452 4 12 
Now from (4), we find cad and a =e 
dt dt 
Putting the values of x and d°x/dt? in (1), we get 
dex 3£ 
=-—z -4x +e 
Pe 
or y=-(c cos V3t +c sin V3¢) — 2 (cz cos V 2t + cq sin V 2¢) 
oy a ee. (5) 
66 2452 3 
The required solution consists of the equations (4) and (5). 
Example 4: Solve the simultaneous differential equations 
dy dz 
Page) cll ee y=0. sal? 
oi (1) rae (2) 


(Meerut 2001, 09B; Kumaun]13) 
Solution: Differentiating (1) with respect to x, we get 
2 2 
pe eae) or PoP ar Vir e0, 
dx dx dx dx dx dx 


Putting the value of x e from (2), we get 
Iv 


PHP Dye 0, ...(3) 


which is a linear homogeneous equation. 
To solve (3), putting x= e' and denoting d/dt by D, we have 
dy ody 
a Xx ge ee ey 
the equation (3) becomes 
{D(D-1)+D-l} y=0 or (Dp? -ly=0. 


y=cye’ tege! =oxteox}, ...(4) 
d é d ¢ 

P24 ~2 a2 ee, pa 

dx x dx x 
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from (1), we getz = Pama tenet sac) 
Iv 
The required solution consists of the equations (4) and (5). 


Example 5: Solve the simultaneous differential equations 


dx 9 dy 2 

— +m y =0,——- mxv=0. 

oo dt? 
Solution: Writing D for (d/dt), the given equations are 

D*x+m’ y =0 -ae(L) 
and D’ y-m’x=0. sacl 2) 


Eliminating y from (1) and (2), we get 
(Dt + m+) x=0. 
AE. is M+ + m* =0 >(M? +m’? —2M?n? =0. 
or (M2 —V2Mm +m?) (M? +V2Mm+m*)=0. 
—~V2Mm +m? =0, or M2 +V2Mm+m? =0. 


Solving these, we get 


m m m m 
M=—+i— and M= +j——.- 
V2 2 ~V¥2° V2 
_(m/N2)t & } —~(m/N2)t (75 } 
X= cye cos | —t+c + C2é COs t+¢. (3 
/ B) 2 3 V 9 4 ( ) 


Ba elm eos (75 te] -sin( Zee) 


_(m/\2)t (7 : (= )| 
C2€ .— 4cos}| ——-ft+c4 }]+sin| —f+c 
, = 1 42" 


dx aye mm? | m _(m 
and Sage” cos (Rete )-2sin( e+e } 
de 2 wa Wg" 


2 
m —(m/N2)t ™ (7: } 
—cos|——t+c + ¢2¢€ .—  4cos| —f+c 
(7 af 2 2 v2. 


+2sin( Tee +e )-cos( Torte )} 
@ qa" 


= m2) cae mE gi ( m )- (m/\2)t ( m )| 
=M 4C2e sin. t+6, cye sin t+c : 
: i i i? 


From the equation (1), we get y =- 2. dx 
q ; ee y m- dt” 
Putting the value of d? x/dt?, we have 
yer elm N20t gin, (5 t+ e2] - ce"! 2)t gin (75 t+ ca). ...(4) 


The equations (3) and (4) constitute the required general solution of the given 
equations. 


Ordinary Simultaneous Differential Equations 


'D-157 Ny 
Example 6: Solve t dx = (t — 2x) dt,t dy =(tv+ ty +2x-t)dt. (Rohilkhand 2001) 
Solution: The given equations are 
t dx = (t — 2x) dt pe 
and tdy =(tx+ty+2x—-t)dt. ee(2) 
From (1), we have a + ’ x =1, which is linear. 
LE.= J (2/t)dt = plogt — 
xt? a ‘ldt+¢ a +c] 
or ragtea f. ...(3) 
Now adding (1) and (2), we get 
dx + dy 
t(dv+dy)=t(x+ y)dt or ~~ =dt. 
r+y 
Integrating, log (v + y)=t+ log co. 
xt p=cge’ or y=cege'-x. ...(4) 
Putting in (4) the value of x found in (3), we get 
y=ey fasta. s26(9) 


The equations (3) and (5) give the required general solution of the given equations. 


Example 7: Solve the simultaneous equations 


2 
BE gl 5p 0,t pe D po Tah, 
dt dt dt dt 


Solution: Here both the given equations are linear homogeneous equations. First we 


t 


shall change them into linear differential equations with constant coefficients. 
For this, we put ¢ =e’. 
Then denoting d / dz by D, we have 


dy ody 
£*=D(D-))x,t—=Dy,? ——=D(D-) y. 
( \x it dy Te ( )y 


the given equations transform to 
{D(D-1)+ D}x+2y=0 


ie., D’x+2y=0 gal 
and {D (D-1)+ D} y -2x=0 
ie., D* y-2x=0. 2) 


Eliminating y from (1) and (2), we get 

(D* +4)x=0. 
AE.is m*+4= O, or (m? + oy ~4m* =0 
or (m? —2m-+ 2) (m? +2m+2)=0. 
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m2 —-2m+2=0 or m?+2m+2=0. 
+ - =22 = 
_22V4 8) ait ye 2+V(4-8) 


2 2 
m=1+ti-l1+i. 


m 


~ 
Hg 
~ 


Xx =e" (c} COS Z +9 Sinz) +e (cg cos z +¢4 Sinz) ...(3) 
dx; ; z : 
(oe (c] cos Z +g sin z) + e° (—c, sin z + ¢2 cos Z) 
iz 
—e* (cz cosz +c4 sinz) +e ~ (—c3 sinz + cq cos z) 
dex 3 , 2 ‘ 
and Peas (cj Cos z + ¢9 Sinz) + 2e* (— ¢ sin z + cg Cos Zz) 
Zz 
— & (c) cos z +c sinz) +e (cz cos z + ¢4 sin z) 
—2e* (—cg sinz +4 cos z) — e~* (cg cos Zz + ¢4 Sinz) 


= 2e* (—cy sinz +c» cos z) — 2e* (—cg sinz +4 cos z). 


From (1), we have 


l 5 1 dx 

Sey pee 

—_ 2 de 
y =e’ (cq sinz —c 9 cosz) +e * (— cg sinz +¢4 cos z). ...(4) 


Now changing the variable z into t in the equations (3) and (4) by the relation ¢ = e* or 
z = log t, we get 

X= t (c, cos log t + cy sin log t) + - (cz cos log t + cg sin log ¢) 
and y =t (c, sin log t — cy cos log t) + t) (-cg sin log t + cq cos log ft). 
These equations give the required general solution of the given equations. 


Example 8: Solve de =ny — mz Rod = lz —nx, id = mx — ly. 
dt dt dt (Kanpur 2012) 


Solution: Multiplying the given equations by x, y,z respectively and then adding, we 
get 


Integrating, we get 


3° +s oe =k 
or P+ pre =a. (1) 
Now multiplying the given equations by/, m, n respectively and then adding, we get 
1—+m aa +n cad = 
d dt dt 
Integrating, we get + my +nz=Cco. ...(2) 


The equations (1) and (2) constitute the complete solution of the given differential 
equations. 
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Example 9: Solve the simultaneous equations 

go oD ape sy aertta@ oO a ayudy nae 

dt dt dt dt 

given that x = sy =0 ,whent =0. 
Solution: Writing D for (d/dt), the given equations can be written as 

(3D-4)x+(2D+3) y=8e%! oe aD) 
and (4D+3)x+(D+4) y=8e°%! al2) 


Eliminating y from (1) and (2), we get 
[(D + 4) (8D - 4) - (2D +3) (4D+3)]x 
=8[(D+4)e?! - (2D +3) 3] 
or =5(D? 42D +5) 4=8 39"! 44" 460" 3) 
or (D? +2D45)x=—— 
AE. is m2 +2m+5=0 , giving m=-1+2i. 


C.F. =e"! (c) cos 2f + co sin 2f) . 


Also PI.= saps |e ae 
D°+2D+5\ 5 5 
x=e" (c cos 2t +c sin 2t) — “ e 

Given that x = 1/5, when t =0, we have 

ae cy - a or c=l 

5S aa 

x =e! (cos 2t + co sin 2t) — : ge 
=> -- =-e (cos 2t +c sin 2t) +e (-2 sin 2t + 2cy cos 2t) + ~ e 


Now multiplying (2) by 2 and then subtracting (1) from it, we get 
59 =-5 1044 86-3", 
dt 


Putting the values of x and dv/dt, we get 


y =e ‘(-cos 2t — 2c cos 2t + 2 sin 2t — cy sin 2t) + “ co 


Given that y =0, when t =0, we have 


4 | 
0=-1-2ce +=, ( =-—: 
C9 5 or C9 10 
vee Odes 2=sta 9-2 2? s21(3) 
10 5 
and =e (isin 2-8 sin 24) +2 4 
Daa (21 sin sin pee F ... (4) 


The required solution consists of equations (3) and (4). 


v-160) 


Krishna's T.B. Differential Equations and Vector Calculus 


(Comprehensive Exercise 1 


Solve the following simultaneous differential equations : 


; BE Gd gic gay at 
dt dt (Meerut 2004B) 
2 =Or42y=30,3 2 + ae ee ee 
dt dt dt dt (Meerut 2007) 
LE ee Oe A er 
dt dt (Lucknow 2011) 
d d 3t 
—4+2}]x4+3y=0, 3x+}]—+2 =2e°". 
a ae aac ae 
Dy gy Bye tiy el: 
dt dt (Gorakhpur 2009; Kumaun 12) 
dv dy 
—— = +b >= if +b’ . 
dt Eee dt © J 
© iia wip 
dt dt (Kanpur 2003, 05; Kumaun 06) 
dx dy ‘ 

. —+4x4+3y=t, Qx+5y=e’. 
it +4x+3y ra xr+Sy=e 
OO 8 et ane a eesti. 
dt dt dt 


(Lucknow 2005, 09; Avadh 10) 


; eee Ph eas aa (I3D- a 2z=0. 
. 4S oD atissiyee 3S 7D ages ray ae 


d 
a en -3, DS eteyetia 3e!, 
dt dt dt 

2 O 


Bi 


d~x t d ey 
. —wt4u+ p=te, ——+ p-2v=sin t. 
dt? 7 we 


2 
#Y _@ < one @ 44 ogy 
dt dt dt 
dx 2 dy 1 
—+=- =] —+-(x+5y)=t 
dt 7 2 J 
Ce 
\ Answers 1 
Neal 
40, 4 ot _ 1 oe Ae 1 BP lg 
. X= (ce) + cot toe —-—e'", y= (Cc) $ey + Cot +e + 
X= (cy + ct) e~ 5g ° 36 y (c] + C9 +e9t)e 46° os” 
=e Fe vey COP, y= ef 8c, er +c" 


X=C] ee ee y=rrcye aot hipeeoe =o ge 
7 5 25 7 5 25 
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= 3 ie 5 
4. x=c, e +c9e Set y= age +026 coe 


5. x=c, cost+c9 sin t, y => (ey ~ Bey) cos t= > (c, + 3g) sit 


my t my t 


1 
6. x=! $902", py = —J(m —a)c, e™ + (my — a) coe"2' L, where 
1 2 we D 1 1 2 2 


, ry2 , 
m = eles + 40h) nd my = 


7. X=C, COS Mt + Cy sin @t, y = cy sin Wt — cy Cos wt 


(a+b’)+V[(a-b’Y? +4a’ b] 
a 


8. pane tee pele, 
14 8 196 
=F fF t- 2a 4305 eMac TT 
oe nee 8 98 
9: x= ce" + eye" + 3.c08 t 


y = (V2+4l)ce# +(l-V2)c9 et 4 2sint 


10. yp =cye?* +c9¢°",2 =— 7eye** + 6c,€°* 
= 31 49 = 19 11 
ll. po, +e) +e Sed -S 4, y=-(2 4G 4+05t) Oo 4 et - Se. 
Val eget + Fe et, ya=— (ey +e, +09) oN +e 
1 —4t : 31 t 93 
12. x=-e cy — ¢,) Cos tf — (cy +c) sin t] +—e -—- 
5 La lteg) and] oe Sa 
—4t : 6 2 t 
= t+ tht+—-— 
yore (cy cost +¢y sin t) 7 i 


t 
13. x=c, cos V2t+cy sinV 2t +c3 cos V3t + ¢4 sinV3r+ £(1-2)- 4S. 


y= —2(c cos V 2t + cg sin V 2t) — (cz cos V3t + 4 sin V3t) +26! (e-Z)+2: 


14. x=(c +c9t) ec +03 gos t, y =(3cq —c, — cat) e aes cOPn 
2 2 
cy ¢ t at c cg , 2t 1 
15, #2243423 pea ee 
BRT 107 98 #15 20 
4 Simultaneous Equations of the Form 
B dx + Qi dy + Ry dz =0 (1) 
Py dx + Qo dy + Ry dz =0, (2) 


where the coefficients P, Py, Q), Qo, Ry and Ro are functions of x, y,z . 


Above is the general form of a system of simultaneous equations of the first order in 
three variables. 
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Taking z as the independent variable, the equations (1) and (2) can be written in the 
form 


deo 
P—+Q,—+R,=0 
iz Que : 
ae Oe ee 
dz dz 


Solving these equations for dv/dz and dy /dz by the method of cross- multiplication, we 


get 
dx/dz  —— dy/dz— 1 
QRe- QR RyPe- RoR PiQo- PQ) 
ae dx dy dz 


QRy- QP RR- RR B® - PQ’ 


which is of the form 
— = =, i(3) 


where P, Q, R are functions of x, y and z. 


Thus the equations (1) and (2) can always be expressed in the form (3). To solve the 
simultaneous equations in the form (3) we can use the following methods. 


First Method: Suppose one variable is absent from two members of (3), say, z is 
absent from P and Q. Then the solution of 


gives a relation between x and y and we thus get one equation constituting the 
complete solution of the given equations. If necessary, we can use this relation to 
eliminate x or y from one of the remaining equations in (3) and we can find the other 
integral relation which gives us the second equation of the complete solution. 


Second Method: By a property of ratio and proportion in algebra, we know that each 
of the equal fractions de ; a ad in (3), is also equal to 
P QR 
ldx+mdy+ndz Ldv+ Mdy+Ndz 
IP+mQ+nR ’ LP +MQ+WNR 
dx dy _dz_ldx+mdyt+ndz_ Ldv+Mdy+Nadz 


a eee ee eee 4 
P Q R  IP+mQ+nR LP + MQ+NR (4) 


3 


The relations between x, y,z that satisfy (3) also satisfy (4) . 

By a proper choice of multipliers /,m,n;L,M,N etc., it is possible to find equations 

which can be easily solved. Particularly /, m,n can be so chosen that 
IP+mQ+nR=0. 

which makes /dv + mdy + ndz =0. s.4( 2) 

Let [dx + mdy + ndz be an exact differential, say du. 
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Then (5) > du =0 >u=a, which gives one equation constituting the complete 
solution. 
Again L, M,N may be found such that 

LP +MQ+NR=0 = Ldv+Mdy+Ndz=0. 
If Ldv + M dy + N dz bean exact differential, say dy , then dv = 0 = v = b,which gives 
the second equation constituting the complete solution. 
Hence the complete solution consists of the equations u = a and vy = b which must of 
course be independent of each other. 
Note 1: Sometimes only one set of multipliers may serve the purpose. 
Note 2: Wecan find one relation, say u = a, by the first method and the second relation, 
say v=b, by the second method. 


5 Geometrical Interpretation of the Differential 


Equations & = ou = hale 
P QO R 


(Gorakhpur 2005) 

From solid geometry, we know that the direction cosines of the tangent to a curve in 
three dimensional Euclidean space at any point (x, y,z) are 

dx dy dz 

ds’ ds’ ds 
ie., the direction cosines are in the ratio of dv: dy :dz. Hence the given differential 
equations represent a system of curves in space, the direction cosines of the tangent to 
any member of this system at any point (x, y,z) are proportional to P, Q and R. Let 
u = aandv = bbe two component solutions of the given equations. Then the curves are 
obtained by the intersection of the surfaces u=a and v=b. Since the arbitrary 
constants aandb can take infinite values, the curves are doubly infinite in number. 


liuatrative Examples 


Example 10: Solve eA on C, 


zg’ —-Dyz- y tz yr-z 
(Meerut 2001, 04; Avadh 08; Garhwal 08; Kumaun 13) 
Solution: Taking the last two members of the given equations, we get 
(y-z)dy=(y+z)dz or pdy-—zdz-(ydz+zdy)=0 
or 2y dy —2z dz -2(ydz+zdy)=0. 
Integrating, we get 


yt —27 -2yz =0. vie L) 
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Again choosing 1, y,z as multipliers, we get 
Xx dx dy dz 
2 -2yz- ye ytz ye 
7 <a ae _xdx+ ydy+zdz 
1.(z? —2 yz — y*)+ y(ytz)+z(y-z) 0 


xdx+ ydy+zdz=0 
Integrating, we get x4 a +27 = C2. a) 


The required solution consists of the equations (1) and (2). 


Example 11: Solve a oe ae le ; 
Jota e —ly -2t (Garhwal 2002; Kumaun 10) 
Solution: Taking the last two members of the given equations, we get 
A 
yp 2 


Integrating, we get 


log y = log z + log cy 


or log y=log (c¢, z) or p=cyz. (1) 
Again choosing x, y,z as multipliers, we get 
dx _ dy _ dz _xde+ypdyt+zaz 
peer ar =2y -Ia -x( ty tz) 


Taking the last two fractions, we get 
dz _ 2xdx+2ydy+2z dz 
(Be te De 


z x+y +z 
Integrating, log z + log cy = log (x? + a + z*) 
or P+ yp tz =x. sac) 
The required solution consists of the equations (1) and (2). 


Example 12: Solve a = Oa = es 
1-2 3x7 sin(y +2x) 


(Meerut 2001, 10B; Gorakhpur 07; Garhwal 06; Kumaun 06) 
Solution: From the first two members, we get 
2x+ yp=cy. 


Taking the first and the last members, we get 
dx dz dz 


= ye usin 1 
1 3x sin (y + 2x) dx” sinc gC) 
dz = 3x" sin cy dx. 
Integrating, z=x° sin cy + ¢9 or z-x sin(y +2x)=¢. sel 2) 


The required solution consists of the equations (1) and (2). 


Ordinary Simultaneous Differential Equations 


'D-165) iy 
Example 13: Solve — = a = a 
(yo —2°) -— yar tx) z(xt y*) (Meerut 2005, 11) 
Solution: Choosing Z = s = Z as multipliers, we have 
ep eZ 
i 
each fraction = + 
Le ae acd 
x yp Z Xx oy Zz 
Integrating, log x + log c; = log y + log z 
or jz = 0X. wec(ill) 


Again choosing x, y,z as multipliers, we get 
xdx+ ydy+z dz 
0 


each fraction = 


a xdv+ ydy+zdz=0. 
Integrating, xr +9" +27 =C9. ..(2) 


The equations (1) and (2) give the required solution of the given equations. 


Example 14: Solve =a = — = e 
cos(v+ y) sin(v+ y) Zz 


(Meerut 2006, 07B; Gorakhpur 08, 11; Garhwal 11) 


Solution: From the given equations, we have 
dx + dy x dx — dy _ dz 


cos (x + y)+sin(x+ y) cos(x+ y)-sin(v+ y) z 


Taking the first two members, we get 
cos pd addy 
cos (x + _y) +sin (x + y) 
Integrating, log [cos (v+_y)+sin(x+ y)]=x-_y + log ¢ 
or [cos (x + y)+sin(x+ y)]e?* =c¢y. (1) 
Again taking the first and the third members, we get 
dx + dy _dz dz _ (I/V 2) (dx + dy) 


or —_—= 


cos (x+ y)+sin(x+ y) Zz Zz sin(x + y + +n) 
4 


or V2E =cosec (x+y +5 n)(de+dy), 
Zz 
Integrating, V2 log z = log tan 5 (r+ y bom) + logey 
or z 2 cot fee =C9. wael 2) 
2 2 8 


The required solution consists of the equations (1) and (2). 
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Example 15: Solve J ——— re 
- (Meerut 2005B, 10B) 


Solution: From the first two members of the given differential equations, we have 


X=cy. sax (ll) 
Again choosing x, y,z as multipliers, we have 

dx dy © dz _ xdx+ ydy+z dz 

x yp z-aN(e + y? a) x ye +27 -az V (x7 oi He) 
or ie =e _ mM , putting 4 am +27 =v 

yo zZ-au ut —azu 

dy dz du du + dz 


or 


yo zZ-au u-az (u+z) (l-a) 
Taking the first and the last members and integrating, we get 

(l— a) log y = log (u+z) + log cy or ye =(u+Z)C9 
or yg = eg (N (7 + y? +27) 4-2}. ...(2) 
The required solution consists of the equations (1) and (2). 


dy dz 
Example 16. Solve ——— a 
. yx =o" oe - ry 9z (x? - y) 


Solution: From the first two members of the given differential equations, we get 


(2,y7 - x3 y) de = (yx - 2x4) dy 


or (2a ={ 5-25] ving by xy 
x J x J 
1 2y ) 1 2x 
or — dy —- = dv }+) — dx - — + dy |=0 
& y o (Z, ye | 
Integrating, Stay ec. (1) 
x J 
: ; 1 1 1 aoe 
Again taking —,—,— as multipliers, we get 
xX oy 3z 
ye ee lpri gst 
; x y 3z x y 3z 
each fraction = ————,—_. 7 = 
(y? -2x°) + (2.y? —x°) +3 (2 - y?) 0 


Di ie 0. 
x y 3z 


; 1 
Integrating, log x+log y+ 3 log z = log cg 


or xyz =C9. ...(2) 


The required solution consists of the equations (1) and (2). 
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Example 17: Solve Ls — a = ae 
yw y os aaa oe (Purvanchal 2006; Garhwal 09) 
Solution: From the first two members of the given differential equations, we get 
de Wy 
“OS 
Integrating, log x=log y + log c 
or X=CLy. zae(1) 
Again taking the last two members, we get 
dy dz dy dz 
EE or — ee eae | 
ia xyz =x y eyyz ef y” i 
dz dz 
or dy = ——_z or cdy= : 
] cz — 2ef ne z—2¢ 


Integrating, c)_y = log (z — 2c}) + cg 


or vatog(2-24) + [ex =cy] 
J 
or x = log (yz — 2x)- log y +c. ...(2) 
The required solution consists of the equations (1) and (2). 
Example 18: Solve a += i -_% 
et yo 2yy (xt y)z (Kumaun 2009) 


Taking the first two members, we have 
dx+dy _ dx—dy 


(x+ yy (ey 
Integrating, -(x+ yy =-(x- yy +¢] 
or Be =C), or oe 7 =e 
x-yp x+y vay 
or 2y=c) (P=77) ene (il) 
Taking the first and the last members, we have 
dx+dy _— dz Be dx + dy _ dz 
(x+y) (x+ y)z x+y Zz 
Integrating, log (x + _y) = log z + log co 
or (x+y) =¢92Z. da(2) 


The required solution consists of the equations (1) and (2). 
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Example 19: Solve ka = 2 a. 
xo yt oxy 
Solution: We have ee = a 
aed 
; | ; 
Integrating, -—=—+¢ or yr x=cy xy. (1) 
oe fed 


Also using I/x,-1/ y and c/n as multipliers, we have 
(I/x) dx — (1/_y) dy + (ce, /n) dz 


each fraction = 


ae ay 
z epee (c, /n) dz using): 
(1/x) dx — (l/_y) dy + (¢;/n)dz =0. 
Integrating, log x — log y + (¢,/n)z = cg 
or ‘Lz =tog (2}+0 or z=— log (=) +e. ...(2) 
n Xx yr Xx 


The required solution consists of the equations (1) and (2). 


(Comprehensive Exercise 2 


Solve the following simultaneous differential equations : 


M2. 
Je me Hy (Kumaun 2008, 12) 
9 dx dp = 
"mz — ny mx—iz ly—mx- 
Also give geometrical interpretation of the solution of these equations. 
dx dy dz 
Be —_—-—F= eis. . 
Z -Z z°4+(x+ y) 
4 a dx bdy cdz 
(b-c) yz (c-a)a (a—b)xy (Lucknow 2006; Kumaun 11) 
dx dy dz 
5. ——— = ——,— => 
Xz (zo +xy) -— yz(z° +x) x 
dx dy dz 
0 eat 
z(x+y) z(v-y) x +y 
7 __s 


x(x+y) pet y) (x- py) (2Qx+2y +z) 
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15. 
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a 
1 3. 5z + tan(y — 3x) (Meerut 2006B; Gorakhpur 08, 11) 
fe Ow 
x(y-z) plz-x) z(x-y) 
dx 7 dy 7 dz 
x (y” = z”) J (2? = x’) Zz Ge - y*) (Gorakhpur 2005, 09) 
a _ ee . 
l+y lt+x z 
a; cr 
y + Vz +27 2 + me + x7 x + xy + (Avadh 2007) 
in dy — dx 7 dz — dy _ dex | 
(x - y)(xt y+z) (y-z)(x+ytz) (x-z) (x+y +z) 
xe. 8 2 e, 
x — Se y — ax Zz — yy (Gorakhpur 2006; Garhwal 01, 10B; Kumaun 15) 
sin dx dy = nde 7 dz = 4S , 
(x— y)(x+ytz) (y-z)(vtypt+z) (2-x)(vt+y +z) 
5 dx = ae te, (Kanpur 2009) 


x + y+ yz x + —xz z(xt+y) 


. dx — dy dz xdx + y dy 
Hint. ——— = ———___ = —_>_ 
z(xt+y) 20+ y) t+ py) + 7°) 


yz Zt+x x+y 


i 
f 


( Answers 2 


N—_7 


; pa yr =o, x 27 =05 


2 


. k+m +nz=c, 2+ 247% H¢ 
uy 1 J 2 


These equations constituting the general solution of the given differential 
equations represent a family of circles. 

4+ y=c,, log {22 +(x + py) }-2x=c5 

az x +h? y* +c222 =¢], ax’ + by? +¢z2 = c9 


w=, 2? +) -x4 = 
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6. x =" =z- =C], Qxy - 2? =¢9 

7. w=, x +3 +(x + yp) Zz =C9 


8. y-3x=¢,,5z + tan(y—3x) =¢9 &* 


9. X+ Y+Z=Cy, WZ=C 

10. P+ 427 =K, we =o 

Il. z(v- p)=ey, z =c9 (x+y +2) 

12. (y—-x)=¢ (2 - y),(y — ¥) = e2 (2 - x) 
13. (v- _y)=c¢, (y-Z), (vy -2Z) =¢2 (2 - x) 
14. x- y-z=¢, P+ yy? =27¢9 


15. (y-x)=¢ (z- yp), (x- y(t yp +z) = 09 


, a. 
( Objective Type Questions 
—_, 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from (a), 


(b), (c) and (d). 


1. Solving the equations a 5x+ y= ef = -x+3y= et for x, we get x= 


(a) (cy) + cot) My Site (b) cy et! +e9 fae 
(c) cye’ + eye * + ae (d) none of these. 
| dt | dy dy | 
2. Solving the equations — + —+2x+ y=0,++5x+3 yp =0,we get x= 
dt dt dt 

(a) cy eo +ege* (b) cy cost +cy sint 

(c) (cy + cyt) cos t (d) a ef + e907. (Garhwal 2008) 
3. Solving the equations - +oy=0, # —ar=0 for x, we get r= 

(a) cye™ + cge™ (b) (c) +e9t) e™ 

(c) cy Cos @t + Co sin wt (d) none of these. (Kumaun 2008) 
4. Solution set of the equations MO is 


+Z zZ+x x+y 


(a) (y-—x)=c¢, (2 - y) (b) x+ y=cy (y +2) 

(x — y (x+y +z)=69 (x— yp? (x+ y+z)=09. 
(c) (y-z)=c, (v- y) (d) none of these. 

(x+y)? (x- y +z) = 09 
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10. 


ll. 


12. 
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Solution set of the equations Me is 
x Pp 2 

(a) W=cy, yZ=Cy (b) x=¢) Z, y=e2z 
(c) X=CLy, yp =C9z (d) none of these. 

(Kumaun 2006; Garhwal 11) 
Solution set of the equations f= is 

a AY 
(a) v4 y? =0, y? —27 =e (b) x7 —2% =a, y? +27 =05 
(c) x - a = C7 =e" =C9 (d) none of these. (Kumaun 2007) 
Solution set of the simultaneous equations coli ed is 
yp x 2 
(a) Vv - yy =o,x4+ p=egz (b) + yp =o,x+ paegz 
(c) x — y* =o,x- yp =092 (d) v - y* =0, y? -27 =05 
. ax dy . 

eon ia eo) value of x is 
(a) 0! (cy cos t + co sint) (b) ere, cos t + co sint) 
(c) e'(c) cos 6t + cy sin 6t) (d) none of these 


(Garhwal 2007, 10B) 
Solution of the differential equation dv = dy = dz is 


(a) x- y=c, and x-z=Cy (b) r+ y=c, and x-z=Cy 
(c) x- y=ce, and x+z=C9 (d) r+ y=c, and x+z=C9 
If ce ee ee then x is equal to 
dt dt 
(a) cy cosh ¥10 t + cy sinh V10 t (b) e* (cy cosh ¥10 t + cy sinh V10 t) 
(c) aaa cosh ¥10 t + c sinh v10 t) (d) ec cosh ¥10 t — cg sinh ¥10 t) 
(Kanpur 2016) 
If <4 74- y=0, M 42x45 y=0 then y is equal to 
(a) e~©'(c) cost +69 sin t) (b) e°' (cy cost +cy sin t) 
eo Ot bt 
(c) a ee sin t) (d) “g (e1cost +e sin t) 
Solution set of the equations tdi ee = is 
z XZ Jy 
(a) P+ p=e,x -27 =cy (b) P - pacer +27 =0y 


(c) x Da =¢),x° z? =¢9 (d) x +y =c),1° +27 =C9 


flv-172) 


13. 


14. 


Oo — 


Solution set of the equations ae = is 
1 -2 3x sin( y + 2x) 


(a) Qxt+ yp=ey,z2-x° sin( y + 2x) =c9 
(b) 2x- yrey,z-2 sin( y + 2x) =c9 
( 
( 


( 
( 
c) Qx+ y=ey,z4+x sin( y + 2x) =¢9 
d) 2x- pyre, ztx sin( y + 2x) =c9 
dy 


Solving the equations + —yt, ae + x=] for x, we get r= 


(a) tye’ +e e7* (b) (cy +c x) e* 
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(c) c) cost+co sint+2 (d) cj cos 2t+cy sin2t+2 


Fill in the Blank(s) 


Fill in the blanks “...... ” so that the following statements are complete and correct. 


Eliminating y between the equations 


dx dy 
OF oT =0,~-2yx-5y= 
7 x+y oe x-Sy=0 


we obtain the differential equation...... : 


Eliminating y between the simultaneous equations 


we obtain the differential equation ...... ; 


The complete solution of the simultaneous equations 


Fe ny = me, P= le = nx, = m= 19:3 haces . 


——~, 
i ~ 


( Answers 


\ 
~ 


Multiple Choice Questions 


(a) 2. (b) 3. (c) 4. (a) 5 
(c) 7. (a) 8. (a) 9. (a) 10 
(a) 12. (c) 13. (a) 14. (c) 


Fill in the Blank(s) 


. (D? -12D +37) x=0 2. (Dt +m*)x=0 


4 yp 427 =, + my tz =0) 


(Meerut 2003) 


( QChapter | 


Linear Equations of Second 
Order with Variable Coefficients 


1 Linear Equation of Second Order 


n equation of the form 
A AY 4p sQyer 
ae de 


where P, Q, R are functions of x only, is called the “linear equation of second order’. 


There is no general method for solving such equations. Here we shall discuss certain 
methods by which the solutions of such equations can be found. 


2 The Complete Solution in Terms of a Known Integral 


The following theorem relating to the linear differential equation of the second order 
is of great importance : 

If an integral included in the complementary function of such an equation be known, 
then the complete primitive (or the general solution) can be found in terms of the known 
integral. 


Let y =u be a known integral in the complementary function of 
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a d 

“ates D+ Qy=R (1) 
ié.,it is a solution of 


Uy, p® + Qy=0. 


dx 

du 

ae +P B+ Qu=0 v4a(2) 
Let y =uv be the solution of (1). 
Putting py =uv, we a ad 

2 2 
and OS 29 du, du dv ey 


— + 
de de de de de 
Substituting these values the equation 


(1) 
d“u du dv du 
Gea a a Sr} P( pw) +Qnu=R 


) becomes 


2 2 
or we 2 (24 Pu) ey ot Oul=R 
dx ax\ dv dx dx 
2 
or w+ F(a B+ Pu) v.0 = R, using (2) 
2 
or = +(P =) oe. ..(3) 
ax udx) dx u 
2 
Putting @ = , ae ag (3) becomes 
dx“ dx 
Be (pri S)p-%, ... (4) 
u u 
which is linear with p as dependent variable. 


2 du 2 
=— Id Pdx+—=d 
| 35) rf ea ") _ 2 log u+[P de _ 2 2 JP dx 


Hence solution of (4) is 


puree & {|F Pa ee (5) 
u 
dv _ ce ee ee JP dv 
=a : R dx 
[=| 2 2 Ju e 


Integrating this, we get 


=C) +C J : 
J 2 1 oe) 
Hence the solution of (1) is 


y=uv=coute| uf : 2 ~aveu f) 5 f eee ee 
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It contains the given solution y = wand since it contains two arbitrary constants so it is 
the complete primitive or the general solution of (1). It is evident from (6) that the 
second part of the complementary function is 
eI de 
u J z— 4 and the particular integral is 
u 


e JP dx 


u ——-| u Rel? “dy | dx. 
[Ge frets 
Uu 


3 To Find one Integral In CE. by Inspection 


Py. p® 

Consider —+ P+ =0. al 
onsider 5 = Qy (1) 
1. y=e" is a solution of (1) if 


m-? +Pm+Q=0. 


2 
-_.d ad ; 
We have y=e™* => & = mx + ape. 


If y =e is a solution of (1), then 

(m? + Pm+ Q)e™=0> m + Pm+Q=0. 
Deductions. (i) y =e" is a solution of (1) if1+P+Q=0. 
(ii) y =e is a solution of (1) ifl- P+Q=0. 
2. y =x" is a solution of (1) if m (m—1) + Pmx + Qr* =0. 


2 
We have = x" os wy = gn ey + =m (m = 1) yn 
dx dx 


If y =x" is a solution of (1), then 
m (m — I) x 2 Py 4 Qv”™ =0 
or m (m —1) + Pmv + Qu’ =0. 


Deductions. (i) y = x is a solution of (1) if P+ Qr=0. 
(ii) y= x’ is a solution of (1) if 2+2Pxr+ Qy =0. 


All the above results are summarised below : 
(i) y =e" isa part of C.F. if1+P+Q=0. 

(ii) y =e” isa part of CF. ifl- P+Qz=0. 

(iii) =e" is a part of C.F, if m’ +mP+Q=0. 

(iv) y =x is a part of C.F. if P+ Qr=0. 

(v) yp =x" is a part of C.F. if2+2Px+Qr =0. 

(vi) y= x” is a part of C.F. if m (m—1) + Pmy + Qx* =0. 
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hinetrative Examples 


Example 1: Solve +2) Hy Qx+5)P+2y =(x+])e 
ss (Gorakhpur 2009; Lucknow 07; 
Rohilkhand 09; Kanpur 07, 09; Garhwal 09; Kumaun 11) 
Solution: The eo equation can be written as 
d? oo (2x +5) Dy, 2 = (x + I) a 
dx x+2 dv xv+2 x+2 


it) 


Comparing (1) with _— standard form 


a 

“+P oy R, we have 
-< _ 2 _itl 
ao? ee ae? 


Here 2” +2P+Q=0, 


ye e* isa part of the C.F. of the solution of the equation (1). 


a 
Putting y = ve, = ex 2 we and Hpac £2, aes Fay es in (1), we 
get 

dy Qxt+3dv x41 _y 

—+ —_—= é 

dv? x+2 de x+2 


or bes cn oN e, [wher p= 2) 


ho een? ae 


which is a linear equation with pas dependent variable. 


=e i 2) px 
x+2 =2 x+2 = e2 log (x42) = 


x+2 


LF.=e 
2% 2x 


pe = f2ters dees 
x+2 x+2 x+2 


-| ae kde +, = | eet e* dx + cy 
(x + 2) x+2  (x+2) 


dx +c), 


7 e+ fe par fe : 5 
x+2 (x + 2) (x +2) 


integrating the first integral by parts. 
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The general solution of (1) is 
yor an 24 Cre ere ae 
2 
Example 2: Shee + -Qzx- pes +(x-l) y=0. 
dc (Garhwal 2003; Gorakhpur 08; Meerut 10) 


Solution: The given equation can be written in the standard form as 


p-Nbeli-2 roo “ 


Here 1+P+Q=0, 
; y =e is a part of the C.F. of the solution of (1). 


; dy _dv ay d’y dv ba 
Putting py =ve’, = =—e'* + ve", and 22 = 92 et 422 e¥ + vet in (1), we get 
SJ) ae qo oe (1) § 
2 
Oe hes 20g 
dx x dx dx x dx 
=> EO sieges tiene 
p x 
dv _ cy 
= p=—=— > v=c log xtc. 
dx x 


The complete solution of (1) is 
y=ve® =(c¢ log xr+c9) ce". 
Example 3: Solve x° cw ~ (x7 + 2x) ay +(x+2) y= wer. 
de i (Bundelkhand 2001; Garhwal 02; 
Gorakhpur 06; Purvanchal 07; Kumaun 09; Meerut 2010B) 


Solution: The standard form of the given equation is 


dy 2\dy (1, 2 
-[14 2) 4/244] p= xe". (I 
7a a Fad a9 al o 
Here P+ Qe=-(I+2}+(2+)x=0, 

x x x 


y =Xis a part of the C.F. of the solution of (1). 
dy dv d?y dv dv . 


Putting yp = vx, no ae go ae et 
2 
ay Bae or pac, (where p= 2) 


which is linear in p. 
—dx as gt. 


LE.=ed 


pe~ = [ete dx +c) =x+¢). 


dv ¥ ¥ 
pane +c) e". 
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Integrating this, we get 
v=xe* —e* +e" +05. 
The complete solution of (1) is 


ypovxax et xe +0 xe" +eoX. 


2, 
Example 4: Solve aes —cot x ow —(l-cot x) y =e" sinx. 
dx dx (Meerut 2007B) 


Solution: The given differential equation is 
2, 
KP cot xP - (cot x) y=e" sin, 
Here l+P+Q=0, 
poe isa part of the CE, of (1): 


2 2 
Putting y = ve", Oot + ver, er le ae +2 Oe, ve* in (1), we get 
dx dx A dx 


dx 
2 
©? + 2-cot x) @=sin x 
dx dx 
dp . ( *) 
—+ is t = a h a =) 
or cs (2 —cot x) p=sin x where p 7 


which is linear in p. 


2 
LF, = e/@-cot x) de _ ,2x-log sin x _ e” : 
sin x 
2x 2x 
e e ; 1 9x 
p- =| ——_sinxde+c,=—e'* +¢). 
sin x sin x Z 
dv il. 95. 
ag sinx. 


Integrating this, we get 


1 C] 2x ; 
== cos E te a (— 2 sin x — cos x) + C9. 


The complete solution of (1) is 


yove=—se' cos be (2 sin x +cos x) +c e*. 
2 
Example 5: Solve x EY bs dsx 242 (l+x) y =x. 
dx dx (Rohilkhand 2001; 


Garhwal 02, 07, 14; Kumaun 08, 10; Gorakhpur 10; Lucknow 05, 06) 
Solution: The given equation can be written in the standard form as 


2 
<p -2(2+1)P42(fe2)}ye, ...(1) 


Xx 
Here P+Qxv=0. 
y =X is a part of the C.F. of (1). 
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y) 2, 
Putting y=vrx, Oe +v an nd “J = x2? 42" in (1), we have 
dx dx dx dx dx 
d?v dv dp dv 
iar a or Fe a (here p= 2) 


which is linear in p. 
LF =) —2dx _ ,-2x 


pe?* = [1 e* dete Se 
dp 1 

= =-H+4 ce" 

Pe 774 


Integrating, we get vp = — ~ x+ > er 4 C9. 


The complete solution of (1) is 
Log Gt Oe 
=VNS=— =X +— xe* +C9x. 
J 5) 2 2 


dy ; ; . 
x Pe — 2y, given y =cot xis a solution. 


(Purvanchal 2010; Lucknow 08; Kanpur 07, 08) 


Example 6: Solve sin” 


Solution: Putting y =vcot x, o = ad cot x — vcosec” x: 
dx dx 
2 2 
fy. = a cot x-2 ld cosec2 x + 2vcosec” x cot xX, 
dx- dx dx 
the given differential equation becomes 
2. 
sin? xcot 2% -2 #7 <0 or ae a ee 2™ 
dx dx dx sin x cos x dv 
d 
or De yh hee 
dx sinxcos x dx 
or a a er er ee 


p sin xcos x 
Integrating, we get 


log p= 4-5 log tan x + log ¢, 
or a, tan? x=c (sec? x — 1) 
P aes 1 . 


v=C} J ec?x = Dar + ey =c, (tanx—x)+¢9. 


the complete solution of the given equation is 


y=vcot x =c, (l-xcot x) +c cot x. 


dy dy : ; 2 
Example 7: Solve (x sin x + cos x) ae — xX cos x oe + y cos x= sin x (x sinx + cos x). 


Solution: The given equation in the standard form is 
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2, e 
@y___xeosx WY, 8 oy sin y (sin x +008 2). 
dx xsinx+cosx dx xsinx+cos x 
(1) 
Here P + Qr=0 
y =x isa part of the C.F. of the solution of (1). 
; F dy dy | 
Putting y = vx and the corresponding values of os in (1), we get 
dv, 2 X cos x dv _ sin x (x sin x + cos x) 
dx? x xsinx+cosx) dr | Xx 
dp (2 X cos x sin x (x sin x + cos x) 
or — + | = — ——__ | p = ——_——__. 
dx \x xsinx+cos x x 


which is linear in p where p= - : 


2 xX COS x 
= - ——___—<__|ar 
LF.=e \* 4sinxtcos x 
2 
= ee log x—log (xsin x+cos x) _ x : 
x sin x +cos x 


2 
Xx ‘ : 
»—*___ = [ xsin x de +6) =- x08 x +sin x +c). 
Xx sin x + cos x 


oJ (— xcos x + sin x) (x sin x + cos x) + A (x sin x + cos x) 
Pk 2 e 
dv . 1 I. (- } 
or —_ =— sin xcos x ——cos2x + — sin x cos x + ¢ —sin.x+ cos x 
dx x x 
or —— Joinaxdr-— J (Ecos 2" - sin 2x) a 
2 2 x Xx 


sinx cosx 
+a J { + Jace, 
Xx x 


ee ee (FS )a-a fE(E ore 
2Jdx\ x dx\ x 


4 
1 a1 sin 2x cos x 
4 


cos 2x 


The complete solution of (1) is 


1 ii 
a a ea a COS KX +¢9Xx. 


2 
Example 8: Solve x Da y=(x-J ea —x+ | 
dx dx (Garhwal 2001) 
Solution: The en equation in the standard form is 


Loam cer ee ray 
dx x-ldv x-Il 
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Here P + Qr =0. 
y =Xis a part of the CF. of the solution of (1). 


. dy ay. 
Putting y = vx and the corresponding values of PF and ao in (1), we get 


a7 +(2- se so} 


dx? x x-l)dx Xx 

dp (- x } xr-1 ( *} 

La = h Sea 
or ole aaa 7 ee agers 


which is linear in p. 


2 x 2 l 
£__* lay = 1) a 2 
ines (2 = = i(? Ey ae = ¢2 log x—x-log (x-1) x et. 


dv 1 (- a 
or Selo Pe [= a5 6 
x 


Integrating, we get 


1 es 
p=-xX-—+¢, —€° +0¢9. 
Xx Xx 


The complete solution of (1) is 


yoms— x -l+ee* + cox 


or yy =cye* +egx - (1+ x). 


(Comprehensive Exercise 1 


Solve the following differential equations : 


(Kumaun 2012) 


ge v-182| 
2 
o (w- x) £2 0-29 240-3442) yoda. 
dy 
6. B-x) 2-0-4 2+6-3y) y=0. 
eg es) ay 
dy dy 3 
7. X= + (4-2) -2yax. 
dx (Kanpur 2011) 
a? dy . 
8. Pea a Re) Yale: 
2. 
9. ri F pa-yZ- yor. 
dx dx (Kumaun 2009) 
10. Solve x yy + xy, -9 y =0 , given that y= x? is a solution. 
2 
ll. Solve SF + (1+ Zcot x=) y= eos x, 
dx x Xx (Gorakhpur 2008, 11) 
given that su is an integral included in the C.F. 
2. _ 
12. Solve (1- x) — x o_ ay =0, given that y =ce“*™ ‘ is an integral. 
ie. 
( Answers 1 
oat 
1. x». 1. & 5 . 
lL. p=-Hxe*t+ice’ (x 4+IP + ce" 
y ae 5 cye” (x + IP tee 
2. yet ee + xe* ing ret + coe" 
9 3 1 2 
3. pax™® +e x7e* + ce" 
4. =~ = (sin 2x -2c08 2x) + cy (sin x — cos x) + c9e* 
53: yanrat sare toe" 
6. y=cer* (4x7 —42x7 +150x-183) + ce” 


7. y= t(q -3) 27 -2 (4 -3) (x-) te &* 


10. 


y=—cyxe* — xe* + e* fex — ]) log (2x - 1) dx 
—2e* fte?*ex - pe log (2x — 1) dx|dx + cy e* 
—x 
y=e" log xtc oe [de +ey e 
x 


j= qx + cox? 
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11. ya ee a - flogsin.sar] +0 a 
inti x a ee 
12. ya |- ghee! * +09] Xx 


A Removal of the First Derivative 
(Reduction to Normal Form) 


(Agra 2007; Gorakhpur 05) 
If we are unable to obtain a part of the C.F. of the solution of the differential equation 
d? 
<p + P+ Qy= R, (1) 
then we cannot solve (1) by the method given in article 2. In such cases the equation 
(1) can sometimes be solved by reducing it into the form in which the term containing 
the first derivative is absent. For this we first change the dependent variable from y tov 
in the equation (1) by putting y = uv, where u is some function of x. 
2 2. 2 
Then a pee Be yy as Oe gg Oe ele 
dx dx dx dx dx? dx dx dx 
2 
Putting the values of y , o oe. in (1), we get 
dx dx 
du dv du d?v 
dx dx dx dx 


or u—z tu 


2, Z 
oa [ Pca CLAP le =R. 
dx L u dx | dx 


or logu=—> | Pax or u=e 2 (3) 


Now the equation (2) becomes 


But from (3), —=- = Pu, 
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-lp2,_-1,@. 
4 2 a 
Putting these values in (4), we get 
2. 
ae ee ee | ee 
a |4 2d °° 2 |" re 
[ f ] Lip de 2 
or Lae as “Ree or eer, 
dx 4 2d As 
1 
where 26222 212 aay=Re 
2dx 4 


The reduced equation (5) may easily be integrated. The equation (5) is called the 
normal form of the equation (1). 

Note: The students should remember the values of u, X and Y. They can write the 
reduced equation (5) directly. 


hiueveative Examples 


2 
2 
Example 9: Solve ay —4x aw + (4x7 -1) y=-3e* sin2x. 
dx dx (Rohilkhand 2001; 


Meerut 05; Agra 07; Gorakhpur 09; Garhwal 10B, 15; Kumaun 06, 13) 


2, 
Solution: Here P = —4x,Q= 4:2 —1,R=-3e* sin2x. 


el : 1 dx po) 
We choose u = ¢ ge ee ; 


Putting y = ur in the given equation, it reduces to its normal form 


dv 
sz +Xv=Y, (1) 
where Nee2 hr 247 1-H Ge =i 
2dx 4 2 4 
LIP dv 2 2 
and Y = Re2 earn. sin2x-e* =-3sin2x. 


Hence the normal form (1) of the given equation is 
2 
+ v=—3sin2x or (Db? +) v=—-3sin 2x. vee(2) 


Now (2) is a linear differential equation with constant coefficients. 


A. ism? +1=0 3m? =-lo>m=ti. 
C.F. of the solution of (2) =c, cos r+co sinx. 


I =3 
—3sin2x)= 
Dal! ) a 1 


the solution of (2) is v=c) cos x + cy sin x + sin 2x. 


P1.= sin2x =sin 2x. 
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Hence the general solution of the given equation is 


yeuv=e* (c] cos X + cg sin x +sin2x). 


2 
Example 10: Solve ay —2tanx a +5 y =secx eo. 
dx dx 


(Agra 2006; Gorakhpur 06; Kanpur 09; Garhwal 10) 


Solution: Here P = — 2 tan x,Q=5,R=e* secy. 


1 
—-=[P dv ee - 
J 2 ftan xdv elO8 sec x 


We choose u=e 2 = sec xX. 


Substituting y = uy in the given equation, it reduces to its normal form 


d’y 
Pelee (1) 
where Pa0es oP a ee ae eG 
2dx 4 2 
LiP. : 
and Y = Re2 ee =e sec x (sec xy! =e" 


Hence the equation (1) is 


dv x 9 x 
Gee or (D* +6)v=e". vac(Z,) 


AE. is m2 +6=0 =m=+V6i. 


C.F. of the solution of (2) =c, cos V 6x + cg sin V 6x. 


the solution of (2) is v= c, cos V 6x + cy sin V 6x + - es 


Hence the complete solution of the given equation is 


y = uv =sec x (cy cos V6x +9 sin Vox+ Ze"). 


ey 1 dp 1 1 6 
Example 11: Solve “+ Ty P+ (yy - ae - 5) =0. 
BREE Here P= x72, Q =I : S R= 


47/3 6x38 2’ 


it .  _Lry-IBy 3.28 
Wechoeewse 2 “ag2" ea. ‘ 


Substituting y = up in the given equation, it reduces to its normal form 


dy 
Fela (1) 
where an 6 eg 
2d 4 
as. il 1 6 1 1 473 1 9/3. 6 
4° 648 2 2 ci — Oye? 
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1 . 
and VaR 26, 
Hence the normal form (1) of the given equation is 
dv 6 d?y 
a oe or > -6r=0, ...(2) 


which is a homogeneous linear equation. 


In order to solve it, putting x= e*, the differential equation (2) becomes 
[D (D -1)- 6] v=0 , where D=d / dz 
or (D? -D-6)v=0. 
AE. ism —m-6=0, giving m=—- 2,3. 
the solution of (2) is v= cye7?? + ce? = Cx? + 69x. 


Hence the complete solution of the given equation is 


at 2/3 = 
Se (ex +eg2"); 


J =uv=e 

a d 2 

Example 12: Solve — — 4x < + (427 -3) pee 
(Gorakhpur 2005, 07; Lucknow 09; Garhwal 11; Kumaun 12) 


2 
Solution: Here P = — 4x,Q =4x* -3,R=e . 


1 


-= {P dx ode 2 
We choose wy = ¢ g IP ae [2xdr yt 


e 


Substituting y = uy in the given equation, it reduces to its normal form 


d?p 

lla (1) 
where 5 6 er ce | 

2dx 4 
LiP. 

and y2Re°" iF 
Hence the normal form (1) of the given equation is 

d’y 

“2 ~v al or(D* =D v=l (2) 


AE. is m? -1=0 ,giving m=+1. 


C.F. of the solution of (2) =c] e* +cge™. 


l l Ox 1 Ox 
P.1.=—— (l= eo = — fF == 1, 
pa” pp =] i =] 


the solution of (2) is v=c, e* +c9¢* -1. 


Hence the complete solution of the given equation is 


ae ; 
youv=e* (cye* +c9¢ *-1). 
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Example 13: Solve a’y + 2x & + (x2 +l) y= ve 4+3x 
: es) . 
Solution: Here P =2x,Q=x* +1,R=x(x" +3). 
el " ’ 
We choose u=e 2 es ee, 
Substituting y = uv in the given equation, it reduces to its normal form 
Ov Yyey l 
ee 
where 20st SP eG 
2dx 4 
L{P dv 2 
and Y = Re?! “ax(x2 +3)e" ?. 
Hence the normal form (1) of the given equation is 
ay 9 3) er 2 9 
ae +3)e . s2(2) 


Integrating (2), we get 
o af oF de+3 [ret dete 


2. y 
ale (e" dees fret Parte 
2 6 Zz 2 
=x" 2 -2] xe" Pav +3 [xet ae + cr, 


integrating the first integral by parts 
ae ge 4 ae 
Integrating again, we get 
y= fer Pax + fer Par + ¢)X +69 =X res CyX +C9. 


Hence the complete solution of the given equation is 


3 
youv=xt(extegje* @. 


Py lal 
ES Solve 5 9 a at 


(x + x1? -8) y=0. 
1 
2 


Solution: Here P = - JQ a igag'? 8), R=0: 
x 4x 


-lipde lyr fa 1p ; 
Wecwoeuse 2 = @! met ae'* | 


Substituting y = ur in the given equation, it reduces to its normal form 


2 
a+ Xr=Y, (1) 
; 1dP 149 2 
where a iar marae es 
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LiP. 
and YoRe <0, 
Hence the normal form (1) of the given equation is 
dv 2 dy 
a +»(-)=0 or x oy 2v=0. ...(2) 


This is a homogeneous linear equation. 
Putting x = e*, the differential equation (2) becomes 
{D(D-1)-2}v=0 or (D*?-D-2)v=0, 
where D=d / dz. 
AE.is m*?—m-2=0 or (m—2)(m+lI)=0. 
m=2,-1. 
Thus the solution of (2) is v= ¢, e7? + ee = cx +9x1. 
Hence the complete solution of the given equation is 


Vx 


yruv=e cx" +c9x +). 


(Comprehensive Exercise 2 


Solve the following equations by removing the first derivative : 


2 
i, 28? ry Za? +2x+2) y=0. 
dx (Garhwal 2000; Bundelkhand 01; Kanpur 08) 


2, 
2. TF 4 Par 1) y=-3e* (sin 2x + 5e2* +6). 


dx? 
2 
3. Spo Ps (l4 5) pane’ 
dx dx (Kanpur 2009; Garhwal 14) 
4. & (cos? 2) + y cos” x=0 
ax (Rohilkhand 2007) 
2 
5. BY ge Opp at 
de 0x dx (Agra 2008) 
6. v(x Z-y)-21Paryeey =o. 
dx dx dx (Rohilkhand 2008) 
dy 2 dy 2 2 
7. —y--= + +>] y=0 
dex dx (« =] 
2 
8. [r+ cot x 42(Py tan] =sec x. 
dx dx (Garhwal 2008) 


9. x2 (log a2 42 dy _ ae 3 
: g x) res et See wg a 2 (log x)°] y = 4° (log xy. 
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2 
{02 =o ago 2 p=0. 
dx? dx (Agra 2008) 


— 
f 


( Answers 2 


Ws 


Ll. y=xe" (cjx +09) 

2 . 
2. y=e™ (c cos x+cy sinx +sin 2x —-3e* - 18) 
3. Y= x(q cos xtey sina + Se") 


4. y=(c, cos V2x 4+ cg sin V 2x) sec x 

Ds yp =e cos (1 + cq) or yantae™ + coe") 
Xx 

6. y=x(c, cos x + C9 sin x) 

7. y=Xxc,cos(ax+c9) or y=x (cy COS av + Cy sin ax) 
Il 

8. Jae ae re Ose 


-1 


9. y = {ex +¢9Xx +i log x} . log x 


10. y= (sec x). {c, cos V 6x +c sin V 6x} 


5 Transformation of the Equation by Changing 
the Independent Variable 


Sometimes the equation may become easily integrable by changing the independent 
variable. 


Let the linear equation of second order be 


d? 
a+ Pa -+Qy=R alt 
Let the independent variable be changed from x to z with the help of a relation of the 
form z = f(x). 
2 2 2 

Thea oe fp #y (dey oe 

dx dz dk’ dk dz~ \dx dz dx 
Substituting these values in (1), we get 


a? y (#) dy dz [dy dz] 
(| oe +P + R 
dz* \dx dz dx lade dx ax | Qy= 


dy (dzy , dy 
os aay R 
° dz? (€) dz [ ° «| ee 
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, dz ple 
Oe cd 
or d aa eB, ae eee 
“3 “@ @ 
dx dx dx 
or a “Fee 2 + Qy= Ry ...(2) 


dz2 


d (“) dzY 
where Pi = (oe 8) [e) ,O7= o/(#) band 8, =#/ (4). 


Here P|, Q; and R, are functions of x and may be expressed as functions of z with the 
help of the relation z = f(x). 


How to choose z? We would like to choose z in such a way that the equation (2) can 
be easily integrated. 


Case I: Let us choose z in such a way that P; vanishes i.e., 


2 
Ly eae => “(Z)+P Z=0 
dx dx dx \ dx dx 
= Fae ya = [fea 


Then the equation (2) is reduced to fy +Q,y=R,. 

Now this equation can be easily solved, if 

(i) Qj isaconstant because then it is a linear equation with constant coefficients, 
(it) Qy)is ofthe form (constant)/z” because then it is a linear homogeneous equation 
with variable coefficients. 


Case II: Suppose we choose z such that 


Q\= Q z= +a? (ie,a constant) 
() 
dx 
or aZ-VEQ or az = [V(t 


(+ ive or- ive sign is taken to make the expression under the radical sign + ive). 
With this choice of z, the equation (2) is reduced to 


ay dy 
+P, + R 
Ee es i Pa 1: 


This equation can be easily solved if FR, comes out to be a constant because then it 
is a linear equation with constant coefficients. 


Note 1: Students should remember the values of P}, Q; and R; in equation (2). 


Note 2: There are only two choices for z, either P} =0 or Q) = a’. Sometimes it is 


possible to make both the choices to get the solution of the given equation. 
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hinstrative Examples 


2 
Example 15: Solve x ae 4x y = 8x sin x’. 
dx dk 


(Meerut 2004, 13B; Garhwal 09; Agra 05; Gorakhpur 09; Kumaun 08, 11) 


Solution: The given equation written in the standard form is 
PY ND 25292 sin? 
— - 4A yp = 8x" sin x”. iee(1 
de xd 7 


Here P=-I/x, Q=-4x", R=82x sin’. 


Changing the independent variable from x to z by a relation of the formz = f(x),the 


given equation is transformed into 


a 
arta Ri, 2) 
ce Zz dz 
a, 
Q R 
where =. RS 
“a ye 
dx dx 
Choosing z such that Q, = — 4x” = constant = —1 (say), we have 
e ' @/ae? ve 
(dz /dx) = 42. “ dz/dx =2x >z=x. 
2- Z -2x 
Now P,=—%—=0,R) =2sinx =2sinz. 
Ax? 
The transformed equation (2) is 
dy 2 
uo 2sinz or (D*-l) y=2sinz. aae(3) 
z 


AE. is m? -1=0 > m? =1>m=t4l. 


C.F. of the solution of (3) =c, e* +c9e~. 


Pi,.= 2sinz = sinz =-sinz. 


I y) 
Dp =i shed 


Solution of the equation (3) is 


yrce’ +e9e~° —sinz. 
Hence the complete solution of the equation (1) is 


2 


~~ 5 
yee” +¢9e% -sin x. 


2 
Example 16: Solve ames + cot x a +4y cosec?x =0. 
dx dx 


(Meerut 2001; Agra 06; Gorakhpur 05) 
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Solution: Here P = cot x,Q=4 cosec? x, R=0. 


Changing the independent variable from x to z by a relation of the form z = f (x),the 


given equation is transformed into 


a 
“Fey 2 +t Qiy=R, uti 
dz 
2, 
eee Q R 
where Pp = 0, = — sk Se 
(ey (eS) 
dx dx dx 
4 cosec? x 
Choosing z such that Q; = ———,- = constant =1 (say), we have 
(dz / dx) 
(dz /dxy? =4cosec* x 
or Ln, roe or z =2 log tan~- 
dx 2 
New ee BONE G7 <0, 
4 cosec* x 
the transformed equation (1) is 
a ay 
-+y=0 or (D* +l) y=0. nl 
dz? 
AE. ism +1=0 3m? =-loa=m=ti 


Solution of the equation (2) is 
yHe,cosz+cgsinz. 


Hence the complete solution of the given equation is 


y= cy cos (2 log tan *) +¢9 sin (2 log tan ), 


2 
Example 17: Solve cos x a + sinx y -2y cos? x =2 co x. 
dx dx 


(Meerut 2006; Rohilkhand 07; Agra 07; Avadh 11; Purvanchal 06, 10) 


Solution: The given equation can be written in the standard form as 


2) 
*Y 5 tanx 2-2 cos 
dx? dx 

4 


Here P = tan x,Q=—2 cos” x,R=2cos” x. 


2 y=2cos* x. ..(1) 


Changing the independent variable from x to z by a relation of the form z = f(x), 
the given equation is transformed into 


a dy 
art tOy= Ri, 22) 
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where Pi = 


—~2cos? x 


(a asp = constant = — 2 (say). 
> dx 


Let us choose z such that Q) = 


dz\ 2 dz 

Then (=) =COS Xx or — =COS X or Zesin x. 
dx dx 

Now  P, =0,R) =2cos* x =2 (l-sin’ x) =2 (1-27). 


The transformed equation (2) is 


dy 2 
—-2y=2(1-z ealS 
rea) ( ) (3) 
AE. is m* -2=0, giving m=+ V2. 
C.F. of the solution of (3) = c, eX? 4 coe 22, 


-l 
sens =i oe ey 2 
Bho y=- [1-2] (l-z*) 


=~ (45D? te)laz4) == 0-27) 45-2=27. 


The solution of the equation (3) is 


V2 \2 2. 


yproee +e9¢ 7 +z 


Hence the complete solution of the given equation is 


ye ce” sinx + coe X2 sin x "7 sin2 4: 
@y asd 9 I 
Example 18: Solve x° —2+3x% 2 +a*y=—- 
” dx? qo (Garhwal 2001) 


Solution: The given equation can be written in the standard form as 


Here p=2,Q=",R= =. 


To solve this differential equation we change the independent variable from x to z by 


choosing z such that 


Q ce 2 
(dz /dxe = (dz [axe = constant = da (say). 
dz’ dz 1 P 
Th —| =— fC —=—> q =—1/(2x*). 
en (=) 76 or a or Zz /(2x*) 
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Now by the substitution z = — 1/ (2x* ), the given differential equation is transformed 
into 
yp 
ee eae J = R,, where 
az +P dz 
me de _ (-3/x*) + 8/9) /2") =f 
dz Jee (dz /dxy 
Q is R i i 
| aera a 5 a eg 
(dz /dx) (dz/dxy  \/x? x 
the transformed equation is 
ayo ee 
7 +a y=-2z or (D' +a") y=-2z. (1) 
dz 
The C.F. of the solution of (I) = c) cos az + ¢y sin az. 
-l 
I 1 fg EY 
aa ee K29=4,(16 2 (-2z) 
1 oo ) 1 
== /1-— D* +...|(-2z) = (-2z 
=(I-3 (-22) = (-22) 


the solution of the equation (1) is 


‘ 1 
J = C1 COS az + Cy sin az — — + 2z. 
a 


Hence the complete solution of the given equation is 


=C cos “sc ieee 2 
a 2x = 2x ae? 
or =¢ Eo ee sin =z 
ene 2x 2 2x ae? 
2 
Example 19: Solve $+ (tan x= 1? Pan (n-1) y sect x=0. 


Solution: Comparing the given differential equation with the standard form 


w, 
<p + PP + Qy = Rowe have 


P =(tanx iy, Q n(n-1) sectx, R=0. 


To solve the given differential equation we change the independent variable from x to 
z by choosing z such that 
Q _ -n(n-I) sect y 


—__< = constant = — n(n — 1), say. 
(dz / dx) (dz /dx)* ee 


2 
Then (=) =sect x or x =sec’ x or zz=tannx. 
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Now by the substitutionz = tan x,the given differential equation is transformed into 


2.72 a R,, where 


dz 2 
dz plz 
_ ade dx. 2 sec” x tan x + (tan x —1) seer _4 
(dz [dee sec? x 
1 = n(n - ID), nee 
(dz /dx) (dz /dx) 
the transformed equation is 
2 
£I 49 nit) y=0 or {D? +D-n(n-1)} y=0. se) 
dz dz 
A.E. is m +m—n (n-1)=0 or (mt+n){m—(n—-1])}=0. 


m=—-n,n-l. 


the solution of the equation (1) is 
ye ce” + ge DF, 


Hence the complete solution of the given equation is 


ye a + eye! 


(Comprehensive Exercise 3 


n—l)tanx 


Solve the following equations : 


2 
1. af. (3 sin x — cot go vise x= 67 8* sin? y, 
2 : 
2, FF a4 4gety D4 3Pty = 2), 
diz dx (Gorakhpur 2008, 11) 
a’ y l\dy |, 2 2x % , 34 3% 
3. Hy +(1-2)P +4 eT HA 4+ x?)e?*, 
dx? x) dx J ( (Rohilkhand 2006) 
2 2 2 
4 @2-2)f%_ 2 8 ~ y=0. 
dx x dx a (Bundelkhand 2001) 
dy 1 dy 9 4 
5, OY AD aye 
ae = 2 ALK J x 


2, 
7. (1+x) ys dat 2 odes oem. 
dx dx (Gorakhpur 2010) 


o-r86) 
9. 


10. 
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8) yo 4 De wy= 0. 
dx? dx (Kumaun 2010) 


2 
(l+ x2) “Pander Daay=0. 


a 
‘ 


\ Answers 5 
4 


1 — COS X 


1. i las 
2. yece” tage” =e" 
3. y=c, cos {2e* (1+ x)} -— cg sin{2e™* (1+ x)} +e* (1+ x) 

2_ 2) y= 
4. J =, cos Vat - x) +¢» sin V(@ -**) 

Va Va 
5. y=c, cos (x? bo) toe 

2 
6. y(cy tex") e7 2 
7. y=c, cos {log (1+ x) + cg} +2 log (1+ x) -sin log (1+ x) 
8. pace OS* + cneS* —cos x 
9. y=c) cos (= +6) 
i 

10. y=c; cos (2 tan”! x) + cg sin (2 tan”! x), or y (1+ Y) =c, I- r) +2 cox. 


6 Method of Variation of Parameters 


Now we shall discuss an elegant but somewhat artificial method for finding the 


complete primitive of a linear equation whose complementary function is known. 


Let the linear equation of second order be 


a2 d 
“yt a D+ Qy=R. aA) 


Suppose y = Au + By is the complementary function of (1), where A and B are 


arbitrary constants and uv and vare functions of x. Then y = Au + Bris the solution of 


or 


(Aun + Bry) + P (Amy + By) + Q (Au + Br) =0 
A (ug + Pu, + Qu) + B (rv) + Py, + Qr) = 
ug + Pu + Qu=0 and vy. + Py + Qv=0. s4a(2) 
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Now, suppose that 
y= Au+ By pa €))) 
is the complete primitive of (1) where A and B are not constants but functions of x, so 
chosen that (1) will be satisfied. 


Differentiating (3), 
o. = Aju+ Biv + Au + By. 


Let us choose A and B such that 
Ayu + Biv =0. ..(A) 


d 


dy es 
Then ra Au + By, and os = Au) + By + Aym + By. 
IX AX 


Putting these values in (1), we get 
(Aug + Bry + Ayu + Byy,) + P (Au + By,) + Q (Aut Br) =R 


or A (ug + Pu, + Qu) + B (rv + Py, + Qv) + Aym + By =R 
or Ayu + Byy, = Ry, [using 2] ...(5) 
Solving (4) and (5), we get 

Ay = a. and B, = “ , which on integration give A and B. 


uyv — hail VU — Vuy 
A= pas +c, and p= [tae +¢9, 
UyP — UY Vu — VU 
where cy; and cy are parameters. 
Substituting these values of A and B in (3), we get the complete primitive of (1). 
Note : Since the general solution is obtained by varying the arbitrary constants of the 
complementary function, therefore the method is known as method of variation of 


parameters 7 


7 Wronskian Method 


Alternate method to find C.S: 

Consider the linear equation of second order 

a d 

at? J Qy=R. atl) 
The P.I. of (1) is given by 


Pl. =-u| arr WS ir =— 0 f—* der f “ate, (2) 
W WwW UV, — VUy UV, — Vy 


where u and pv are defined by the C.F. of 


a 
“ppt + Qy=0 a3) 


ie., by y=c, u+cgv,where c, and cy are arbitrary constants 
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v 
is called the Wronskian of u and y, also written as W (u v). 

ed 
C.S.=CF+P.1L 


Note : The method of variation of parameters must be used, if instructed to do so in the 


and W = 


question. 


hiustrative Examples 


Example 20: Solve by the method of variation of parameters 
& 

—- +4 y =4 tan2xy. 

ax (Rohilkhand 2001, 11; Lucknow 09; 

Garhwal 05; Kumaun 06, 13; Avadh 05; Meerut 04B) 


Solution: The C.F. of the given equation ie, the solution of the equation 
2 


ay. +4 y =0 is 

dx 

y =¢, cos 2x +¢y sin2x, where c; and co are constants. 
Let y= Acos2x+ Bsin 2x (1) 
be the complete primitive of the given equation where A and B are functions of x, so 
chosen that the given equation will be satisfied. 


Then WY ...5:AGn eho Dass dud" dosna Gas, 
dx dx dx 
Let us choose A and B such that 
ES oea nee: ...(2) 
dx dx 
dy : 
Then oo er ree ores 
2 
and OY An ov 42 B cosax- 4Acos 2x —4B sin 2x. 
dx dx 


Putting these values in the given equation, we get 


On eens andy 
dx dx 
or eine veaede = tan2x. ...(3) 
dx dx 
Solving (2) and (3), we get 
dA 2sin?2x dB 


— = — —— _, — =2sin2y. 
dx cos2x ax 


Integrating these, we get 


Az=—2 | S708 29 cos? 2x) ddr +0) =~2 f Gee 2x—cos 2x) de +¢ 
cos 2x 


— log (sec 2x + tan 2x) + sin2x + cy 
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and B=-cos2x +c. 
Putting the values of A and B in (1), the complete primitive of the given equation 
is 
y =e, cos 2x + cg sin 2x — [log (sec 2x + tan 2x)]-cos 2x. 
Alternate method to find P.L.: 


Here u=cos 2x,v =sin2x, R=4 tan2x 


u v cos 2x sin 2x 
and We — = 
uo oY —2sin2x 2cos2x 
The Bite l “acy (“a 
WwW 


=-cos2x fe sin 2x tan 2x dv + sin 2x fe cos 2x tan 2x dv 
=-—2cos 2x | (sec 2x —cos 2x) dv + 2 sin 2x | sin 2x dx 


=—cos 2x [log (sec 2x + tan 2x) — sin 2x] —sin2xcos 2x. 
=-—cos 2x log (sec 2x + tan2x). 


Hence, the C.S. is y =c, cos 2x + cy sin 2x — (cos 2.x) log (sec 2x + tan 2x). 


Example 21: (i) Solve by the method of variation of parameters 


dy ody 
<7 22 
a 


Solution: First we shall find the C.F. of the given equation ie., the solution of the 


+ y=e" log x. 


equation 
2 
TS of yet or Gorey rad: 
AE. ism? —2m+1=0 or (m =i" = 0, giving m=1,1. 
C.F. is y = (cy +c x) e*. 


Now assume A and B as the functions of x in such a way that the given equation is 


satisfied by 
y =(A+ Bx) e* = Ae* + Bre*. (1) 
ae Ae* + B(e* + xe") +e" ge 
dx dx dx 
= Ae* + B(e* + xe*), assuming e* mA + xe* BB 0. ...(2) 
dx dx 
2 
— = Ac’ + B Qe" +20") +e" Saleh exe) S, 
i : 
Now putting these values in the given equation, we get 
dA dB 


en te t+ x)=" log x. ...(3) 
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Solving (2) and (3), we get 
an ond =i x 

§ rs B+. 


Integrating these, we get 


2 2 
Aa Jrlog.rdesey=-[ Flog fF Sar] +0 
Xx 


) 
=- Yo fem +¢ 
ae © ie 


B= | log xd +e = rlogx- [ordre tey =xlogx-x+¢. 
Xx 
Putting these values of Aand Bin (1), the general solution of the given equation is 


2 
pane [Fog s-E +a] +xe" (x log x-x +c) 


= (cy + ¢9Xx) e* ae (2 log x -3). 


Alternate method to find P.I. 


Heteuae verve R=e logx 


and W= ae s Ae =e* 
m My} Je* (L+x)e* 
Thus PJ.=-u Lee ae 


J x xX x 
- xe" -e* log x fe -e logx 
=-e* EE te + xe? es 
2x 2% 


=—e* [vlog xdr + xe* [log x dx 


2 2 
ange |B ae a = (23 
=-¢ [Sto J- Far] eae (elo Jc vd) 


Dt 
-- [Fons F exe (log x= 2) = 77" (2 log x-3). 


Hence, the C.S. is y = (c, + cox) e* + ~ vet (2 log x -3). 


Example 22: (ii) Solve by the method of variation of parameters 
2 
d 
fF 4 2 y = sec nX . 
dx? (Meerut 2003, 07; Gorakhpur 11; 
Garhwal 07, 11; Kumaun 09, 12; Lucknow 10; Avadh 09, 10, 13) 


Solution: The C.F. of the given equation i.e. the solution of the equation 


2 
“Pay =0 is 


J =¢ Cos nx + co sin nx, where c; and cy are constants. 
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Let y = Acos nx + B sin nx 


Pea 


be the general solution of the given equation where A and B are functions of x, so 


chosen that the given equation will be satisfied. 
Then oe =— Ansinnx + Bncos nx + as cos mx + aes sin mx . 
dx dx dx 


Let us choose A and B such that 


dA dB, 
— cos mx + — sinnmx =0 
dx a. 


Ix 
dy : 
Then —=-— Ansinnx + Bncos nx 
dx 
wy) 
d : dA , dB 
and ss =— An? cos nx — Br? sin nx —n sin nx +: — cos nx. 
dx dx dx 


Putting these values in the given equation, we get 
dA. dB 

—n—sin nx + n — cos nx = sec nx. 
dx dx 


Solving (2) and (3), we get 


dA 1 dB 1 
—=--—tanmx and —==--. 
dx n dx 


Integrating these, we get 


1 x 
ee EOE eo as 


Putting these values of Aand Bin (1), the general solution of the given equation is 


: 1 x. 
J =¢, Cos mx + co sin nx + — cos mx log cos mx + —sin nx. 
n n 


dy 


Example 23: Apply the method of variation of parameters to solve ae + y= tan x. 


Solution: The given differential equation is 
—>+ y=tanxy or (oe +1) y=tan yx 


AE. is m2 =-1 or m=tHi 


C.F. is y= Acos x+ Bsinx 


Here u=cos x,v=sinx,R=tanx 


2 2 


and W =uy - uy v=cos’ x+sin® x=] 


Pl. =- | saver ae. 


2 2 


We have [a--| a i= | sin x ar=—| l1—cos* x 


COS X COS X 


= [ (cos x-sec x) dx = sin x — log (sec x + tan x) 
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and de = f SORES f sin x de = cos x 
WwW 1 


P.I.=[sin x — log (sec x + tan x)]cos x —cos x sin x 
=-—cos x log (sec x + tan x) 


Hence the complete solution is y = Acos x + B sin x — cos x log (sec x + tan x). 


Example 24: Solve by the method of variation of parameters 


> & d ; 
xv SP eZ yare’. 
dx (Rohilkhand 2006, 11; Purvanchal 06; Meerut 07; 


Garhwal 01, 10; Gorakhpur 06, 10; Lucknow 08, 11; Avadh 14; Kanpur 15) 
Solution: First we shall find the C.F. of the given equation i.e., the solution of the 


equation 
ay iW 
This is a homogeneous linear equation. Putting x =e’, the differential equation (1) 
becomes 
{D(D-1)+ D-1} y=0,where Det 
Zz 
or (D? -1) y=0 


whose solution is _y =c) e* +¢9e~. 


solution of (1) is _y = cx + ¢9 Le 
x 
Let pay er to) 
7 


be the complete primitive of the given equation where A and B are functions of x, so 


chosen that the given equation will be satisfied. 


Then Ly Neer on 
dx x dx x dx 
Let us choose A and B such that 
dA 1 dB _ (3) 
dx x a 
dy B d’?y dA 1 dB. 2 
Putting these values in the given equation, we get 
dA 1 dB_ sy, 
pene (A 
ix ode . 
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Integrating these, we get 


2 


Aa ee md. Benes et + xe" —e* +09. 
2 2 


Putting the values of A and B in (2), the complete primitive of the given equation 
is 
C - ae 
yrextte® ——e%, 
Xx x 


Example 25: Solve by the method of variation of parameters 


dy ay 2 
t-x) aD yaa-x. 
C=3) de ae ee) (Kumaun 2011) 


Solution: First we shall find the C.F. of the given equation i.e., the solution of the 


equation 
hag 6 

or aed ee =0 (1) 
dx* l-xdv l-x 


Here P + Qr =0. 
: y =x isa part of the C.F. 
Putting y = vx in (1), the reduced equation is 


d?p Xx 2\dv 
—z +|— + —|— =0 
dx l-x x)dv 
or BD a, - 42 ioe ee 
dx \l-x x dx 
or a -l- d se p=0O or a jg o2 dx . 
dx x-l x p ea 2x 
Integrating, log p= x + log (x — I) —2 log x + log c, 
dv cy (x-l)e* 1 
or a ee eo e* 
Integrating again, we get 
yao, | (2-<p]e* deen or valet tes 
x 5 x 
solution of (1) is y = vx =c) e* + cox. 
Let y = Ac’ + Bx ...(2) 


be the complete primitive of the given equation where A and B are functions of x, so 


chosen that the given equation will be satisfied. 
Then O ang epee May 
dx dx dx 


Let_us choose_A and B such that 
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pees peP gy: ...(3) 
dx dx 
2 
Then D _ Ag +B and a Le a 
dx dx? dx dx 
Putting these values in the given equation, we get 
+ dA dB 
eo —+—Hl- oF (4) 
dx ax 
Solving (3) and (4), we get 
aA __ yx and By 
dx dx 


Integrating these, we get 
Az=(l+x)e7* +c, and B=x+co. 
Putting the values of A and B in (2) the general solution of the given equation is 


yao et teoxntle xt’, 


Example 26: Solve by the method of variation of parameters 
dy dy 


—7 + (1- cot x) =-— y cotx= sin” x. 
dx (Kumaun 2008; Garhwal 12) 
Solution: First we shall find the C.F. of the given equation i.e., the solution of the 


equation 


ew) 
“J + (1-cotx) 2 ycot x=0. (L) 
Herel-P+Q=0, «. y =e isa part of the C.F. 


Putting y = ve“, the equation (1) reduces to 
2, 
d, 
Hy ~ (+ cot x) 2 =0 or P (1+ cot a) p=0, where p= 2 


or Et A nenp dy. 
P 


Integrating, log p= x + log sin x + log ¢,. 


v 8 
p=—=cye* sinx 
dx 


or yao, fet sina de + ey =e) 50" (sin x~ cos x) +09. 
the solution of (1) i.e., the C.F. of the given equation is 
yee * =e 7 (sin x —cos x) +¢9e". 
Let y = A(sin A-cos x) + Be™* As(2) 


be the complete solution of the given equation where A and B are functions of x, so 
chosen that the given equation will be satisfied. 


o. A (cos x + sin x) — Be* + ~: (sin x — cos x) + ae 
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Let us choose A and B such that 


& (sin x cos x) +e =0. ...(3) 


i A (cos x +sin x) — Be* 


2 
and aes ae (cos x + sin x) - ap e* + A(-sin x +cos x) + Be™. 

dx dx dx 
Putting these values in the given equation, we get 

dA hes a a ee 

— (cos x + sin x) - —e” =sin* x. ...(4) 

dx dx 
Solving (3) and (4), we get 

ay and ODE Paces sin Xx). 

dx 2 dx 2 


Integrating these, we get 


A eee 
2 


and B=z fe* (sin 2x —1+ cos 2x) dy + c9 
x x x 
aioe tee Ons I~ eee 
4 5 4 4 5 


et et 
= 20 (3 sin 2x — cos 2x) - zoe 


Putting the values of A and B in (2), the general solution of the given equation is 


y =c (sin x —cos x) + c9¢* — — (sin 2x —2 cos 2x). 


(Comprehensive Exercise 4 


Solve the following differential equations by the method of variation of 


parameters: 
L 
I = + y=x 
dx (Agra 2007) 
& 
2s —s + avy =cosec ax. 
dx (Kumaun 2010) 


2, 
3. 2 #Y _oxdty DZ 4204+) yor 
dx dx (Gorakhpur 2007; Garhwal 13) 


(Garhwal 2002, 08) 
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2 
6. (x +2) 49 Ores) 249 p= Gane: 
dx? dx (Garhwal 2009) 


Ae 
va fF. y =cosec x. 
dx (Purvanchal 2007, 10; Kumaun 14) 
2 
g oy ye 2 
x 
dx” l+e (Agra 2008; Gorakhpur 05; Purvanchal 09; Kanpur 07, 14; 


Kumaun 07, 15) 
9 my -— y=e-N)(2 -x+)). 


ya * 


( Answers 4. 


\ 
ee 


y=e,cosxt+cg sinx+x 


: Xx Ih gs , 
2: ee ee 
a 


e 


w 
1 

3. yreyxtcgxe* -= ao 
4. = “(cj COS¥+Cy9 SiNX +X 

J (l— x) (¢] 2 ) 
5. y=e, (V0-27)4+ xsin! x] +eq x- (4/9) 0-2 P? 
6. y= (2x4+5) +09 &* - 
7. y=c, cos x+cy sinx—xcos x + sin x log sin x 

P 

8. y=cye*+c9e* +e" log f = |- 1-e™* log (l+e") 


9. =a) e* +eox—-(1+ 2”) 


8 Method of Operational Factors 


In some cases the method of operational factors easily solves the equation. 


Let the linear ia of second order 


a 

= r+ PS +QeR, 
be expressed in the form ey =R 
or fi (D) fo (D 


ie., f(D) can be resolved into a product of two factors f|(D) and f5(D), such that, if 
f2(D) operates upon y, and then f(D) operates upon the result of the operation, the 
same result is obtained as if f(D) operates upon y. 

Note: With the exception of the classes of equations, the factors of f(D) are generally 


not commutative. Hence a great care is to be taken in writing them in the right order. 
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lnustrative Examples 
Example 27: Solve x ay, (l- x) © oe ew 
p : a “2 yore. 
Solution: In the symbolic form, the given equation is 
[xD? + (l- x) D- I] _y =e*, where D=d / dx 
or (xD +1)(D-1) y=e". (1) 


[Note that here the factors are not commutative because on expansion 
{(D —- 1) (xD + I)} y gives {xD* + (2-—x)D-I} y]. 


Let (D-Il) y=v. a2) 


Then (1) gives (xD + I) v=e* or roaee ge So egpee. 
x 


which is a linear differential equation of the first order. 
Now LF, =e) 0/4 = glog x — y 
x 


_f le _ ox _ ox = 
ye = | x—dv+c, =e +c or preox +x. 
Xx 


Putting the value of vy in (2), we get 
(D-1) y=ex b+ qx} 
a 
dx 
Here LE. =el-® 26, 


1 


or ye ex + qx, which is again linear. 


ye = J (e*x7} + x7!) e* dx t cy 


1 es a” 
-| = de +6) | de + ey =log x +e1 — dx +c. 
Xx Xx Xx 


x 
- A é - 
y=e* log x+ ce" J — dxt+cye", 
x 


which is the required general solution of the given differential equation. 


2 
Example 28: Solve 3x7 — + (2+ 6x- 6x") e -4y=0. 


Solution: In the symbolic form, the given equation is 
[3x* D* + (2 + 6x - 6x") D-4] y =0 
or [3x7 D? +6x D+2D)-(6x" D+4)] y =0 
or [D (3x7 D + 2)-2(3x* D+2)] y=0 
or (D - 2) (3x*D +2) y =0. (1) 


— Krishna's T.B. Differential Equations and Vector Calculus 
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[Here factors are not commutative because on expansion 
(3x2 D +2) (D2) y gives {3x° D? + (2 - 6x”) D-4} y]. 
Let (3x2 D+2) y=p. ads 
Then (1) gives (D - 2) y=0 = 2 _2»=0 
aa 


a 5, > v=cye 
dx 


Putting the value of vy in (2), we get 
(3x* D+2) y=, * 


2x 


ody ax dy, 2 Cy Ox 
or 3x7 = 4+2y=ce° > ++-—5 y= ee 
' dx ee dx gn 7 3x 
f2edv 2-1 2 
LF.=e 3% =¢ =e 3x 


2 2 2 

s-. Of oe 9 2x1-= 
or yHeg i+ dea: | 2 3x a, 
which is the required solution. 


dy dy 3 
Example 29: Solve a a aren =x": 


Solution: In the symbolic form, the given equation is 
[xD? - (x +2) D+2] y=x° 
or (xD -2)(D-1) y=? ally 
[Here factors are not commutative because on expansion 
{(D — 1) (xD - 2)} y gives (xD? - (x +1) D+2} yl]. 


Let (D-l) y=v. sai(2) 
Then (1) gives 


(xD -2)v=x° or Pe ee 
dx 
or ee is linear. 
dx x 
LF ael(-2/s)de = p-2logx — 1 
:F, 7 
e's . 
1 iG 7] 
Viz | dete, =xt cy. 
x x . ; 
par +ox7. 


Putting the value of vy in (2), we get 
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(D-l) y= e+ ex" or # -y=r4 cx’, which is again linear. 
Va 


LF. sel =e, 
yer = J e* (x9 + cx) de t 65 
=— (x? + 27) €* — (8x7 + 2eyx) 6-* — (6x + 2c) 6 * — 6e* + 9 
or ye (2 + x7) — (327 + 2c,x) — (6x + 2c,) — 6 + c9e* 
Sag? = (G43) a ~2 (eG + 3) +2 4 3)45 6" 
or yee = (4 +3) {x7 $2042} + eg e*. 
which is the required general solution of the given differential equation. 
Example 30: Solve [(x +3) D? - (2x +7) D+2] y =(x +3)? e*. 
Solution: The given equation can be written as 
{(x +3) D-I} (D-2) y=(x +3)" é*. (1) 
[Here factors are not commutative because on expansion 
(D - 2) {(x +3) D- J} y gives {(x + 3) DF = (745) D +2} y] 
Let (D-2) y=r. ...(2) 


Then (1) gives {(x +3) D-I} v=(x+3)?e* or (v3) 2 — y= (043? ew 


eit ad v =(x + 3) e*, which is linear. 
dx x+3 
_, ae 
Tee 3 a pvlog(xt3)_ 
x+3 


v- d ={ : (v4 3)e* dv+ce, =e +). 
x43 x+3 


v=e* (x+3) +c (v+3). 
Putting the value of vy in (2), we get 


(D-2) y =e* (vx +3) +c (x +3) 


or o —2 y =e* (x +3) +c (x +3), which is again linear. 


LRe¢ @* =7*. 


| eet (x +3) dv tc J ect (x +3) dv +c 


+ C9 


eel a oe 
=-—(x+3)e* —e* —=¢, (x + 3)e°°* ——ce** 
( ) 5 1 ( ) 41 


or Yaa (eB) ee Fg (e438) — 501 + ene 
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or yon! 40-24 (2x +7) + ege7* 
or ya xe* —4e* + A(2x+7)+ Be?, 


which is the required general solution of the given differential equation. 


(Comprehensive Exercise 5 


Solve the following equations by the method of factorization of the 


operator: 


dx? dx (Kumaun 2010, 12) 
3. 3x7 D? y +(2- 6x7) Dy-4y=0. 


x 


2 
4. PF Pier) yar 


5. [xD? +(1- x) D-2(1+x)] y =e7 (1- 6x). 


-——~, 


\ Answers 5 


Nie 


1. yor +a(x? -2x4+2)4he* 2. yey (x-ltege% 42° 


3. paoe* [220M de tone 4, y=oet [e2e Uae + ene" = se 


- 1 -3y 
5. p=xe ‘4 oe" [—e Sh de toe? 
7 


Q Guidelines of the Procedure for the Solution of Linear 


Differential Equations of Second Order 


Before closing this chapter we give the guidelines of the procedure to be applied for the 
solution of linear differential equation of the second order. 


1. First of all put the differential equation in the standard form 


2. Then try to find by inspection an integral belonging to the complementary 
function of the given differential equation. If it is found, then proceed as in 
article 2. 
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3. If a part . the C.F is not found by inspection, then find the value of 
Q- : o- =a P? Jf it is a constant or a constant divided by xe , then the normal 


form of the equation is easily integrable and so proceed as in article 4. 
4. Incase the methods given in (2) and (3) do not succeed, the method of change 
of independent variable given in article 5 may be tried. 


In this method we often choose z such that Gar = some suitable constant. 
iz /dx 


In some cases the method of operational factors solves the equation easily. 


If the students are instructed in the question to solve the equation by the 
method of variation of parameters, then only the method of variation of 
parameters must be applied. 


= (_ dbjective Type Questions ————— 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from (a), 


(b), (c) and (d). 


2 
l, =x" is a partot CE of equation “+ P24 Q y= Rif 


(a) m(m—1)+ Pmx + Qx* =0 (b) m(m +1) + Pmx + Qx* =0 
(c) m(m—1)+ Pm?x + Qr? =0 (d) none of these 
(Kumaun 2008, 13) 
L 
2. pyre "isa solution of SJ + PP +Qy=Rif 
(a) 1- P+ Q=0 (b) 1+ P-Q=0 
(c) 1+ P+Q=0 (d) 1- P-Q=0 


(Kumaun 2007) 
3. yre isa partof CE of HP + PL +Q y= Rit 


(a) 1+ P+Q=0 (b) 1- P+Q=0 
(c) 1- P-Q=0 (d) 1+P-Q=0 
(Kumaun 2010) 


a 
4, y= om wapan of CR of S¢]+ P(Z)+Qy- Rif 


(a) m- +mP + Q=0 (b) m(m—1)+ Pmx + Qx =0 
(c) m’ +mQ+P=0 (d) none of these 


Aor) 


5. 


10. 
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2 
y=sisa station ofS] P(B)+.y= Ra 


(a) P+Q=0 (b) P- Qr=0 
(c) P+ Qr=0 (a) P+ B= 
x 


(Kumaun 2011; Kanpur 16) 
2 
y= visa part of C.F. of equation (2 +P (2)+ Qy=Rif 


(a) P+Qr=0 (b) 14+ P+Q=0 


(c) 1- P+Q=0 (d) 2+2Pr + Qr’ =0 
(Kumaun 2009) 


Des , , _ dy ody , 
y =e isa part of CE of the differential o(ton ee Fa y =0 if 
(a) 2+2P+Q=0 (b) 4+2P+Q=0 
(c) 4-2P+Q=0 (d) 4+2P-Q=0 


(Garhwal 2008, 12, 13) 
A part of the C.F. of the differential equation 


2 
<P ~cot x P= (= cot x) y =e" sinx 
(a) p=x (b) y=x 
(c) y=" (d) y=e™* (Garhwal 2014) 
Normal form of second order differential equation 
2. 
“, p2+Q=Ris given by S-+1V = S,where J and S are 
é 1 
ldP Pp? 5 JP 
IT=Q--~—-—,S=R 
OS. a e 
1 
LdP PP? Rg| Pe 
b) I= =, § =e? 
Ose a 
F 1 
ldP Pp 5) Par 
Ts —-—-—,S=R 
aS a e 
1 
_py2 =| P dx 
(@) 1=Q-54(S) sR 
2 dx 4 (Kanpur 2016) 


If y,(x) and yo(x) are solutions of y”+3 y’+2 yse” , then Wronskian 


W(y1 V2) is 
(a) (b) &°* 
() <7? (d) 20737 


(Kanpur 2016) 
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12. 


13. 


14. 


15. 
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On solving by changing the independent variable the differential equation 

7 2 
teey TP ane sr) Pady =0 reduces into aa P, oe Qi y=R, 


where P; ,Q,, Ry; are 


(a) P, =0,Q) =4,R; =0 (b) P, =2,Q) =4,R] =0 
(c) Py =0,Q) =2,R; =0 (d) P, =0,Q) =) R; =0 
(Kanpur 2016) 


Normal form of second order differential equation 
2 2 
HP dtanv 245 y = (sec.x)e* isgiven by y+ Xv=Y,where X andY are 
(a) X=6,Y =e” (b) X==6,Y =e” 
(c) X=6Y=se* (d) X =-6,Y =e* 


Normal form of second order differential equation 


ay 
£ (cos? 22) + y cos” x =0 is given by = — + Kye Y,where X and Y are 
x 
(a) X=-2,Y =1 (b) X =-2,Y =-1 
(c) X =2,Y =0 (d) X =0,Y =2 
On solving by changing the independent variable the differential equation 
2 . 2 
Ope (1+ 4e’ yee 3e oxy =e2("") reduces into ore P, o. Q,y=R, 
where P; ,Q), Ry, are 
(a) P; =-4,Q, =3,R, =e7? (b) P, =4,Q; =-3,R, =e? 
(c) P\=-4,Q) =3,R =e (d) Pi) =-4,Q) =-3,R =e” 


2 
If u and vy are solutions of — +4y =4tan2x, then Wronskian W(u 1) is 
ih 


(a) -2 (b) 2 
(c) 0 (d) 1 


Fill in The Blank(s) 


Fill in the blanks “...... ” so that the following statements are complete and correct. 


dy 
=x” is a part of C.F. of e uation “P+ pO + RAF os sis 
P q dx? ee (Meerut 2003) 


- op D el : 
Meg a ONG ae eon sen} 

=o Py id 
pre papa orc Ror tt Tre ke eee 


2, 
= e” ig a part of C.F,of a + (2) + Qy = Rif... 


v2.) 


5. 


6. 
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= x is a solution of ay + (2) Qy = Rif 
ye 5 = Rif .i34i 
a? d 
Leis : : J yp _ Ri 
y=x is apart of C.F. of equation (2 +P (2) + Qy = Rif...... 


True or False 
Write ‘T’ for true and ‘F’ for false statement. 


. y= x’ is a part of C.F. of the solution of equation 
ay ® ag 
8) eee . 


. y =e" is a part of C.F. of the solution of equation 


2 
Px 9 Pale y=0. 


. y=xisa part of CF. of the solution of equation 


2 
Be yao 0 [FF a4 


a Jy 2 2 
_—>t (! + =cotx- 5) y =Xcos xis a linear differential equation of second 
Xx 


de 


2 


order. 


Fa 


f 


\ Answers 


f 
Nien 


Multiple Choice Questions 


(a) 2. (c) 3. (b) 4. (a) 5. (c) 
(d) 7. (b) 8. (d) 9. (a) 10. (c) 
(d) 12. (a) 13. (c) 14. (a) 15. (b) 


Fill in the Blank(s) 


m(m—1) + Pmx + Qx” =0 2. 14+P+Q=0 
1-P+Q=0 4. m?+Pm+Q=0 
P+Qvr=0 6. 2+2Pr+Qr’ =0 


True or False 
F 2.7 3. T 4. T 


Ghapter ) F . 


oO. 


Differentiation of Vectors 


1 Vector Function 


W: know that a scalar quantity possesses only magnitude and has no concern 
with direction. A single real number gives us a complete representation of a 
scalar quantity. Thus a scalar quantity is nothing but a real number. 


Let D be any subset of the set of all real numbers. If to each element t of D , we 
associate by some rule a unique real number f (¢), then this rule defines a scalar 
function of the scalar variablet .Here f (t)is ascalar quantity and thus f is a scalar 
function. 

In a similar manner we define a vector function. 

Let D be any subset of the set of all real numbers. If to each element t of D, we associate by some 
rule a unique vector f (t),then this rule defines a vector function of the scalar variable t. 
Here f (t) is a vector quantity and thus f is a vector function. 


We know that every vector can be uniquely expressed as a linear combination of 
three fixed non-coplanar vectors. Therefore we may write 


f()= fit fo it fs k 


——, Kiikno's T.B. Differential Equations and Vector Calculus 
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where i, j, k denote a fixed right handed triad of three mutually perpendicular 
non-coplanar unit vectors. 


2 Scalar Fields and Vector Fields 


If to each point P(x , y ,z) of aregion Rin space there corresponds a unique scalar 


J (P), then f is called a scalar point function and we say that a scalar field f has 
been defined in R. 

Examples: (1) The temperature at any point within or on the surface of earth ata 
certain time defines a scalar field. 

(2) f(x, y,z) =x"? —y?-3z" defines a scalar field. 

If to each point P (x, y ,z)of aregion Rin space there corresponds a unique vector 
f(P),then f is called a vector point function and we say that a vector field f has 
been defined in R. 


Examples: (1) Ifthe velocity at any point (x, y, z) of a particle moving in a curve 
is known at a certain time, then a vector field is defined. 


(2) f(*¥, y,z)= xy*i + 3 yz3j — 2x* zk defines a vector field. 


5 Limit and Continuity of a Vector Function 


efinition 1: A vector function f (t) is said to tend to a limit \, when t tends to ty, if for an 
Definition 1: A vect tion £ (t) is said to tend toa limit |, when t tends to to , i y 
given positive number € , however small, there corresponds a positive number 6 such that 


|f(t)-1 |<e whenever 0<|t—-ty |<d. 


If f(¢) tends to a limit 1 as ¢ tends to ty , we write : an f(t) =1. 
=e iG 


Definition 2: A vector function f(t) is said to be continuous for a value tg of t if 

(i) f(t) is defined and 

(ii) for any given positive number €, however small, there corresponds a positive number 6 
such that |f(t) —f(ty)|<e€, whenever |t — ty|<6. 


Further a vector function f (t) is said to be continuous if it is continuous for every value of t for 
which it has been defined. 


We shall give here (without proof ) some important results about the limits and 
continuity of a vector function. 


Theorem 1: The necessary and sufficient condition for a vector function f(t) to be 


continuous at t = ft, is that lim f(t) =f(f). 
f— to (Purvanchal 2014) 
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Theorem 2: If f(t) = f,(Oi+ fo (Oj+ fs (Ok , then f (t) is continuous if and only if 
Ai@®, fol), fe (t) are continuous. 
Theorem 3: Let f(t) = f,(t)it+ fo(Oj+ fz (Ok and 1 = hit+ljt+ik 
Then the necessary and sufficient conditions that , f(t) = lare 

0 


lim 2 lim tes lim S TD os 
t > ty Ai) = 4 t > to fo (t) = ly and |", to I3 (0) = ls 


Theorem 4: If f(t), g (t) are vector functions of scalar variable t and 6 (t) is a scalar 
function of scalar variable t , then 


Gm HOte@l= 2" roe Br aw 


Gi) 2 fo worl, = role i x] 


, t to 
(iii) hn [f(t) x g(t)] = ; “an rw x ; = 0) 


Gv) 0) reon=| a 20 ei r« 


ity 


lim f(t) |- 


lim \¢ _ 
(v) ine) |=] 


t- to 


A Derivative of a Vector Function with Respect toa Scalar 


Definition: Let r = f(t) be a vector function of the scalar variable t. We define 
r +6r = f(t + 60). 


or = f(t + of) - f(t). 
Sr _ f(¢ + 6t) — F(t) 


Consider the vector 


ot 
If a 0 & = Pi 0 feet exists, then the value of this limit, which we shall 


denote by 4 - , is called the derivative of the vector function r with respect to the scalar t. 


Symbolically 
dy lim (r+6r)-r _ lim f(t + dt) — f(t) 
dt st—3>0 5t 6 8t 30 St 


If a exists, then r is said to be differentiable. Since - is a vector quantity, 
t t 


dr . . 
therefore is also a vector quantity. 
t 
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; io dr, ae 
Successive Derivatives: Ifwe differentiate aE again, we get ao is called 
t 


the second derivative of r w.r.t. £, and so on. 

Thus, we continue differentiating successively upto 1 times and get 
dr d’r d’r d"r 
dt” dt?’ dt? dt” 


where ” is called then diff. coeff. (or derivative) of r w.r.t. t. (Here diff. coeff. 
t” 


means differential coefficient.) 


dr dr 
We often represent — , —, 

dt’ dt? 
A scalar or vector function of t is called differentiable of order n if its 
derivative exists. 


nines by r,r, ...... respectively. 


th order 


5 Differentiation Formulae 


Theorem: [Jf a, band c¢ are differentiable vector functions of a scalar t and 9 is a 


differentiable scalar function of the same variable t, then 


1. ots +b pete 
dt dt dt 
2. ae aeb)=ae PL ah b 
dt dt dt 
3. Het yeh ey b 
dt dt dt 
d da 40, 
4. a 
a a 


5. i” o be|+]aPe]+|a be] 
dt dt dt dt\ (Meerut 2013B; Purvanchal 08) 


6. £ tax bx} = 2x bx 0) +ax(2xe)+ax(bx 2). 
d dt dt dt 


(Meerut 2000; Purvanchal 08) 


{(a + da) + (b+ db)} — (a+ b) 


Proof: 1. @ (a+b) =_ lim 
dt 


dt > O ot 
_ bat+db— |. & =| 
= lim = lim +— 
&30 86S s& 0S dt 
. ba . ob da db 
= lim —+ lim — = —+—. 


 §&30 8 s&o0dt dt dt 
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Thus the derivative of the sum of two vectors is equal to the sum of their derivatives, as it is also 
in Scalar Calculus. 


Similarly we can prove that d (a— b) = da_ db 
dt dt dt 


In general if r, , ro ,...... ,¥r,, are vector functions of a scalar t, then 


(a + 6a) (b+ d5b)-—aeb 

"dt 6&0 5t 

7 aeb+aedb+daeb+dacedb—aeb 
- 8t 30 St 
aedb+ dae b+ da edb 

8 30 ot 


— lim {aes ons oar 


ot = 8t ot 


lim db lim 46a lim 6a 
pte —ehb — edb 
st 0" st dt 0 & “S30 8 


ae ab + a eb+ an e 0, since db— zero vector asdt > O 
dt dt dt 
=a db + da b 
dt dt 


Note: Weknowthata e b= bea. Therefore while evaluating “ (a e b), we should 


not bother about the order of the factors. 


(a + da) x (b+ db) —a x b 


3. £~@xpe_im 
dt 


bt > 0 dt 
_ jim ax btax 6b+6a x b+ da x db—ax b 
- 8&3 0 ot 
_ jim 2X 6b+ 6a x b+ da x Sb 
- 8&t 30 8t 
= _ lim ge A a 8 vay 
dt > 0 ot 6t dt 
= lim gy lim ype tm Ay gp 
bt > 0 6& sto3O0 & ot > 0 bt 
=ax ah ae. pa eo. since 6b—> zero vector as dt > O 
dt dt dt 
db da db da 


=ax —+—x bt+0=ax—+—xbD. 
dt dt dt dt 


—: Kiiskna's T.B. Differential Equations and Vector Calculus 
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Note: We know that cross product of two vectors is not commutative because 


aX b=-— bx a.Therefore while evaluating © (a x b), we must maintain the order 


of the factors a and b. 


Z d (a) = lim (0 + 66)(a + 6a) — 
dt dt > O ot 
lim 0a + 68a + Sha + 55a — ba 
8 30 ot 
fim 05a + doa + dda 
8 30 dt 
_ lim da af 5o at 5 da 
dt > 0 ot ot ot 
— lim o= lim oo lim 50 54 
dt > 0 "$5 0 dt “oF 0 a 
= of da a, 0 0, since a > zero vector as 5t > 0 
fH arc ge 
dt dt dt dt 


Note: 6a is the multiplication of a vector by a scalar. In the case of such 
multiplication we usually write the scalar in the first position and the vector in the 
second position. 


5. <a bel= © faeeox gyeaeS (vx o) + F (bx c) [by rule (2)] 
-ae(px £4 Bxe}+ Fe (bxe) [by rule (3)] 
=ae(bx f)+a0(Pxel+Fo(bx) 

dt dt dt 


-|a pl E 2 |+|4 be| 
dt dt dt 


-|2 ve }* jade [+a nce]. 
di dt dt 
Note: Here [abe]is the scalar triple product of three vectors a, band ce. Therefore 


while evaluating [abe] we must maintain the cyclic order of each factor. 


6. fax (bx yj=ax S (bx 0 + 2x (bx 0) Loy male) 


=ax(Pxet bx) + oO ieee 
dt dt dt 
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=ax(2xe)+ax(bx 2) 42 x (bx c) 
dt dt) dt 
- 3 xoxo tax(2xe}+ax(px 4). 
dt dt dt 


6 Derivative of a Function of a Function 


Suppose r is a differentiable vector function of a scalar variable s and s is a 
differentiable scalar function of another scalar variable ¢. Then r is a function of f. 


An increment 6¢ in t produces an increment 6r in r and an increment 6s ins. When 
dt > 0, or — 0 and ds > O. 


dr li or li és or 
Weh oS im eae im aap 
le dt ot 70 & dt>0 (= =] 


_| lim ds lim or | _ ds dr 
dt 0 St) \dt>0 fs dt ds 


T Derivative of a Constant Vector 


A vector is said to be constant only if both its magnitude and direction are fixed. If 
either of these changes then the vector will change and thus it will not be constant. 


Let r be a constant vector function of the scalar variable ¢. Let r = ¢ , where cis a 


constant vector. Then r + 6r =c. 
0 


St 


dr = 0 (zero vector). 


or 
ot 
lim 8 _ lim 0=0. o . = 0 (zero vector). 


St>0 8& sO 7 


Thus the derivative of a constant vector is equal to the null vector. 


8 Derivative of a Vector Function in Terms 


of its Components 


Let r be a vector function of the scalar variable ¢ . (Avadh 2014) 
Let r = xi + yj +zk where the components x, y ,z are scalar functions of the 
scalar variable t and i, j, k are fixed unit vectors. 
We have r+ér=(x+6r)i+( y +8y) f+ (2 +62) k. 
: or = (r + 6r) — r = Ovi + Oyj + 82k. 

or &, YY . & 

j k 
ot ot ot ot 


lim oF _ lim pane i+ Sa 


St>0 & sO 
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dr dx, Y | kz 
=—i+ jt+ k. 
dt dt dt dt 


Thus in order to differentiate a vector we should differentiate its components. 


Note: If r= xi + yj+zk, then sometimes we also write it as r = (x, y,z). In this 


ir (a dy ) “(4 @y gz 


notation 


dt \dt’ dt’ dt} de* | de?’ dt? ” dt? 
Alternative Method: 


We have r= xi+ yj+zk, where i,j,k are constant vectors and so their 
derivatives will be zero. 


} and so on. 


dr d d d d 
Now, — = — (xi + pj + zk) = — (xi) + — ( pj) + — (zk 
ow er (xi + yj + zk) i (xi) a it (zk) 
ac. di VY. dk dk 
=—itx—+t jt+yot k +z — 
dt dt = dt dt dt dt 
d is 
wie cal i? ite ae vanish. 
dt dt dt dt 


Q Some Important Results 


Theorem 1: The necessary and sufficient condition for the vector function a (t) to be 


constant is that - =0; 
dt (Purvanchal 2014) 


Proof: The condition is necessary. Leta (¢)be a constant vector function of 
the scalar variable ¢ . Then a (tf + df) = a (t). We have 
da jim a(t + 6t)—a(t) | lim 9 -9 


dt 8t—2>0 St st > 0 8 


Therefore the condition is necessary. 


Hie g 23 da ; 
The condition is sufficient. Let = 0. Then to prove that a is a constant 
t 


vector. Let 
a(t)=a, (Hitd, ()jtag (Ok. 
Then AM Ag yO. 9 Ch 
dt = dt dt dt 
Therefore at = 0 gives, ial i+ is jt ws k =0. 
dt dt dt dt 
Equating to zero the coefficients of i, jand k ,we get 
day -0, day _ 0, da, _ 0. 
dt dt dt 


Hence a, , a , a3 are constant scalars i.e.,they are independent oft . Therefore a (¢) 
is a constant vector function. 
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Theorem 2: Ifais a differentiable vector function of the scalar variable t and if | a| = a, 


then 
4 Ah yd da ” da da 
x =2a~; ey hd 
@ dt ae “it @ abe “at 
Proof: (i) We have a? = aea = (a) (a) cos0 =a’. 
Therefore d (a*) = g (a7) = 2a m, 
dt dt dt 
(ii) Weta =" asd tans ae: 
dt dt dt dt dt 
Also 4) =4@) =m M. 
dt dt 
dae 29, or ae fa_ Ma. 
dt dt dt dt 


Theorem 3: If a_ has constant length (fixed magnitude), then a and a are 


perpendicular provided a | #0. 


Proof: Let|a|= a= constant. Then a ea =a’ = constant. 


4 (aeay=0 or eae 0 
dt dt dt 
or Gene 6 or ot 
dt dt 


da. 
Thus the scalar product of two vectors a and a is zero. 
t 


Therefore a is perpendicular to = provided a is not null vector i.e., provided 


da 
dt 


Thus the derivative of a vector of constant length is perpendicular to the vector provided the 


#0. 


vector itself is not constant. 
Theorem 4: The necessary and sufficient condition for the vector a (t) to have constant 
; da 
magnitude is a e a 0. (Meerut 2001, 04B, 06, 07, 11, 13; Avadh 13; 
Kashi 10, 12; Purvanchal 11) 
Proof: Let abe a vector function of the scalar variable ¢ . Let | a] = a = constant. 


Then a ea =a’ = constant. 


Laer en or pa Se od 
dt dt dt 
or jee 6 or ao 36, 
dt dt 


Therefore the condition is necessary. 
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shy a _ da 
Condition is sufficient. Ifae c. = 0, then 
t 
da da d 
ae—+—ea=0 or —(aea)=0 
dt dt dt 
or a ea =constant or a* =constant 
or a” =constant or |a| = constant 


Theorem 5: Jf ais a differentiable vector function of the scalar variable t, then 
d ( ‘a) d°a 
ax =ax—- 


dt dt at 2 

Proof: We have 

d ( ‘a) da_ da d’a da 

ax - x +ax—=0+ax—~, 
dt dt) dt dt dt dt 2 
. da. da 
since the cross product of two equal vectors i is zero =axX ae . 
t 


Theorem 6: The necessary and sufficient condition for the vector a (t) to have constant 
fei d 

direction is ax =0 

dt (Meerut 2004B, 06, 07, 10, 11, 13B; Avadh 14) 

Proof: Let abe a vector function of the scalar variable t .Let A be a unit vector in 


the direction of a . If a be the magnitude of a,then a=aA. 
da _ - dA | da A 


dt dt dt 
Hence ax Ba(aayx (ahs } 
dt dt = dt 
aE 3g Ae 5 A 
dt 
= aa x [- AXxA=0] ict) 


The condition is necessary. Suppose a has a constant direction. Then A is a 
constant vector because it has constant direction as well as constant magnitude. 


Therefore Ga = 0. 
dt 
From (1), we get ax a =a°AX0=0. 
Therefore the condition is necessary. 
The condition is sufficient. Suppose that a x m =0. 


Then from (1), we get 


: dA 
wax th =o or A x —=0. wiz) 
dt dt 
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. . dA 
Since A is of constant length, therefore A ¢ os =0. ...(3) 
From (2) and (3), we get a =0. 


Hence A is a constant vector ie¢., the direction of a is constant. 


10 Curves in Space 


Acurve ina three dimensional Euclidean space may be regarded as the intersection 
of two surfaces represented by two equations of the form 

F (x,y,z) =0, Fy (% y,z) =0. 
It can be easily seen that the parametric equations of the form 

x= fi), y = fot), z = fa (0) 
where x , y ,z are scalar functions of the scalar t, also represent a curve in three 
dimensional space. Here (x, y,z) are the coordinates of a current point on the 
curve. The scalar variable ¢ may range over a set of valuesa<t<b. 


In vector notation an equation of the form r = f (¢), represents a curve in three 
dimensional space if r is the position vector of a current point on the curve. As ¢ 
changes, r will give position vectors of different points on the curve. The vector f (¢) 
can be expressed as 

Si Oi+ foOit+ fy Ok. 
Also if (x, y, z) are the coordinates of a current point on the curve whose position 
vector is r, then r = xi + yj + zk. 
Therefore the single vector equation r = f (f) 
1G, Mi+ yj+zk = f\ (i+ fo(Oj+ fz (Ok 
is equivalent to the three parametric equations 

x= f(t), y= folt).2 = fa. 
Thus a curve in a space may be defined as the locus of a point whose coordinates may be 


expressed as a function of a single parameter. 
For example, the two equations 


2 2 
# Z 
: = =], x=acosh— 
a b a 
specify a curve in three dimensional space. The parametric equations of this curve 
are x=acoshu, y=bsinhu, z = au. 


And its vectorial equation is 
r=acoshui+b sinhu j+auk. 


The vector equation r = acos ti + bsintj + Ok represents an ellipse, as for different 
values of t, the end point of r describes an ellipse. 


Similarly r = at?i + 2atj + Ok is the vector equation of a parabola. 


The terms skew, twisted or tortuous are often used for curves in a space. 
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11 Geometrical Significance of dr / dt and Unit Tangent 


Vector toa Curve 


Geometrical Significance of dr/dt : 


Let r =f (¢) be the vector equation of a curve 
in space. Let r and r + 6r be the position 
vectors of two neighbouring points P and Q 
on this curve. Thus we have 


> 
OP =r = f(t) 
> 
and OQ=r+6r =f(t +0). 


i 
PQ =O0Q - OP 


=(r + Or) — r=6r. 


Thus or is a vector parallel to the chord PQ. 


As Q > Pi.e.,as 6t > 0,chord PQ — tangent at P to the curve. 


fiat, Of is a vector parallel to the tangent at P to the curve r = f (f). 
ét> 0 8 dt 


Unit tangent vector to a curve: 


Suppose in place of the scalar parameter ¢ , we take the parameter as s where s 
denotes the arc length measured along the curve from any convenient fixed point C 
on the curve. Thus arc CP = s and arc CQ=s + 6s. 


‘ dr, ; 
In this case a will be a vector along the tangent at P to the curve and in the 
s 


direction of s increasing. Also we have 
dr ér lin |6r | jim chord PQ _ 1 
ds és 


lim _ = 
8&0 arcPQ Q->P arc PQ 


~ 8 30 


dr . : : ; : ; : 
Thus a is a unit vector along the tangent at P in the direction of s increasing. We 
s 


denote it byt. Note that t always points in the direction of motion along the curve. 


12 Application to Velocity and Acceleration 


Velocity: If the scalar variable ¢ be the time and r be the position vector of a 
moving particle P with respect to the origin O, then dr is the displacement of the 
particle in time d¢ . 


The vector — is the average velocity of the particle during the interval ot . If v 


or dr 


represents the velocity vector of the particle at P,then w= lim Te 
t 


ot 0 bE 7 
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Since is a vector along the tangent at P to the curve in which the particle is 
t 
moving, therefore the direction of velocity is along the tangent. 
Acceleration: If 5vbe the change in the velocity vduring the time dt , then = is 
t 


the average acceleration during that interval. If a represents the acceleration of the 
particle at time t, then 


a= lim 
&>0 Ot dt dt 


dv _ dv_d (4)- dr 
dt) dt? 


listrative Examples 


Example 1: Ify =sin ti+cos tj+ tk, find 


2 
ge. (Kashi 2013) (ii) ats) 
dt dt (Meerut 2010B) 
2 
(iii) A (Kashi 2013) (iv) iad 
dt dt (Meerut 2009) 


, , di 
Solution: Sincei, j, k are constant vectors, therefore a = Oetc. Therefore 
t 


(i) & =F (sing) +4 (cost) j+ 4 (t) k=cos ti -sint f+ ke, 
7 d’r _d(dr)_d _ d,..,. dk 
2 _ thi- — t) j+ — 
™ dt 2 aes poy 
=-—sinti-—cost j+ 0=-sinti-cost j. 
(iii) IF) = VE(c0s ft)? +(-sint)? + (0)? ]=V2. 
ay 5 ¢ 
(iv) Ee] = Vcc sin 9? + cs t)*J=1 
t 


Example 2: Ifa, b are constant vectors, w is a constant, and x is a vector function of the 
scalar variable t given by r = cos ot a + sin wt b,show that 
a < e 
(i) _ +o°r=0 
dt (Rohilkhand 2006) 


7 dr 
(ii) rx —=q@axb. 
dt (Bundelkhand 2004; Kanpur 05) 
Solution: Since a, bare constant vectors, therefore 
d 
ae 0, db =0 
dt dt 
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: dr d d 
(i) — = — (cos wt) a + — (sin wf) b 
dt dt dt 
=-@ sin wt a+@cos at b. 
dr ‘ 2. 
— =- 0° cos of a-@* sinwt b 
dt 
=—” (cos wta + sin wtb) = — w7r. 
2 
TF o'r =0. 
dt 
(ii) rx = (cos ara + sin oF b) x (— @ sin @ta + @ cos wtb) 
= cos?ot a x b-@ sin’t bx a [° axa=0, bx b=0] 


= cos*@t aX b+ @ sin’@t a x b 
= 2 +2 = 
= (cos* wt + sin“ wt) a x b=wa x b. 


Example 3: Ifr =acosti+asint j+ at tanak, find 


dr dr dr d°r dr 
x —jJan a ge aes 
dt dt t dt’ dt (Purvanchal 07, 10; Agra 14) 
Solution: We have @ =—asinti tacos tj+atanak 

t 
: dk 
fae oe Ce = = 0 
dt? dt 
dr bgt : 
—z =asinti-acost j. 
dt 

i j k 
dvd? ; 
— xX —— =| -asint a cos t a tana 
dt dt? ' 
—acost —asint 0) 

2g Dine eo gD i 32 

=a’sint tanai-a“cost tana j+a‘k. 
age = =V(a'sin? t tan?a + a*cos” t tan? + a*) 
dt dt? 

=a~ seco 
dr dr dr dr_d’*r) d’r 

Also toe toe ae | a 
dt dt dt dt dt dt 
=(a” sint tanai-a’ cost tana j+a* k) e(asinti-—acost j) 
=a? sin? t tanaiei-+a’ cos? ¢ tana jej [ iej=O0 etc.] 
=a? tan. (sin? t+ cos” f) [. iei=l=jej] 
3 


a tana. 
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Example 4: If a wx nove wx v, show that © (u X v) = wx (ux vy). 


dt 
(Garhwal 2003; Bundelkhand 09) 


Solution: We have 


gi ni OY 2s Cael saeaane Cah 
dt dt 


=(vewu-(veu) w+(ue vy) w-(uewv 
=(vewu-(uewv [. uev=veul 
= (we v) u- (Weu) V= wx (ux vy). 

Example 5: — If Rbe a unit vector in the direction of r, prove that 

dR_ | dr 


ee er |r|. 


R x — 5 
dt +r t (Bundelkhand 2008, 11) 


Solution: We have r =rR;so that R = 7 r. 
; 
dR_ldr l dr 
dt rdt_ y* dt 


dR - 
Hence Rx -irx(2o 1 @ r| 
dt or r dt 2 dt 
3 eet Lest 
r2 dt r dt 
J dr 
=—rx —.- “oo rxr=0 
2 7 [ 


Example 6: If r is a vector function of a scalar t and ais a constant vector, ma constant, 
differentiate the following with respect to t : 


(i) rea, (ii) rxa, 
is r . dr 
Ky iv) re—, 
os dt (@) dt 
2 
2 1 . =) 
ag VI ae ? 
(Vv) r 2 (vi) m & 
(vii) a : (viii) Loe 
ro + rea 
Solution: (i) LetR=rea. [Note thatr e aisascalar| 
Then BEE egie 
dt dt dt 
dr | da . 
=—eat+reQ ** —=0, as a is constant 
dt dt 
= de eat+0 
dt 
dr 
=— ea 
dt 
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(ii) Let R=r xa. 
Then Ld rx@ 
dt = dt d 
ee sad E a -o| 
dt dt 
t 
(iii) ita. 
dt 
2 
Then OE ic nee 2 
dt dt dt dt? 
2 
pee E - = =o 
dt? dt dt 
ayxat 
dt? 
(iv) ie Rene 
dt 
2 
aes aR _dv jar at 
dt dt dt dt? 
-(#) + cs 
dt dt? 
(v) Let Rag 4 
r 
‘Thea B20) +4 (5] 
dt dt dt \ 2 
d 92 d(l 
= — (PF + — —-I> h = 
ae) f (= }pwhere |r| 
9,4 _ 2 ar 
dt > dt 
2 
(vi) Let R=m (=) 
dt 
2 
Then Hm 2 (2) 
dt dt \ dt 
2 
=2m 44 Note: dr" _» ar 
dt dt dt 
2 
Leigy 
dt dt? 
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rta 
(vii) Let R= : 
r? oF a? 
dR I d d a 
Then —— : +a) +3—]— - +a 
dt (r? +a”) dt =e {4 . +a? | ee 


[Note that r* + a” is a scalar] 


1 dr da a d 9 . 
=— - + _ __ — eds 
re +a? & =) l= + a2 2 dt (r | (r ) 


dt dt d 
(viii) Let R=" **. 
rea 
Then Od @ erway e a) 2 (r x a) 
dt readt dt\rea 


[Note that r ea is a scalar quantity] 


Z=8 (Gx are x <2) i © ead) (r X a) 
rea\dt dt (r ea)” dt 


ar xa 
_ dt 1 (eave eS) (r x a) 
rea (r e a)” dt 
dr d 
x a ° 2 da 
dt dt (r x a) E piace 
rea (r * a) dt 
Example 7: Find 
d dr dr . d2 dr a’r 
e al nef - rade 
2 
(iii) “ : x (¢ 4 Alt 
t t dt (Kumaun 2010) 


7) 
Solution: (i) Let R= G ; et] - Then Ris the scalar triple product of three 
t 
dr dr ; ee ae 
vectors r, We and ae - Therefore using the rule for finding the derivative of a scalar 
t 


triple product, we have 
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dR |dr dr d?r d?r dr dr d°r 
— x ? © oF r, © ? © + r, “J C 
dt |dt’ dt’ dp dt” dt? dt ° dt? 


dr d’r 
= |r,—_,— >} 
dt * dt? 
since scalar triple products having two equal vectors vanish. 
dr d’r 
ii) Let R=|]r, — ,—~—]- Then as in part (i 
(ii) ae | part (i) 


dR dr d°r 
= r, ? < . 
dt dt dt? 


gl v252| 


Differentiating again, we get 
a’ R_|dr dr d’r eee dr dér 
ae ee , 2 ce ME Be ce EL > 
dt? |dt dt dt? dt? dt? dt dt* 


_|.@r dr} | dr dr] 
‘dt? * dt? ‘dt’ dt* 
ar dr 


iii) Let R=rx}]— x ——]- 
(ii [a | 


Then R is the vector triple product of three vectors. Therefore using the rule for 
finding the derivative of a vector triple product, we have 

dr _ d’r 

— X —_ 

dt dt? 


dR dr (dr d’r dr d’r 
= x x ——]+rx]—— x —~|+rx 
dt dt \dt de dt? dt? 
dr dr d’r dr d’r 
= x x —|+rx]— x —], 
dt \dt dt? dt dt? 
d*r d’r 


since —- X —z = 0, being vector product of two equal vectors. 
dt“ dt 


Example 8: Ifa =sin®i + cos ® j+ 0k , b= cos Oi — sin® j- 3k ,and 
T 


d 
c= 21 + 3j- 3k, find — fax (bx c)}at9= 
4 f d0 ne ys 2 (Kumaun 2010) 


i j k 
Solution: We have bx ¢ =|cos 0 — sin 8 -3 
2 3 -3 


=(3 sin0 + 9)i+ (cos 6-6) j+(8cos6+2sin6)k. 
i j k 
ax(bxc)=] sin® cos 0 0 
3 sind +9 3 cos 8-6 3 cos 0+ 2 sin® 
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= (3 cos” 6 +2 sin 8 cos 0 — 30 cos 6 + 66) i 

+ (30 sin 6 + 96 — 3 sin @ cos 8 — 2 sin? 8) j 
F + (—6sin8-9cos 8) k. 

rr {a x (bx ¢)}= (—6 cos 0 sin + 2 cos” 6 — 2 sin’ 6 
—3 cos 64+ 30 sin 8+ 6) i+ (3 sin® + 30cos0+9 
—~3cos* 6+ 3 sin? 6-4 sin® cos 8) j 


+ (-6 cos 0+ 9 sin 8) k. 
Putting 6 = x /2 ,we get the required derivative 


= (445 n)i+15)+9K. 
Example 9: A particle moves along the curve x =4 cost, y =4 sin t ,z = 6t . Find the 


velocity and acceleration at time t = 0 and t = : t .Find also the magnitudes of the velocity 


and acceleration at any time t. (Bundelkhand 2007, 14) 
Solution: Let r be the position vector of the particle at time ¢ . 


Then r= xi + yj+ zk =4costi+4sint j+6tk. If v is the velocity of the 
particle at time ¢ and a its acceleration at that time, then 


go A Ga Pons e iaGK 
dt 
2 
and a=“ ~~ 4costi-4 sin tj. 
dt 


Magnitude of the velocity at time t =| v| 

= V(16 sin? t+ 16 cos? t + 36) = V(52) =2 V(13). 
Magnitude of the acceleration =|a | = V (16 cos” ¢+16sin? t)=4. 
Att=0,v=4j+6k,a=-4i. 
Att=5n,v=-4i46k,a=-4j. 


Example 10: A particle moves along the curve x = f+ Ly =t?,z=2t+5,wheret 
is the time. Find the components of its velocity and acceleration at t = lin the direction 
i+ j+3k. (Purvanchal 2012) 


Solution: Ifristhe position vector of any point (x , y ,z)on the given curve, then 
er : — (#3 * De. 
r=xi+ ppt+zke( +)Dit+ejt+@e+5yk. 


Velocity = v= = 317i +24) + 2k =3i + 2j-+ 2k ate =1 


Acceleration = a = 


dr d (“" 


> = = 6ti + 2j=6i1+2j att=1 


Now the unit vector in the given direction i + j + 3k 


( — Krishna's T.B. Differential Equations and Vector Calculus 
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i+j+3k it+j+3k 
|i+j+3k| V(I) 


= b, say. 


the component of velocity in the given direction 
_ Bit+2j+2k)e@i+j+3k) 11 
V (11) V (11) 
and the component of acceleration in the given direction 
_ 6i+2j)e(i+j+3k)_ 8 
V1) Vl) 


=veb =V(1)); 


=aeb 


(Comprehensive Exercise 1 


1. (i) Ifris the position vector of a moving point and ris the modulus of r , 


showthat r e ee r a -Interpret the relations r aE Oandr x co 0. 
dt dt dt dt 


(ii) Ifr x dr = 0, show that f = constant. — (Garhwal 2001; Meerut 05B; 
Purvanchal 12; Bundelkhand 12; Avadh 13) 


2. (i) Ifr= (er Di eer) j++ 2 +641) k find Sand SF. 
(ii) Ifr=t7i-t j+(2t+1)k, find at ¢ =0, the values of 
dr d’r_ |dr d? rl 
dt’ dt?” ldtl | de? (Kanpur 2002; Bundelkhand 2010, 13) 


3. Show that r x dr =(r Xd r)/r*,wherer=rr. 

4. (i) The position vector of a moving particle at time ¢ is given by 
r= (3t — 4) i+ (#7 —2)j+ 4t? k. Find its velocity and acceleration at 
time t = 2. (Kanpur 2005; Bundelkhand 
13) 


(ii) ifr +(20 - 1) j,show that rx Mf =k, 
5p? dt (Agra 2007) 


(iii) Ifr = (cos nt) i + (sin nt) j, where 7 is a constant and ¢ varies, show that 


dr 
rx at = nk. (Garhwal 2002) 


5. (i) Ifr = (sinh t) a+ (cosh t) b,where aand bare constant vectors, then 
2 

show that = =r. 

dt 


(ii) Ifu=f7i -¢j+ (2t+1)k and v= (2t-3)i+j-‘¢k, find 


d 
—(uevy),when t=1. 
dt (Bundelkhand 2007) 
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6. (i) Ifr=e"' a+e”’ b,where a, bare constant vectors, show that 
r 2 
Rago es (Kumaun 2000; Rohilkhand 07; Agra 07; Kashi 14) 


(ii) Showthatr = ae” + be™, where aand bare the constant vectors, is the 


: : : : d’r dr 
solution of the differential equation ee — (m+n) dt +mnr=0. 
t 
Hence solve the equation 
d°r dr 
dt? dt 


—2r=0, where r= iand = j for t = 0. 


See : cet. 
(iii) Ifr = asin wt + bcos wt + —z Sin wt, prove that 
0) 


d*r y) 2c 
—~— +o°r = — cos ot, 
(0) 


where a, b, c are constant vectors and is a constant scalar. 


7. (i) A particle moves along the curve x = ee =2 cos 3t,z =2 sin 3¢. 


Determine the velocity and acceleration at any time ft and their 
magnitudes at t = 0. (Bundelkhand 2005; Rohilkhand 08) 


(ii) Show that if a, b, e are constant vectors, then r = at” + bt +c is the 


path of a particle moving with constant acceleration. 


8. Aparticle moves so that its position vector is given by r = cos wt i+ sin wt j 
where @ is a constant; show that 


(i) the velocity of the particle is perpendicular to r, 
(ii) the acceleration is directed towards the origin and has magnitude 
proportional to the distance from the origin. 


9. IfA=5t? i+tj-f kandB=sinti-cost j, find 
. a .. a way A 
(i) ae (AB); (ii) Ez (Ax B); (iii) cr (A@ A). (Agra 2005) 


10. Prove the following : 


2 2 
(i) Tae Fe pl=a05? aa oy 
dtl dt dt dt? dt? 
2 2 
(ii) <|ax2 x p= ax ©? ave 
dtl dt dt dt? dt? 
11. Ifris a unit vector, then prove that 
| dr dr 
r xX —|/=|—|- 
dt dt (Purvanchal 2006) 


—— Kiitkns's T.B. Differential Equations and Vector Calculus 
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12. Ifrisavector function of ascalart,rits module, anda, bare constant vectors, 

differentiate the following with respect to t : 

P dr ‘ 
(i) p aeax (ii) r? r+(aer)b, 
t 

(iii) r" r, (iv) (ar +r b)’. 

13. Find the unit tangent vector to any point on the curve 
x=acost, y=asint,z =bt. 


14. Ifthe direction of a differentiable vector function r (¢) is constant, show that 


dy 
r x |—|=0. Or 
dt 
If r (¢) is a vector of constant direction, show that its derivative is collinear 
with it. 


15. Ifeis the unit vector making an angle @ with x-axis, show that de/d@ is a unit 
vector obtained by rotating e through a right angle in the direction of ® 
increasing. 


ya 


( Answers 1 


a 


2. (i) i+ (241) f+ (Bt? + 2¢4+1) k :2j+ (6t+2)k 
(ii) — f+ 2k; 2i; V5; 2 
4. (i) v=3i+4j+48k,a = 2j+48k 
5. jij) r (ii) 6¢? -10¢-2;-6 
7. (i) 1s V (325) 
9. (i) (St? -I)cost+1ltsint 
( 


ii) t? (t sint —3cos t)i-¢t? (¢cost+3 sin?) j 
— (lt cos t — 5¢? sint + sin t) k 
(iii) 100 t? +2¢4+6t? 


ae d a 
12. (i) 3r? a3 ax 
dt dt ae 
aa d 
(i) 2r rar? alae )p 
dt dt dt 


(iii) G i *) rt+r” ad 
dt dt 


(2 (er erbye(a hsp) 
dt dt 


13. —_) __ eysyeisetestiee © 


V(a* +b?) 
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a 


\ 


( Objective Type Questions 


Se 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from 
(a), (b), (c) and (d). 


_ d°r 
1. Ifr=ac® + be~®!, where a, bare constant vectors then —— — 7 


r is 


dt? 
equal to 
(a) 1 (b) 0 
(c) 2 (d) none of these 


(Bundelkhand 2001; Agra 06) 


2. A particle moves along the curve r=e ‘costi+e‘sintj+e‘k. The 
magnitude of its velocity at t = 0 is 


(a) 23 (b) V3 /2 
(c) V3 (d) none of these 
d’r 
3. Ifr=xi+ yj+zk,then—; -....... 
dt 
dx dy dz 
ixt+jyt+k b) i— + j= +k— 
(a) ixt+jy+kz ee Far 
2 dz 2 
(0) 1 + oe + RS (d) none of these 
t t t 


(Kumaun 2011) 
4. Ifr =(cosnt) i +(sinnt) j, then 


dr dr 
Xx —=ni b XxX —=nj 
(a) r i ni (b) r a nj 
(c) rx OF nk (d) none of these 
dt (Kumaun 2006) 


5. Ifaand bare two vectors then the value of & (a e b)is 


da db 
oF hy b = 
(a) Fa (b) a 
(c) ag Ahoy Cn an 
dt dt dt dt 


6. Ifaand bare two vectors then the value of ‘ (a Xx b) is 


db da 
x b) —xb 
(a) a 7 (b) rr 
(c) a (d) a a8, 


a 
dt dt dt dt 
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7. Ifr =3i —6t7 j+4tk , then the value of is 
(a) 3ti-6t7 j+ 4tk (b) 3i-12tj+4tk 
(c) —6ti+4k (d) -l2tj+4k 
8. Unit vector a and its derivative ° are 
(a) parallel (b) perpendicular 
(c) along the same direction (d) none of these 
2 
9. Ifr =3i —t?j+4tk, then ls is equal to 
(a) 0 (b) 1 
(c) 2 (d) 3 (Garhwal 2004, 13) 
10. The necessary and sufficient condition for the vector a(t) to have 
constant direction is 
da da 
a) ae—= b) ax— =0 
(a) dt ») dt 
(c) ia =0 (d) none of these 
dt (Garhwal 2006) 
2 
ll. Ifr =sinti +costj+tk, then the value of Ua is 
(a) 1 (b) v2 
(c) 2 (d) 0 (Garhwal 2010, 14) 
12. A particle moves along the curve x = ey = 2cos3t,z = 2sin3t, then 
magnitude of velocity at tf =0 is 
(a) /325 (b) ¥37 
(c) V39 (d) none of these 
(Garhwal 2011) 
2 
13. Ifr =(sinht) a+(cosht) b, where a and bare constant vectors then oF 7 
t 
(a) r (b) -r 
(c) O (d) none of these 
14. IfA=5¢7i+tj—t’k, then “(Aea) is 
(a) (5¢? -l)+1l¢ (b) 10¢2 +2¢+60° 
(c) 100t? +2t+60° (d) 100t? +2¢+6¢° 
15. The necessary and sufficient condition for the vector function a(f) to be 


constant is 


Differentiation of Vectors 


16. 


11. 
16. 


'D-239 Ny 
da _ da _ 
re ar a 
aden = 
Carre (d) 7 0) 


then ae ) is 
dt 


da da 
a) a— — 
Se D (oer ; 
a a 
c) 2a — d) ae— 
Ce carr ar 
Fill in the Blank(s) 
Fillin the blanks “...... ”, so that the following statements are complete and correct. 
' 2. dr d’r 
If r = 3i — 6¢° j + 4tk, then — ee gage Saad 
dt dt (Bundelkhand 2008) 
Ifu=t? i-tj+Qt+)k,v=Qr-3)i4 j-th, then (we y= saat 
F F d°r 
If r = (cos wt) i + (sin wt) j,thenr x ry ee 
t 


The necessary and sufficient condition for the vector a (t) to have constant 


direction is ...... ; 
dr d’r 


Ifr =5i+3¢7 j+2tk,then—=......; “— =....... (Bundelkhand 2010) 
dt dt” 

a (ae b=....... 

dt (Kumaun 2009) 


True or False 
Write ‘T” for true and ‘F’ for false statement. 


A vector is said to be constant only if its magnitude is fixed and direction 
changes. 


The necessary and sufficient condition for the vector a (ft) to have constant 


magnitude is a e da =0. 
dt 
\ Answers 


Multiple Choice Questions 


(b) 2. (c) 3. (c) 4. (c) 5. (c) 
(d) 7. (d) 8. (b) 9. (c) 10. (a) 
(a) 12. (b) 13. (a) 14. (c) 15. (a) 
(c) 
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Fill in the Blank(s) 
le -12¢)744ks-124 2 GF? a0 F=2 3. 0 
a. gee 5. 6tj+2k;6j 
dt 
6. a AD ae b 
dt dt 


True or False 
l. F 2. FF 


( Chapter ) ; - 


" ve~ 


Co 


Gradient, Divergence 
and Curl 


1 Partial Derivatives of Vectors 


Giepose r is a vector depending on more than one scalar variable. Let 
r=f(x, y,z)ie., let r be a function of three scalar variables x, y and z . The 
partial derivative of r with respect to x is defined as 

ar jim f(x + Ov, y,z) -— £(% y, 2) 

ox a& 30 ox 
if this limit exists. Thus or / dx is nothing but the ordinary derivative of r with 
respect to x provided the other variables y and z are regarded as constants. 


Similarly we may define the partial derivatives = and . 
yy Zz 
Higher partial derivatives can also be defined as in Scalar Calculus. Thus, for 


example, 
dr a (*) d’°r afar) ara (*) 
az ax Lax)’ ay” oy oy) az dz Naz)’ 


d’r _df(or) or _a (*): 
ox dy ax \oy) oyax ay \ax 


——, Kivkno's T.B. Differential Equations and Vector Calculus 
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If r has continuous partial derivatives of the second order at least, then, 
or . or 
ox oy oy ox 


ie., the order of differentiation is immaterial. If r = f (x, y, z), the 


total differential dr of ris given by dr = 7 dx + in dy + ss dz . 
ne 


2 The Vector Differential Operator Del (V) 


The vector differential operator V (read as del or nabla) is defined as 
Vs ja je ee of ae 
ox oy oz ox oy oz 


and operates distributively. 
The vector operator V can generally be treated to behave as an ordinary vector. It 


possesses properties like ordinary vectors. The symbols " , “. , a can be treated 
nf 


Oz 


as its components along i,j,k. 


3 Gradient of a Scalar Field 


(Agra 2005) 
Definition: Let f (x, y,z) be defined and differentiable at each point (x, y,z) in a 


certain region of space (i.e., defines a differentiable scalar field). Then the gradient of f, written 
as Vf or grad f, is defined as 


ef of 


It should be noted that Vf is a vector whose three successive components are pap 
x 


ay 


and 7 - Thus the gradient of a scalar field defines a vector field. If fis a scalar point 
Z 


function, then Vf is a vector point function. 


4A Formulas Involving Gradient 


Theorem 1: Gradient of the sum of two scalar point functions. If fand gare 
two scalar point functions, then 


grad ( f + g)= grad f + grad gg or V( f+@=VP+Ve. 
Proof: We have 


ma f= VF +0=[ 


a) 7) 
i +j +k + 
tae 2 yor 8) 
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. 0 0 
apt PRIA AS Peek ST +e) 
dy oz 
ek 
ox ox "oy oy oz oz 


Mg gO ie. Val 4 eS gg 
0. ov” oy oz 
0 0 0 0 0 0 
ila : k ‘ ‘ k 
Care a )rs[izei es oye 
=Vf +Vg=grad f + grad g. 
Similarly, we can prove that V ( f — g)=Vf — Vg. 


Theorem 2: Gradient of aconstant. The necessary and sufficient condition for a 
scalar point function to be constant is that Vf = 0. 


Proof: If f (x,y,z) is constant, then : , 


Therefore, ed fat ee | One Oe. 
ox oy oz 


Hence the condition is necessary. 


of of 


Conversely, let grad f = 0. Then i — + j—+k 
ox oy 


Therefore, : 
ox 


f must be independent of x, y and z . 


Ff must be a constant. Hence the condition is sufficient. 
Theorem 3: Gradient of the product of two scalar point functions. 
If f and g are scalar point functions, then grad ( fe) = f grad g + g grad f 
or V( feb =f Ver+ ge Vf. (Kumaun 2014) 


e293 
pha) 


Proof: Wehave V( fg) = [ : +j 
x 


= i2 (+55 fr 2 ( fg) 


of ee, of 
a oil Sek loa Eo) 
aig [gE ge OE ng. 8 a ee 
((ertad oehE. jFanZ| 


=f Vet eVf =f grad g + gegrad f . 


In particular, if c is a constant, then 


Vee f)=ceVi + f Ve=cVf +0=c Vf. 


Krishna's T.B. Differential Equations and Vector Calculus 


y | D244) 
Theorem4: Gradient of the quotient of two scalar functions. If fand gare two 


Vf —f V 
scalar point functions, then V ¢ ] me f a g. 
& 


§ (Kumaun 2013) 


Proof: We have 


_.9 (| 0 (“| a (| 
i + j +k : 
ox \ g ys alg 


e 0 (Lf). Son Fas a yy 
ut 2 ? 2 2 
ox \ g g vig g 
F of, 
and a) f = Oz : Oz 
Oz z g 2 


f\ 1).f( fF ,o%),.{ of ,x% of . % 
dea es eer ere 


= lig ake” lege oj vk 2 
g ox oy oz ox oy oz 


=r teh f We) 


liineteative Examples 


Example 1: If A= x" yz i —2xz9j + x2” k ,B=2z2i+ yj—x°k , find the value of 
2 


(A x B) at (1,0, —2). 


ox oy 
i j k 
Solution: WWehave Ax B=| x7 SZ a a xz? 
2z J axe 


=(2 wz — xyz") i+(2 xz? +x° yz) j 
+ (x7 y2z +4yz*)k. 


SAX B) == 32 4 ate f+ 20? yak, 
y 


2 : ‘ 
Again eg (hep: yen: =~ 727i + 4x2 2j4+4ayz k. ...(1) 
ox oy ox | oy 
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Putting x = 1, y =O andz = —2 in (1), we get the required derivative at the point 
(l, 0, —2) = — 4i - 8j. 


Example 2: If f(x, y ,z) =3x? y — yz”, find grad f at the point (1-2 ,-}). 
(Rohilkhand 2009) 
Solution: We have 


grad f= 17 [1 g + j 
ox 


0 ei 2 arty — 922 
oy az 


=1 5 Gry 822) +i Bry ye?) 
+k 2 Gx? y— yz?) 
=i (6xy) + j Gx? -3y?z7) +k (-2yz) 
=6x yit+ Gx? -3y7z7) j-2y?zk. 
Putting x=] y =-2,z =-—1, we get 
Vf = 6 (1) (-2) i+ 8 (1)* - 3 (-2)* (-1)?}j-2(-2)? Dk 
=-12i-9j-16k. 


Example 3: Ifr =|r|where r = xi + yj + zk, prove that 


@) VfM=f' Vr, (Rohilkhand 2008; Meerut 11) 
(ii) Vr= Z r, 
r 
(iii) V f (r)xr =0, 
: 1 r 
(iv) V (=} mean 1 (Rohilkhand 2008, 09B) 
; 
(v) V log|r|=—>, 
r (Garhwal 2000; Kumaun 07; Rohilkhand 08; 
Bundelkhand 08; Meerut 11) 
. n n-2 
(vi) Vr* =nr" 6. (Rohilkhand 2008, 11; Bundelkhand 11) 
Solution: Ifr=xi+ y j+z k ,thenr =|r|=V(x74+y74z 7). 
r? =x*4+y7427, 
: ) ) 0 0 ) 0 
i Vf (r) =) i +j +k r)=i r)+j—firn+k—fr 
(i) Vf) [2 Is, 2) Fo = igi” ay d 


« pies OF «a pee OF > or > .or  ,or or 
= Oe n= poise %) 


= f’(n) Vr. 


(it) We have Vr =i a4 aie 
ox oy oz 


—— Krishna's T.B. Differential Equations and Vector Calculus 
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Now pax t yr oz? 
en ee ie Oro 
ox ox 7 
Similarly, Mig. and oh oe 
Yr 
Xv, te 1 I A 
Vr=—i+ jt—k=—(i+ yj+zk)=-re=r. 
r r r r r 
(iii) We have as in part (i), Vf (r) = f ’(7) Vr. 
But as in part (ii), as 
r 
Wwe nor. 


owe] poteeecdi oleae: 


[Ere j+ix]- 1 (i+ pit zk)=- re. 
por r ? r r 

[see part (ii) | 
(v) We have V log |r| = V log r 


=i Slog r+ §5 log r+ k 5 log r 


lor.) lor, lor lf{x, JV , z 
= jt+ k= i+ jt+—k 
ra “Fa? r oz F ] 


=< (at + yi + 2k) = : —r. 


(vi) We have Vr” ara, phe +k on 
ox oy oz 
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n- 1 r ; a 
=nr -r -* Vr =—as in part (ii) 
7 


=nr"~? yx, 


Example 4: (i) Interpret the symbol a eV (ii) Show that (aeV) b=aeV o 
(iii) Show that (aeV)r=a. (<umaun 2008; Purvanchal 14) 


Solution: (i) Leta=a,i+d)j+agk.Then 


) ) ) 
eV =(qit+d)j+a,k)e/i—+j—+k 
a (ai + dy j + agk) { 5, 2] 


a) a) 


(ii) aevie=[a o +a, att oye 


Also aeVo = (ai + dy j+ agk)e De oe 
ox oy 


do 
oz 


Sa 


+ ay + a3 


ox 
Hence (aeV)d=aeVo. 


) 0 
ste eV) r= 
(iii) (aeV)r (« > + dy ay 


ay 


But r=xi+ yj+zk. 
OF ge ag OE ie 
ox oy oz 


(aeV)r=aitd,jtazk =a. 


(Comprehensive Exercise 1 


l. IfF=e*2 i+ (x-2y) j+xsin y k, calculate 


oF . OF iy OF 


ye 5 Tr 


2. If f = (2x? y —x*)i+(¢? — ysin x) f+. xcos y k , verify that 
of Ft. 
oy ox ax Op 


Krishna's T.B. Differential Equations and Vector Calculus 


A v-248) 

3. Ifu=x yzitxz? iar kand v=x° i-x yzj+x? zk, calculate 
2 2 
3 ee > at the point (1, 1, 0). 
oy ox 


13. 


14. 


15. 
16. 


Ifo(x, y,z)=x7 y +p nee", find Vo at the point (1, 1, 1). 
Find grad f, where f is given by f = x =" + x1z*, at the point (1,- 1, 2). 
If o (x, y,z) =xy7z and f = xzi — xyj+_yz?k , show that 


(of ) at (2,-1, lis 4i + 2j. 
Ifu=x+ yp+z,v=x" + y? +2%, w= yz + x + xy, prove that 

(grad u) ¢[(grad v) x (grad w)] =0. (Meerut 2007B) 
wra=[yX-2 Fis (2 Fv Z) jo(eZ— y Zhe prove na 
(i) F=rxVf, (ii) Fer=0, (iii) Fe Vf =O. 


Ifo =r? —4r'? + 6r 1), show that Vo=2 (8-73? -r 7) rr. 


Prove that Vo ed r = do. (Meerut 2005, 06, 09B; Kumaun 08) 


Prove that f (u) Vu=V J f (u) du. (Kumaun 2012, 13) 


p and pare two scalar point functions such that p is a function of p, show 


that Vp = a Vp. 
dp 


Show that “* = V9 0, where r = xi+ y j+z kand ois a function of 
s s 
x, yandz. 
Prove that Ae(vi)--93*. 

r 4 (Meerut 2010) 
Prove that Vr ———— 3r = Fz (Meerut 2009, 12) 
Show that 
(i) grad (rea)=a, (Avadh 2010) 


(ii) grad [r,a, b]=ax b, 
where a and bare constant vectors. 


— 


~ 


\ Answers 1 
ed 


~ 


(i) ye*7i+j+sin yk (ii) xwe*7 i-2 j+xcos yk 
(iii) y? e*F i (iv) e* Ww y+li+cos yk 
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(v) x? e*Si-xsin yk 
a. 864 4, 3i43j4+2k 
5. 7i-3j+4k 


5 Eguipotential Surfaces or Level Surfaces 


Let f (x, y ,z)beascalar field over aregion R .The points satisfying an equation of 


the type 
f (x,y,z) =c, (arbitrary constant) 


constitute a family of surfaces in three dimensional space. The surfaces of this 
family are called level surfaces. Any surface of this family is such that the value of 
the function f at any point of it is the same. Therefore these surfaces are also called 
iso-f-surfaces. 

Theorem 1: Let f (x, y ,z)beascalar field over aregion R . Then through any point of 


R there passes one and only one level surface. 


Proof: Let (x, y,,2,) be any point of the region R. 


Then the level surface f (x, y,z)= f (x1, ¥1,2 1) passes through this point. 
Now suppose the level surfaces f (x, y ,z) =c, and f (x, y ,z) =» pass through 
the point (x,, y,,Z,). Then 

fH Mz) =e and f (x, V1.2) = eo - 
Since f (x, y,z) has a unique value at (x,, y),Z), therefore we have c, =c» . 
Hence only one level surface passes through the point (x, y),2)). 


Theorem 2: Vf isavectornormal to the surface f (x , y ,Z) = cwherecis a constant. 


Proof: Letr = xi + yj + zk be the position vector of any point P (x, y ,z)on the 


level surface f (x, y,z)=c .LetQ (x +r, y + dy ,z + 6z) be aneighbouring point 
on this surface. 


Then the position vectorof Q=r+6r =(x+ov)it+( y+6y) j+ (2 +8z)k. 
=> 
PQ=(r+6r)-r=6r =ovit+ dy j+ozk. 

As Q-> P,, the line PQ tends to tangent at P to the level surface. 


Therefore d r = dv i+ dy j+ dz k lies in the tangent plane to the surface at P . 


From the differential calculus, we have 


pet tee a te 
ox oy oz 


= i7 4j2 an? e(dxi+dy j+dzk)=Vf edr. 
ox ~° oy oz 
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Since f (x, y ,z) = constant, therefore df = 0. 


Vf e dr =0 so that Vf is a vector perpendicular to d r and therefore to the 
tangent plane at P to the surface f (x, y,z)=c. 


Hence V f is a vector normal to the surface f (x, y,z)=c. 


Thus if f (x, y,z) is a scalar field defined over a region R, then Vf at any point 
(x , y ,Z) is a vector in the direction of normal at that point to the level surface 
f (% Jy, Zz) = ¢ passing through that point. 


6 Directional Derivative of a Scalar Point Function 


Definition: Let f (x, y, z)define a scalar field in a region R and let P be any point in 
this region. Suppose Q is a point in this region in the neighbourhood of P in the direction of a 


. a A 
given unit vector a. 


lim f(Q)-f(P) 


Then g- p PO ,if it exists, is called the directional derivative of f at P in the 


7 : A 
direction of a. 


Interpretation of Directional Derivative: Let P be the point (x, y, z) and 
let Q bethe point (x + dx, y +6y, z +8z). Suppose PQ = ds .Thends is a small 


element at P in the direction of a. If 
of =f (vt+ov, yt+oy,z+82)-f(x,y,z)=f (Q-fi(P), 


represents the average rate of change of f per unit distance in the direction 


then of 
bs 


of a. Now the directional derivative of f at P in the direction of a is 


we FIQ=fP)_ lim ¥F = a -It represents the rate of change of f with 
Qo1 PQ 6530 § ds 


respect to distance s at the point P in the direction of unit vector a. 


Theorem 1: The directional derivative of a scalar field f at a point P (x, y,z) in the 
AN d A 
direction of a unit vector a is given by =V fea. 
s 


Proof: Let f (x, y,z) define a scalar field in the region R. Let r = xi + yj + zk 
denote the position vector of any point P (x, y,z)in this region. Ifs denotes the 
distance of P from some fixed point A in the direction of a, then 8s denotes small 


: : : dr . ; ‘ : 
element at P in the direction of 4. Therefore a is a unit vector at P in this 
Is 
‘ : 4 dr A 
direction ie.,— =a. 
ds 


But r=xit+tyjt+zk. 
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dx de. WY | dz, 2» 
=—it j+ k =a. 
ds ds ds ds 
d 
Now oe ee eed na eae an 
ox oy oz ds ds ds 


_ofd fy ofa df 
dx ds dy ds dzds_ ds 


= directional derivative of f at P in the direction of a. 
Alternative Proof: Let Qbea point in the neighbourhood of Pin the direction of 
the given unit vector a. If 1, m,n are the direction cosines of the line PQ, then 
li+mj+nk =theunit vector in the direction of PQ = a. Furtherif PQ = 6s, then 
the co-ordinates of Qare (x + 16s, y + més, z + nds). Now the directional derivative 


of f at Pin the direction of a is 


— im L@-LP) 
Q>P PQ 
icc f (x + ls, y + més ,z +nbds)— f (x,y,z) 
8s 30 5s 
Foy 12)+(0 Fs mas Fs nae | .—f (X72) 
— lim ‘ _ 


on expanding by Taylor’s theorem 


ox dy oz 


= ee ee e(litmj+nk)=Vf ea. 
ox oy Oz 


Theorem 2: If fi be a unit vector normal to the level surface f (x, y ,Z) =c ata point 


P (x, y ,z)and n be the distance of P from some fixed point A in the direction of ni so that n 


dj 


represents element of normal at P in the direction of i, then grad f =n. 


Proof: We have grad f =Vf = y i+ y jt+ a k. 
ss yy 


: : A. : 
Also grad f is avector normal to the surface f (x, y ,z) =c. Since nis a unit vector 


normal to the surface f (x, y ,z) =c, therefore let grad f = A ni, where Ais some 


scalar to be determined. 
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Now o = directional derivative of f in the direction of n 
n 
=Vf en=Anen=A [- V f =grad f=An ] 


df » 
grad f=V f= ag n. 
dn 
Note: If the vector n is in the direction of f increasing, then in is positive. 
n 
Therefore Vf is a vector normal to the surface f (x, y ,z)=c in the direction of f 


increasing. 
Theorem 3: Grad f is a vector in the direction of which the maximum value of the 


d 
directional derivative of f i.e., “f occurs. 
s 


Proof: The directional derivative of f in the direction of a is given by 
VY vpei-(Ta loa owen 
ds dn dn 

af na, a 
=~ @eay-# 


7 — an cos 0, where @ is the angle between aandn. 
n n 


Now o is fixed. Therefore o cos 8is maximum when cos 0 is maximum i.¢e., when 
n n 


cos 8 = | .Butcos @ will be 1 when the angle between a and nis Oie.,whenais along 
° Nn 
the unit normal vector n. 


Therefore the directional derivative is maximum along the normal to the surface. 


Del grad f |. 


Its maximum value is = oe = 
n 


7 Tangent Plane and Normal to a Level Surface 


Tangent plane to a surface: The tangent to any curve drawn on a surface is 
called a tangent line to the surface. All the tangent lines to a surface at the point P lie 
ina plane. This plane is called the tangent plane to the surface at the point P onit. 
Normal to a surface: The normal to a surface at the point P is a straight line 
passing through P and perpendicular to the tangent plane at P. 

Angle between two surfaces: The angle between the two surfaces at a point P is 
the angle between the normals to the two surfaces at that point. 

Equations of the Tangent Plane and Normal to a Surface: 

To find the equations of the tangent plane and normal to the surface 
f (4, yz) =e. 

Let f (x, y ,z) =c be the equation of a level surface. Letr = xi+ y j+z kbethe 
position vector of any point P (x, y ,z) on this surface. 
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Then Vf = LE i+ a jt+ a kis a vector along the normal to the surface at Pie.,Vf 
ax Oy) a 


is perpendicular to the tangent plane at P . 
Tangent plane at P: Let R= Xi+Y j+Zk be the position vector of any 


current point Q(X ,Y ,Z) on the tangent plane at P to the surface. The vector 
> 
PQ=R-r=(X-wi+(Y - y)j+Z-z)k 


lies in the tangent plane at P . Therefore it is perpendicular to the vector Vf. 


(R-r)eVf =0 
or (X-9 140 p14 Zaye [Lie Tj Li]-o 
of of of _ 
or (Xx oe age z)— 0, (1) 


is the equation of the tangent plane at P. 
Normalat P: Let R= Xi+Y j+Zk 
be the position vector of any current point Q (X ,Y , Z)on the normal at P to the 
surface. The vector PQ= R-r =(X —-x)i+(Y — y)j+(Z-—z)k lies along the 
normal at P to the surface. Therefore it is parallel to the vector Vf. 

(R-r)x Vf =0 2a.(2) 
is the vector equation of the normal at P to the given surface. 


Cartesian form: The vectors 


(X —x)it+(Y - y)j+(Z-z)k and Viel 4a! qu! x, 
ox oy Oz 


will be parallel if 


(X-—xi+(-y)j+(Z-z)k=p (Fi+F 5+ Xe 


where p is some scalar. 


Equating the coefficients of i, j, k,we get 


of 
X-x=p=,Y-y= es = 
ae ee a OE og 
X-xX Y-yp 7 L 32 
ox oy oz 
which are the equations of the normal at P. 


ue et ek 
ox dy | az 
F (x, y,z) =0 at the point (x, y, z). 


Note: The vector ] is along the normal to the surface 
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hiwatrative Examples 


Example 5: Find a unit normal vector to the level surface x” y + 2xz = 4 at the point 
O.=-2,5), (Kashi 2014) 
Solution: The equation of the level surface is f (x, y,z) =x7 y + 2xz =4. 
The vector grad f is along the normal to the surface at the point (x, y , z). 
We have grad f =V (x? y +22z)=(Qxy +2z)i+x7jt2xk. 
at the point 2 ,-2 ,3), grad f =-2i1+4j+4k. 
—2i+4 j+4k isa vector along the normal to the given surface at the point 
Q4=2 53). 
Hence a unit normal vector to the surface at this point 
—2i+4j+4k -2i1+4j+4k Le eee 2 
= = = i+—j+ k. 
|-2i+4j+4k| V(4+16+16) a 2 32 


The vector I i+ 2 jt 2 k oe i 2 j 2 kis also a unit normal vector to 
3 3 3 3 3 3 


the given surface at the point (2 ,— 2,3). 
Alternate Solution: The given surface is 


o (x, y,z)=x* y+2xz-4=0. 
We have Np 4 Oe 00 22? 52. 
ox oy oz 


At the point (2, — 2,3), we have 
oa 
ox oy Oz 
A vector along the normal to the given surface at the point (2, — 2,3) 
_ {9 06 do 
(2 ay | dz 


J. 2,4,4) or (-12,2). 


We have |(— 1,2, 2)| = (D7 +27 +2? =3. 


Hence, a unit normal vector to the given surface at the point (2, — 2, 3) 


sei g (1,72), 


Example 6: Find the directional derivative of f (x,y,z) = x? yz +4xz? at the point 
(l, -—2 , —]) in the direction of the vector2i- j-2k. 
(Bundelkhand 2007; Rohilkhand 11; Kashi 13; Agra 14) 
Solution: We have f (x, y,z) =x? yz +4xz?. 
grad f = (2xyz +427)i+ x7 2j+ (x? y + 8xz) k 
= 8i — j-10 kat the point (, -2 ,-1). 
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If a be the unit vector in the direction of the vector 2i — j — 2k, then 


» 2i-j-2k 2, 1, 2 


i k. 
(Gel+4 3° 3° 3 


Therefore the required directional derivative is 


ds 
16 1 20 = 37 
— + + = . 
3 3 8 3 


Since this is positive, f is increasing in this direction. 


df ‘ es ee 
~ = prad = (Si — j- 10k i=l 7=—k 
grad f ea= (Si — j ye( 3s 31 | 


Example 7: Find the directional derivative of the function f =x? — y* +2z* at the 


point P (1,2 ,3) in the direction of the line PQ where Q is the point (5,0, 4). 
(Purvanchal 2007; Kashi 14) 


Solution: Here 
ee ee ee ee 
ox oy oz 
= 2xi — 2 yj t+ 4zk = 2i — 4j + 12k at the point (1,2 , 3). 


> 
Also PQ = position vector of Q — position vector of P 


= (5i+0j+4k) - (i +2 j+3k) =41-2j+k. 
A => 
If a be the unit vector in the direction of the vector PQ , then 
x. AP—OGek B12 74k 
a= = . 
V(16+4+4+)) V (21) 


the required directional derivative 


a dee ae _ 4-2 i+k 
~~ eer | 
“JON 


Example 8: In what direction from the point (1,1, —1) is the directional derivative of 
f =x? -2y* +42? a maximum ? Also find the value of this maximum directional 
derivative. (Kanpur 2008) 
Solution: We have 
grad f =2vi-4y j+8zk 
=2i-4j-8 kat the point (11-1). 
The directional derivative of f is maximum in the direction of grad f 


=2i-4j-8k. 
The maximum value of this directional derivative 


=|grad f |=|2i-4j-8k|=V(4+16 + 64)= V(84) =2V(2)). 
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y | D-256) 
Example 9: What is the greatest rate of increase of u = xyz* at the point (1,0, 3) ? 
Solution: We have Vu = yz? i+xz? j+2yzk. 
at the point (1, 0, 3), we have Vu =O i1+9 j+0k=9 j. 
The greatest rate of increase of u at the point (1, 0, 3) 
= the maximum value of a at the point (1, 0, 3) 
s 
=|Vu|,at the point (1,0,3) =|9j/=9. 
Example 10: Find the equations of the tangent plane and normal to the surface 
Qxz? — 3xy — 4x = 7 at the point (1,-1, 2). 
Solution: The equation of the surface is 
f (x, y, Zz) = 2xz* — 3xy — 4x =7. 
We have 
grad f = (227 -3y-4)i-3x j+4xvzk 
= 7i —3j+ 8k, at the point (1-12). 
7 i-3 j+8 kisavectoralong the normal to the surface at the point (1, — 1, 2). 
The position vector of the point (1,-1, 2)is =r =i- j+2k. 


IfR=Xi+Y j+Z kis the position vector of any current point (X, Y, Z)on the 
tangent plane at (1, —1, 2), then the vector R — r is perpendicular to the vector 


grad f. 
the equation of the tangent plane is (R — r) egrad f =0 


ie., {(X i+ Y j+Z k)-(i- j+2k)} ¢(7i -3j+ 8k) =0 

hth, {(X -Ni+@Y +] j+(@ -2)k} e(7i -3j+ 8k) =0 

eis 7(X -1)-3( +1) +8(Z -2)=0. 

The equations of the normal to the surface at the point (1, —1, 2) are 
A-1 Yl Z-2 , A-1l Yl Z-2 
ef Ff fF ' 7 3 8 


ox oy Oz 


Example 11: Find the equations of the tangent plane and normal to the surface xyz = 4at 
the point (1,2, 2). (Meerut 2000) 


Solution: The equation of the surface is f (v, y,z)=x yz-4=0. 
We have grad f = yzit+xz j+x yk=4i+ 2j+ 2k ,at the point (1, 2, 2). 
4i + 2j + 2kisavector along the normal to the surface at the point (1, 2 , 2). 
The position vector of the point (1,2 ,2)is=r=i+2j+2k. 
IfR = X i+ Y j+Z kisthe position vector of any current point (X ,Y ,Z)onthe 
tangent plane at (1,2 , 2), the equation of the tangent plane is 
(R-—r)egrad f =0, 
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Le., {(Xit+Y j+Z k)- (i +2j+2k)} e4i + 2j+ 2k) =0 
ie, {(X -li+(Y -2) j+(Z -—2) k} e(4i + 2j+ 2k) =0 
ie, 4(X -1)+2(Y -2)+2(Z -2)=0 
ie., 4X4+2Y +2Z=12,i1¢0,2X+Y+Z=6. 


The equations of the normal to the surface at the point (1,2 , 2) are 
A=] Yd £2 


of of of 

ox oy oz 
Real. Y¥=2 4-2 .. £S]_ ¥oa £22 
Lt, 7 ; os j a 


Example 12: Find the angle between the surfaces x? + y? +z? =9, and 
z=x* + y?—3 at the point (2,-1,2). (Meerut 2001) 
Solution: Angle between two surfaces at a point is the angle between the normals 
to the surfaces at that point. Let f, =x? + y* +z and fy =x? + yp? -z. 
Then grad f, =2xi+2 y j+2zkand grad fp =2xi+2 yj—-k. 
Let n, = grad f, at the point (2,-1.2) and ny = grad f, at the point (2, —1, 2). 
Then n, =4i-2j+4k and ny =4i-2j-k. 
The vectors n, and ny are along normals to the two surfaces at the point (2, — 1, 2). 
If @ is the angle between these vectors, then 

n, ny =|n,||n,| cos 0 
or 16+4-4=V(16+4+16) V(16+4+1)cos@ 


or @=cos~! 


6 8 
6 V(2)) 3VQ2)) 


cos 8 = 


(Comprehensive Exercise 2 


1. (i) Find the gradient and the unit normal to the level surface 
x? + y—z =4at the point (2 ,0,0). 


ii) Find the unit normal to the surface z =x* + yp? at the point 
J Pp 


GS ]e= 242) 
2. (i) Find the unit vector normal to the surface x? - ye +z =2at the point 
d,-I, 2). 
(ii) Find the unit normal to the surface x* — Sxyz + z? +1=Oat the point 
Qi, Led), 


(iii) Find a unit normal vector to the surface xy +2xz =4 at the point 


Q.-0.2). 


A >259) 
3. 
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(i) Find the directional derivatives of a scalar point function f in the 
direction of coordinate axes. 

(ii) Find the directional derivative of @ = xy + yz + zx in the direction of 
the vector i+ 2j+2k at (J, 2, 0). (Kumaun 2015) 

(iii) Find the directional derivative of o(¥, y,z)= x? yz + Axz* at the 
point (1, -—2, 1) in the direction of 2 i- j-2k. 

(iv) Find the directional derivative of f (v, y,z)= x =2 va +4z” at the 
point (1, 1-1) in the direction of 2i+ j—k. 

(v) Find the directional derivative of the function f = xy + yz + zr in the 
direction of the vector 2i + 3j + 6k at the point (3, 1, 2). 

(vi) Find the directional derivative of the function xy? + yz? +zx* along 
the tangent to the curve x=t, y = t*,z=t° atthe point (1, 1, J). 
Find the directional derivatives of 6 =x yz at the point (2,2, 2), in the 

directions (i) i, (ii) j, (iii) i+ j+k. 
For the function f = y/(x? + y7), find the value of the directional 
derivative making an angle 30° with the positive x-axis at the point (, I). 
(i) Find the greatest value of the directional derivative of the function 
2x? — y —z* at the point (2,-1, )). 
(ii) In what direction the directional derivative of @ = x? yz from (1, 1, 2) 
will be maximum and what is its magnitude ? Also find a unit normal 


vector to the surface x? yz = 2. at the point (1, 1, 2). 


(iii) Find the maximum value of the directional derivative of o = x? yz at 
the point (1, 4, 1). 

(iv) Calculate the maximum rate of change and the corresponding 
direction for the function o = x7 y 37% at the point 2i + 3j—k. 


(v) Find the values of the constants a, b,c so that the directional derivative 
of d=ar? + by 2 +¢2z7 at (1, 1, 2) has a maximum magnitude 4 in 
the direction parallel to y-axis. 

Find the equation of the tangent plane to the surface yz — zr + x y+5=0, 

at the point (1,-1, 2). 

(i) Find the equations of the tangent plane and normal to the surface 
x + ar +z? =25 at the point (4, 0,3). 

(ii) Given the curve x? + y 2 4ez72 alt y +z =1 (intersection of two 
surfaces), find the equations of the tangent line at the point (1, 0, 0). 

(iii) Find the equations of the tangent plane and normal to the surface 
z=x? + y* at the point (2 ,-1, 5). 
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9. 


10. 


11. 


1 Ae 


13. 


14. 


'D-259 iy 

(i) Find the equations of the tangent plane and the normal to the surface 
x? +2y* +3z? =12at the point (1, 2,-)). 

(ii) Find the equations of the tangent plane and the normal to the surface 
xy + yz +z x=l1,at the point (2, 3, —]). 

(iii) Find the equations of the tangent plane and the normal to the surface 
z=x° —~2xy— yp” at the point (I, 2,-7). 

(iv) Find the equation of the tangent plane to the surface x? + yy? +27 =9 
at @y=1, 2). 

(v) Find the equation of the tangent plane to the surface z = x? + y* at 
the point (1,—-1, 2). 

Show that the directional derivative of a scalar point function at any point 

along any tangent line to the level surface at the point is zero. 


If F and f are point functions, show that the components of the former, 
tangential and normal to the level surface f = 0 are 


Wi X(EX VP) ew VF 
(Vf )° (Vf )? 


Find the angle of intersection at (4, — 3, 2) of spheres x + y? +27 =29and 


x? + y? +27 +4x—-6y —8z —47=0. 
Find the constants a and b so that the surface ax? - byz = (a + 2) x will be 
orthogonal to the surface 4x? yt z> =4at the point (1,—1, 2). 


Show that the sum of the squares of the intercepts on the coordinate axes 


made by the tangent plane to the surface ee + 7 +2°h =¢'" is 
constant. 
\ Answers 2 
ecg. 3 1 — 3, —(@2i+4j+k) 
i) 44 + j —-k; ——(G4i+j-k ii) = ——__+_ 
(i) j ag (ii) Ten 
ae ‘ ee Depa Rye. ( 1 2 =} 
i) —Qi+2jt+k li) ——— (iii) |-—,—,- 
ete ies) (ii) Tap CU er 
(i) a , a and c. in the directions of i, j and k 
ox oy oz 
se A - 13 8 
(ii) 3 (iii) = (iv) % 
45 18 


(Vv) (vi) —— 
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4. 4 (ii) 4 (iii) 4V3 
5. -1/2 
6. (i) 9 
(ii) V(33) in the direction of the vector 4i+4 j+k; ae 


(iti) 9 
(iv) 324V2 in the direction of the vector 108 (i+ j- 4k) 
(v) a=0,b =2,c =0 

7. 3X -3Y +2Z =10 


_4 = 
S, Waterers 2 


4 0 3 
59 +1 _ 
(i) X=15=" (iii) 4z-2y —z=5; 7 -"5 — 
x-l y-2 z+l 
9. (i +4y -3z=12; = = 
(i) x+4y —3z i rl 3 
x-2 y-3 z+tl 
ii) 2x+ p+5z=2; = = 
(ii) 2u+ p+5z 5 ; 5 
x-l y-2 z+7 
iii) 2x +6y+z=7; = = 
(iii) 2x +6y +z 5 5 : 
(iv) 2x- yp+2z=9 (v) 2x-2y-z=2 
12. cos! V(19/29) 13. a=5/2,b=1 


8 Divergence of a Vector Point Function 


(Agra 2005) 


Definition: Let V be any given differentiable vector point function. Then the divergence of 
V, written as, VeV or div V, 


is defined as twvevev=[i2+j ru 2) ev 


x oy oz 
fei 3 oe ie Uae. 
ox oy oz ox 


It should be noted that div V is a scalar quantity. Thus the divergence of a vector point 

function is a scalar point function. 

Theorem: [fV =V, i+ V. j+ V3 k is a differentiable vector point function, then 
oV, dV, : oV3 


div V = + 
ox oy oz 


Proof: We have by definition 
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dV EVEV ate Cie? bie 
Ma oy oz 
Now V=V,i+V, j+V3 k. 


ox Ox Ox ox ox 
Similarly, je OV OVa and ke ov _ OV; 
aay dz az 
Hence, div V = Vi, 4 Va ra oVs | 
ox oy Oz 


Solenoidal Vector: A vector V is said to be solenoidal if div V = 0. 


Q Curlofa Vector Point Function 


(Agra 2005) 
Definition: Let f be any given differentiable vector point function. Then the curl or 
rotation of f ,written as V x f ,curl f or rot f is defined as 


ant =x = a + j +k oe 
ox 


oy oz 
Oe ae ae eee yee 
ox oy oz ox 


It should be noted that curl f is avector quantity. Thus the curl of a vector point function 
is a vector point function. 


Theorem: [ff = fpit+ foj+ fk is a differentiable vector point function, then 


nts (2 %),4(% %))-(2-2). 
) 4 oz Ox ox oop 


Proof: We have by definition 
ure ieiy 4 je ke 
Ni oy oz 


=ix 2 (fil frit WX filt Ait hbo 
x y 


kx 2 ( fit frit fyb) 
-ix(% i+ Fh K}+1x(% i+ Pe 4% 7 
y 


ox ox ox oy oy 


aa (yy M2 7423 k 
Oz Oz oz 
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-(% . - % i)+[ Oi a Va i) (% j ofs | 
ox ox oy oy oz oz 
-(% i+ (% %))-(2-2). 
oy az oz Ox ox oy) 


Note: Itshould be noted that the expression for curl f can be written immediately 
if we treat the operator V as a vector quantity. Thus 


Guit=vxr=li2 +j oxi 2 x ( fiit+ foit+ f5k) 
dx * oy az 

i j k | 

_|a P) a | 

| x ay az] 

fi to fs| 

a al ia a} |a 2 

=|  dzli-far del i+far ak 

fo f3| fi f3| fi fo| 


-(% a), (% fe) +(e 
oy az oz ox ox oy 


But we must take care that in the expansion of the determinant the operators 


a ; cl j 2 must precede the functions f), fo, f3- 
ox oy oz 


Irrotational vector: A vector f is said to be irrotational if V x f = 0. 


10 The Laplacian Operator V . 


2 2 5 
The Laplacian operator V? is defined as y= or a rae 
ox oy oz 
2 2 2 
a) Ly O° f ri of. 


ax* ay” — az? 


If f is a scalar point function, then V7 f = 


It should be noted that V7 f is also a scalar quantity. 


Jt, OF oF. 
ax? ay? — az? 


If f is a vector point function, then V? f 


It should be noted that V’f is also a vector quantity. 


Laplace’s equation: The equation V* f = 0 is called Laplace’s equation. A function 


which satisfies Laplace’s equation is called a harmonic function. 
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litustrative Examples 


Example 13: Prove that div r = 3. (Kumaun 2000; Garhwal 01; 


Bundelkhand 01, 04; Meerut 03, 04, 07B, 08; 
Agra 08; Lucknow 05; Kanpur 13; Avadh 09; Purvanchal 11) 


Solution: Wehaver=xi+ yj+zk. 


By definition, div r = V er = 245" 22 er=ie tj tke 
ov oy oz Me oy oz 
=ieitjejtkek 6 a Oy 

ox oy oz 


=l]4+1]41=3. 


Example 14: Prove that curl r = 0. 


(Kumaun 2000; Garhwal 02; Meerut 11; Bundelkhand 06; Agra 08; 
Avadh 09; Kashi 13; Purvanchal 11; Rohilkhand 14) 
Solution: We have by definition 


cule =Vxce={13 + j u +k 2) xx 


x oy oz 
or... or 0 
=ix + jx +k x — 
ox oy Oz 
Now r=xit+t yjt+zk. 
or_, or or 


i, j. k. 
ox oy oz 


curlr =ixit+jxj+kxk 


=0+0+0=0. 


Example 15: If f = x° yi-2sz j+2yzk, find 
(i) div f, 

(it) curl f, 

(iti) curl curl f. 


Solution: (i) We have 


(Kumaun 2008) 
(Meerut 2012) 
(Meerut 2001; Kanpur 14) 


dvi 9 r= (a2 a Bie! o(x? y i — 2xz f+ 2yzk) 
ox oy oz 


0,9 re) re) 
=— (2D may 
5, | Dee ae (2 yz) 


=2xy +0+2y 
=2y(x+I). 


Krishna's T.B. Differential Equations and Vector Calculus 


A v-264| 
! j k | 
Gi) Wehaeadt=vxr=|2 d a | 
Ox oy oz | 
Ie? yp Dxz | 
) a 3 ) 
= 2 2 i 2 : 
en ae aL 5 2") aa yi 


= (2z + 2x) i -Oj+ (-2z - x7) k 
= (2x +2z)i—(x? +2z)k. 
(iii) We have curl curl f =V x (V x f )=V x [(2x + 2z) i — (x? + 2z) k] 


| i j k | 
| a a a | 
| ox oy oz | 
ax + 22 0 _y? — 22| 
(2 x? 20) Fx x? —2z) “ Qx +22) 


+o = (2x +23] k 
oy 


=0i-(-2x -2) j+ (0-0) k =(2x + 2) j. 


Example 16: Determine the constant a so that the vector 


V=(x+3y)i+( py -—2 2) jt (x + az) k is solenoidal. 
(Rohilkhand 2009B) 


Solution: A vector V is said to be solenoidal if div V = 0. 


We have dey Vere" eae" > Dyfed ae) 
ox oy oz 
=l+l+a=2+a. 
Now div V =Oif2+a=Oie,ifa=—-2. 


Example 17: Show that the vector V = (sin y+ z)i+(x cos y—z) j+(x-—_y)k is 
irrotational. 


Solution: A vector V is said to be irrotational if curl V = 0. We have 


curl V=V x V 
| i j k | 
| 2 a ay 
Ox oy Oz 


te ee xCOS y—Z ames 
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_|a 0 ; ) O.. : 
[2 (x - yp) a (x cos y a Fa y) = (sin y +2) 


+ Vie pa ane) k 
ox oy 


=(-l+)i-(d-J)j+(cos y-cos y)k =0. 
V is irrotational. 


Example 18: Prove that Ve (r3 r)= 6r°. (Purvanchal 2006, 10) 


Solution: Wehaver=xi+ yj+zk. 
Pr=r? (xi+ yjt+zk) =r 


V (rr) =div (rr) 


Sit ry j+rz k. 


0): 0.3 0.3 
= (r> x) + i (ry) + (2) 
=73 437 x oF +r +3r? y ul +r? 43r7z oF 
ox oy Oz 
229 gay? |e +y Lae (1) 
ox oy oz 
Now a a ee a 
2r oF =2x or oF =2 
ox ox 7 
Similarly oF aot and ay 
oy or oz sor 
from (1), Ve(rr) =3r? + 3r? & - + y- Jag. “) 
i r r 
2 2 2 
= 3,3 + 3,2 [fae 
2 
3 2 97 3 3 3 
=3r° +3r° -— =3r° +3r° =6r-. 
Z 
Example 19: If V is a constant vector, show that 
(i) div V =0, (Rohilkhand 2005; Purvanchal 14) 
(ii) curl V =0. (Purvanchal 2014; Kumaun 15) 
Solution: (i) We have 
pi gen ee a cere aa 
ox oy az 


=i00+je0+ke0=0. 


(ii) _We have 
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oV oV oV 


curl V =i x + jx +k x — 
ox oy oz 


=ix0+jx0+kx0=0. 


Example 20: If ais a constant vector, find 
(i) div (r x a) : (Bundelkhand 2006; Kumaun 07, 11) 


(ii) curl (r x a). (Bundelkhand 2006; Kanpur 06; Kumaun 07; 
Agra 08; Rohilkhand 14) 


Solution: Wehaver=xi+ yj+zk. 
Let a=a, i+ da) j+ 43 k.Then the scalars aj, ay, a3 are all constants. 


We have 


i j k 
rxXa=l|x y Zz 
| Ay a3| 


= (a3 yp — doZ) i + (ayZ — agx) J+ ox — ay) k. 
) 


: : 0 0 
(i) a= AY ee Ma a Mey 
=0+0+0=0. 
(ii) curl (r x a) =V x (r X a) 
- a ay 
ae 2 a a 
| ox oy oz | 
(ea. oe AZ — agXx a ae | 


0 0 ‘ 
= (ay x — 4 y) (a2 — a3x)}i 
ay dz 


0 0 : 
E (dy X — ay y) ae (a3 y “,2)| j 


2 (ay 2) k 


+ Oe ds X) 
ax: | : oy 


=-2a, i-2ay j- 2a, k =-2 (qi + ay j+agk) =—-2a. 


Example 21: IfV =e" (i+ j+h), find curl V. 
ey 


Q 
Q 
Q 


Solution: Wehave curl V = 
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a ) xyz 0 Ayz . E Ayz 0 xyz . 
EX ire. If a ae a 
a) xyz a) xyz 
+}/— (e*") - — (e> k 
|. (e"") ay (e | 
=e (xz —xy)ite” (xy — yz) j+e (yz -4z)k. 
Example 22: Evaluate div f where f = 2x?zi — xy*zj+3y?xk. 


Solution: We have 


dvrovereli2 +j ag 0 (2x? zi — xy7z j+3y7xk) 
ox oy oz 
= £. (2x*z) + ; (-xy*z) + < (3p? x) 
= 4xz — 2xyz + 0 = 2xz (2 — y). 
Example 23: Show that V2 (x/r?) =0. (Kumaun 2008) 
2 2 2 
Solution: v (3)- a qe re (3} 
re ax? ay? az2 r 
ee. ee eae | 
ax re ox ox re ox re? rt ox 


_ ) 1 3x x we wd 2 De osc or _* 
= {3 A “t : yO =X + YW +z gives 2 = | 
afl 3x7] 3 a 6x 15x? ar 
ox |r 3 r 5 r a Ox r 5 r 6 ox 
_ 3 x 6x is 15x27 x 9x fe 15x° 
vor - ~o 7 eo vl 
esa a” (3)-2 2 (2 _a |] 3x a 
ay? ro oy oy re oy rt oy 
2) oe wd 
oy | r* 7 ap 
_af 39 3x Ixy or 3x, lox y? 
oy Pr 5 r° oy rP ry 
Xx 
5 


nee a” (x 3 
Similarly a2 (|= : + a 


Therefore, adding we get 


2) 2 2 
v(3)- ie gee pd (= 
r ax? ay? az2 Ji 
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9x 5x2 3x ISxy* 3x 5x2? 
+ + + 
r r! r yr! r r! 
7 15x 15x 2 2 2. 15x 15x j2. 
=-— + + yo +27) st? 0. 
T T T T 
(Comprehensive Exercise 3 
1. (i) If Fax?zi- 2y°2°j + xyz k, find div F, curl F at (J, -1, 1). 


2 SN eS oe 


10. 


(ii) Iff =(y? +27 —x7)i+ (ce? 44° -— py?) f+ (x? +p? -27)k, 
find div f and curl f. 

(iii) If f = xy” i+ 2x? yz j- 3 yz? k, find div f and curl f. What are 
their values at the point (1, — 1, 1) ? (Rohilkhand 2005) 


Find div F and curl F where F = grad (x? + a +27 - 3xyz). 
(Rohilkhand 2007) 
Find the divergence and curl of the vector 


f = (x — y*)i+Qxyj+(y? -y)k. (Bundelkhand 2004) 
Given 6 = Ie ye, find div (grad 9). 
Ifu=x? - om + 4z, show that V7 =0. 
Ifu= Bx? 7 and p = xz? 2 y, then find grad [(grad u) (grad v)]. 
Iff =(v+ y+)it+j+(-x-_y)k, prove that f ecurl f =0. 
(i) Iff =f, i+ fo j+ fz k ,show that 

Vef=Vf, eit Vf ej+Vfy ek. (Bundelkhand 2001) 
(ii) Prove that V e(r? r)=6r?. 
Find the constants a, b,c so that the vector 
F=(x+2y+az)it+(be-3y-—z)j+(4@xt+e y+2z)k is irrotational. 

(Bundelkhand 2005; Rohilkhand O8B) 

Show that the vector F = ope i+4y?2" j- 3x7 y? k is solenoid but not 
irrotational. (Kashi 2014) 


———~, 


( Answers 3 
se, 4 


(i) -3;-6i 
(ii) -2 (e+ y+z);2(y—-z)it2(—-—xj+2(e-y)k 


Gradient, Divergence and Curl ——- 
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(iii) y + 2x7 z-6 yz;9 ;- Bz? + 2x? y) i+ (4xyz -— 2xy) k; -i-2k 
6 (x + y +z);0 3. 4x;2y-x)i+ yp jt+4yk 
l2xy?z* 4+ 42324 +24 x3 y?2? 

6 yz? —12x) i+ (6xz7) jt (12xyz) k 

J y 
a=4,b=2,c=-1 


ee ee 


11 Vector Identities 


1. Prove that div (A + B) = div A+ div B or Ve(A+B)=VeA+V eB. 


Proof: We have 


diy CARS Ve heey eli? 452 ee a eR) 
ox oy Oz 


ije Aen4 je Geen” GER) 
ox oy oz 


’ & 4 ..(dA , 0B (B+ %) 
=ie;/—+—J|+je +—|+ke 
ox = Ox oy oy oz az 


..0A ,_ 0A 0A .._ 0B ,_ OB oB 
=|ie +je +ke—/+]ie +je +ke 
| ae a = | 


=VeA+VeB=div A+div B 
2. Prove that curl (A + B) = curl A + curl B or Vx (A+B)=VXxXA+VXB. 
(Rohilkhand 2008) 


Proof: We have curl (A + B) = V x (A + B) 


=|i 24 2 if 2 x (A + B) 
ox oy oz 


-Eix2arpy-2ix(4+9) 
t) oxox 
ase a Sy © Reta eel, 
ox ox 
3. If A is a differentiable vector function and 0 is a differentiable scalar function, then 
div (oA) = (grad 6)e A+ OdivA or Ve (oA) =(Vb)eA+ (VV eA). 
(Garhwal 2001; Agra 05; Kashi 14) 
Proof: We have 
0 
oy 


tiv (@ay=V olen =[1 2 +e 2) (04) 
ox oz 
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=ie 2 (oa) + je 2 (gaye ke = (a) 
sa ay 


“f(s ao 
Ho(af-ab-62 
“[o}-=(-2) 


[°. ae (mb) = (ma) e b=m (ae b)| 
= {x at i ras oi ih), (Vo) ©A+6(VeA). 
ox a 


4. Prove that curl (oA) = (grad 0) x A+ curl A 


or V x (0A) = (Vo) x A+  (V Xx A). 
(Garhwal 2002, 03; Bundelkhand 06) 
Proof: We have curl (0A) = V x (A) =] i + j g +k g x (A) 
ox oy oz 


fed folace 
7 Ef = a} = {ix [os] 
== U(aet)4} = fel) 


[a xX (mb) = (ma) x b= m (ax D)] 


ao. 0A 
-{z ( ix ason (ix a) (Vo) x A+ (Vx A). 


5. Prove that div (A x B) = Becurl A— Ae curl B 


or V e (Ax B) =Be(V x A)—Ae(V XB). 


(Garhwal 2003; Agra 05; Meerut 04, O5B, 08, 09; 
Bundelkhand 05, 07; Kashi 13; Avadh 09) 


Proof: We have 
div (Ax B)=E fie (Ax By} =2 io(BxpraxS 
ox ox ox 


“faa sf lo 
-=foa}}-2feb} 


[. ae(bxc)=(ax b)ec and ae(bxc) =—ae(cx b)| 


Gradient, Divergence and Curl 


loafers lo-2)44 
-oxiajen-fo(ix2) a 


= (curl A) e B — (curl B) e A= B ecurl A — A e curl B. 
6. Prove that curl (A x B) =(BeV) A- Bdiv A- (A eV) B+A div B. 
(Garhwal 2001; Meerut 06B; Kumaun 09, 11, 12) 
Proof: We have curl (A x B) = V x (A x B) 


-zfixS axmh=zlix(ax Bs Axa} 
ox ) ) 


IX IX 


= [ix (ax) +5 {ix(2 <a} 
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= (div B) A- (Ae V) B+ (BeV) A —- (div A) B. 
7. Prove that grad (Ae B)=(BeV)A+(AeV) B+Bx curl A+ AX curl B. 
(Agra 2001; Kumaun 15) 
Proof: We have 


grad (Ae B)=V(A eR) =i 2 (Ao) = Ei (aes Asp) 
ox ox ox 


=z {(a-B)il +(e. )ih. a) 


Now we know that a x (bx c) =(a ec) b-(ae b)c. 
(ae b) c=(aec) b-a x (bx c). 


(Ae Blimey B-ax(Bxi] 
ox ox 


=e Ba ax(ix SB), 
ox ox 
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sthus x f(a eB )ibaz fiaey Bl az lax(ix Bh 
-{aczictpraxs (ix) 
yy ox 


=(AeV)B+Ax(V xB). (2) 
Similarly > {(® e A) i =(BeV)A+Bx (Vx A). (3) 
Putting the values from (2) and (3) in (1), we get 
grad (Ae B) = (A eV) B+ Ax (V x B) + (BeV) A+ Bx (VX A). 
Note: If we put A in place of B , then 
grad (Ae A) =2 (Ae V) A+2Ax (Vx A) 


or 5 grad A? =(A eV) A+ Axcurl A 


8. Prove that div grad » = V7 ic.,V e (Vo) =V70. 
Proof: We have 
veive=( : + j z +k 2 = [H + 254 S| 


ov oy oz ox oy oz 
_ 0 (3) + a (oo 8 (=) 
ox \dx) ody \oy) dz \az 


2 2 a 2 2 2 
= 29,99, FOL Pte o=V"O. 
ov" oy oz ox oy oz 


9. Prove that curl of the gradient of 9 is zero i.e.,V x (Vo) =0, ie., curl grad o=0. 
(Bundelkhand 2014) 


Proof: We have grad @ = a i+—jt 
ox oy oz 


curl grad » = V x grad 


j + 
e) oy Oz ox oy Oz 
i j k 
) ) ) 
= | ox oy oz 
a dp = 
ox oy Oz 


_(%o 0 ),,(8 ao), (ao oo), 
dy dz az Oy dz ax avaz |) laray ay ar 


Gradient, Divergence and Curl ; 
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=0i+0j+0k=0, 

provided we suppose that » has continuous second partial derivatives so that the 

order of differentiation is immaterial. 


10. Prove that div curl A=0 ,ie., Ve(V x A) =0. 


(Garhwal 2000; Meerut 02, 06B, 09; Agra 2000; 
Rohilkhand 05; Bundelkhand 08; Kumaun 14) 


Proof: Let A= A, i+ Ay j+ Az k.Then 


fen 
curl A=VxA= ‘2 @ 
ey yy | 
| Ar Ay Az | 
dA, dA, dA, dA, dA, dA, 
= i+ j+}—-—|k 
oy oz oz ox ox oy 
Now div curl A = V e(V x A) 
9 (0A3  AAg 9 (AA, dAz 9 (dAq AA, 
ax| ay az | ayl| az ox | alae o 


d7A, 07A, 7A, 07Az O°A, 0°7A, 
= + + 
ox ody oxdz oyodz odyox dzox dz oy 


= 0 , assuming that A has continuous second partial derivatives. 


‘4 = 2 
ll. Prove that Vx(Vx A)=V(WVeA)-VW°A. (Meerut 2000, 07B, 10B; 
Rohilkhand 14; Kumaun 10) 


Proof: Let A= A; i+ Ay j+ Ag k. 


i al 
Then VxA= Ys : 
ov oy az 
A, Ag Az 
0A, dA, dA, dA, dA, dA, 
i+ j+ 
oy oz oz ox ox oy 
i j k 
Vx@Vxaye| © us o- 
ox oy dz 
dA3 dA, dA, dA Ay aA, 
Fe 
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d°A, 0°A, aA, 9A, \I 
+ aia i 

dy ox dz ax ay> az? 


9 (0A, dA, a’A, 0° A, | 
+ = + i 
ax | dy az dy? az? 


A v278) 


ox oy oz 


(“ dA, oe oe 7A; at 
+ = + = i 


ax* ay — az? 
-=/{2 weay—weaphs| 
ox 
-=/{2 weal |v? rAi=V(VeA)-V7A. 
lntustrative Examples 


Example 24: Taking F = x? yi + xzj + 2 yzk , verify that div curl F =0. 
(Garhwal 2002; Bundelkhand 04; Kanpur 10) 
| i j k | 


Solution: We have curl F= 


=(2z —x)i-O jt (z-x7) k =(2z2 —vit(z—-x7)k. 
Now div curl F = div [(2z - x) i + (z - x*) k] 


= (Qz -x) + — (z -x7) =-14+1=0 


Example 25: Prove that div (r" r) = (n +3) r". (Bundelkhand 2006) 


Solution: We have 
div (A) = (div A) + Ae grad o. 
Putting A =r and =r" in this identity, we get 


Gradient, Divergence and Curl 
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div (r" r) =r" div r +regrad r” 

=3r"+re(nr"! grad r) 

[. div r=3and grad f(u) = f’(u) grad u] 
=3r" +r e[n er rr] E grad rates] 

r r 

=3r"+nr"? (rer) 
=3r"4nr"-? /? 
=(n+3)r”. 


Example 26: Prove that div (=| =0. 
r (Bundelkhand 2010) 


Solution: We have 


div (= q = div (r-3 r)= r? divrt+re grad r3 


I 


=3r°4re (-3r4 grad r) = 3r3 44re (-3 d r] 


= 373-37? (rer)=3r> -3r Pr’? 
=3r? —3r> =0. 


5 


the vector r-’ r is solenoidal. 


A 
Example 27: Prove that divr =2/r. (Bundelkhand 2007; Kanpur 05) 


Solution: div ( r ) =div (= r)) Now proceed as in Example 25. 
3 
Alternative Method: 


div r = div (2 r)=div[= (ity ite K)| 
r r 
= div aed j+inl-<(2)+< : +2 (7) 
i r r ox \r oy \r oz \r 
-(* x a) 1 J or +(7 Zz *). 
r ror rr? oy r yr? az 


Now ae ty? +2". 
27 or =2yx ie, or a 
x ov oT 
Similarly ie and id 
oy or oz} 
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eg ag ee Se 8 


r re r r la r r 


‘ 2, 
Example 28: Prove that V? f (r) = f’’(r) += f’ (7 
B FM= f°) r Io (Meerut 2003, 05, 06B) 


Solution: We know that if is a scalar function, then V7 = V e (V0). 
Vf (r) =V @ {Vf(7)} = div {grad f(r) } 
= div {f’ (r) grad r}= div \- f'n) r} 


=f’ () div r +e grad | ro 


-2 posto poet ye 


aii 
=2 pra lit = fray+e ae 
a 


a 


== f'O)-=fF'O4S'=f'+= fC 


r 


Example 29: Prove that V* (=} =0 or div ( grad ‘) = 
> 


; 
( Agra 2002; Meerut 07, 13) 


Solution: We have 
“t J=¥ +(v *)- div ae Z 
Z 
dr|=di = di : 
“= grad r iv iv |- 3 r 
“Shae a vee] 2-3) grad | 


F 
_ 3 SL. . 3 3 _ 3 3.9 
--3+r-(3 r| + = Fr) ae sai I QO. 


r r r r r 


1/r is a solution of Laplace’s equation. 
Example 30: Prove that div grad r" =n (n + I) r2 ie, V2 re? =n(nt+l)r". 
(Bundelkhand 2005, 10; Meerut 2000, 08; Avadh 10; Agra 14) 
Solution: We have V7r" =V e(Vr") = div (grad r”) 


Gradient, Divergence and Curl — 
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: - : _1 1 . = 
= div (nr"™! grad r) = div a De r] = div (nr"~? r) 
r 


n-2 naa) 


= (nr"~*) div r + r ¢(grad nr 


=3nr"~* +r e[n(n—-2)r"~? grad r] 
=3nr""* +4 +l Gear i r| 
r 
= 3nr"~? +r e[n(n-2)r"~* vr] =3nr"-? +7 (n-2)r"-4 (rer) 
= 3nr"~? +n (n-2)r"-4 rv? =nr"? B4n-2)=n(n4+)r"?. 


Note: Ifn=—1,thenV*(r ~!) =(-)(-1+) r> =0. 


Example 31: Prove that V \ V (=}} = = or, div |r grad ro] =3r+, 
r r (Meerut 2009B) 


Solution: Wehave V (=]- grad r3 
- 


ce: ac me: CO 
=— +— +—(r k. 
ay yi a ie - (r~) 
Now - (r-3) =—3r-4 ud 
ox ox 
But r2 =x + y? a ae 
or or x 
Therefore 2r —=2x or ao 
ox ox 7 
So ee ear 
ox r 
iad Ce: ee es O p82 oy5 
Similarly —(r~)=-3r>? yand— (r~) = -3r~z 
oy oz 
Therefore V (=] =-3r> (xi + yj t+ zk). 
7 
Vy (+ \=- 34 Gis pit ck 
1 aa =-3r (xi + yj + zk). 
1) a -4 t) -4 0 4 
very 5] oo eee (-3r™" y) ee z) 
Now a. (-3r-* x) =12r° Ot gccaget 
ox ox 
=2y = poor a10r eg or 
Similarly ig Car yale =a 
ay 
t) 


and ~ (-3r-4 z) = [7 2, 


——,, Kivkno's T.B. Differential Equations and Vector Calculus 
y ( D-278 | 
Hence V [rv z}=12 ré (x? ee an ee 

_ 

=127r°%r? — 97-4 =12 774 - 974 =3r4. 

Example 32: If ais a constant vector, prove that div {r" (a x r)} = Ogkanpur 2008) 
Solution: We have div (A) = @ div A+ Ae grad 9. 
div {r" (ax r)}=r” div (a xr) + (ax r) e grad r” 


=r” div (ax r)+(axn)e(nr"! grad r) 
=r" (recurla—aecurlr)+(axr)e Ca i r} 
- 


n n-2 


=r" (re0-—ae0)+ur (axr)er 


[.. curl of a constant vector is zero and curl r =0] 
=nr"~* [a,r,r] 
= 0 ,since a scalar triple product having two equal vectors is zero. 


Example 33: If aand bare constant vectors, prove that 

(i) div [(r x a) x b] =-2bea. (Bundelkhand 2010) 
(ii) curl [(r x a) x b]=bxa. (Bundelkhand 2010) 
Solution: (i) We have (r x a) x b=(ber)a-—(bea)r 

: div [(r x a) x b] = div [(ber) a— (bea) r| 


= div [(ber) a] — div [(bea) r] (1) 
But div (A) = Odiv A+ Ae grad 6. 
Taking > = ber and A = a,we get 


div [(ber) a] = (ber) div a + ae grad (ber). 
Since a is a constant vector, therefore diva =0. 
Also let b=bi+hoj+b3k. 
Then ber =(b,i+ by jt+ bk) e(xi + pj + zk) 
=b,x +b y +b3z, where by , by ,b3 are constants. 
grad (ber) =), i+ boj+b3k=b. 


e div [(ber) a]J=aeb. d(2) 
Again div [(be a)] r = (bea) div rr + re grad (bea). 
But divr =3. 
Also grad (be a) = 0 because bea is constant. 
div [(be a) r] =3 (bea). a:(3) 


Subethatiny the values from (2) and (3) in (1), we get 
div [(r x a) x b] = (ae b) —3 (bea) =—-2bea. 
(ii) curl [(r x a) x b] = curl [(ber) a — (bea) r] 
= curl [(ber) a] — curl [(bea) r]. 


Gradient, Divergence and Curl ——- 
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But curl (pA) = grad Ox A+ curl A. 
curl [(be r) a] =[grad (ber)] x a+(ber)curla=bxa 
[. curla=0 and grad (ber)=b] 
Also curl [(be a) r] =[grad (bea)] x r + (bea)curl r=0 
[.. grad (bea)=0 and curl r =0] 
curl [(r x a) x b]= bx a- 0=bxXa. 


Example 34: Prove that curl [ry x (a X r)] =3r X a, where ais a constant vector. 
(Purvanchal 2009) 
Solution: curl [r x (a x r) | 
=Vx([(rer)a-—(r ea) r] [ax (bx c)=(aec) b-(aeb)c| 
=V x[r?a-(rea)r] [e rer=r? =r? ] 
=V x (r7a)-V x[(rea)r] [Ie Vx(A+B)=VxA+Vx Bl 
= (Vr?) xatr? (Vx a)—-[V (rea)] x r—(rea) (V xr) 
[- Vx (oA) = (Vo) x A+ (V x A)] 
=(2r Vr)x a+r? 0-[V (rea)]xr—(rea)0 
[Le Vi =f’) Vr;Vxa=0,a 
being a constant vector ; and V x r = 0] 


=(2r ir) xa-[V (er ea)] xr 


=2rxa-axr [. V (rea) =a, if ais a constant vector] 


=2rxat+rxa=3r Xa. 


Example 35: If ais a constant vector, prove that 


axr a 3r 
mie ae (aer). 
r r r (Meerut 2009B; Bundelkhand 09, 11) 


curl 


Solution: We have 
axr axr g0(axr 
curl —.— = V x =D di x — : . 
re ( r ox ( r } 


d(axr 3 or 1 or 1 (oa 
Now 2 (2 )- 4 rea ae (ax 2+ (2 «+} (1) 


da : 
Now = = 0 because a is a constant vector. 
I 


Also r=xityjtzk. 
or _ 
ox 

Further oF, 
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o (axr 3 x 1 
l)b a—|= + i 
(1) becomes 2 zs: ) a (a x r) 3 (a x i) 

3x 1 
a et 
ix 2 (A). BES aed! asedasety 
ox re r re 


= - 2" [Gen a-(iea)r]+— [livia —(ea)il 
r Yr 


= Lee ae boyd 
hee — A 3s at ey 
r r re ro 


[- ier=x and iea=a, ifa=ait+ad,jt+a3k] 


(Comprehensive Exercise 4 


1. (i) Verify that curl grad f = 0 ,where f = x? y+2xy + 2 
(ii) Prove that grad f (u) = f ’(u) grad u. 
(iii) Find Vo and |Vo| when 6 = (x2 + y2 422) en@ > +97 42°" 
(Kumaun 2012) 


2. (i) Prove that curl (yVo) = Vy x Vo =— curl (Vw). 
(ii) Prove that V* (py) = 6V7 y + 2Vo eVy + yo. (Kumaun 2014) 
(iii) Prove that div (Vo x Vy) = 0. 
(iv) If A and B are irrotational, prove that A x B is solenoidal. 
(v) Prove that curl ( grad 6) = 0. 
3. (i) Prove that ae {V(vea)-—V x (vx a)}= div v, where a is a constant 


unit vector. 


(ii) Prove that vector f (r) r is irrotational. 


Gradient, Divergence and Curl 


| Be 


12. 


13. 
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(iii) If f and g are two scalar point functions, prove that 
div( f V g=fV* gt+Vf eVe. 
(iv) Show that curl (a er) a = 0, where a is a constant vector. 
(Kumaun 2007, 09) 
| Hint: Use identity 4. Note that V (a er) =a, ifa is a constant vector. | 


If ais a constant vector, then prove that 

(i) V(aeu)=(aeV)ut+axcurlu, 

(ii) Ve (ax u) =—aecurl u, 

(iii) V x (a x u) = adiv u-(aeV) u, 

(i) Given that p F = Vp, where 9, p, F are point functions, prove that 
F ecurl F=0. 


(ii) Avector function f is the product of a scalar function and the gradient 
of a scalar function. Show that f e curl f = 0. 


sy 1 ‘ 
(iti) Show that curl a 6 (r) = — 0’ (r) r x a, where a is a constant vector. 
rs 


(i) Prove that curl [r” (ax r)] =(n+2)r" a—nr"~? (rea)r, 

where a is a constant vector. (Kumaun 2008) 
(ii) Prove that V7 (r” r) =n (n +3) r"~? ¥. 
(i) Prove that curl grad r” = 0. (Avadh 2010; Kanpur 11) 


(ii) If V2 (r) =0, show that f (r)= “1 +e5, 
r 
where r? =x? 4+ Jy 2 +27 and C,,¢€9 are arbitrary constants. 
Ifr is the position vector of the point (x , y ,z)show that curl(r” r) = 0, where 
ris the module of r. 
Prove that r” r is an irrotational vector for any value of but is solenoidal 


only ifn +3=0. 
(i) Ifu=(l/r)r,show that V x u =0. (Avadh 2010) 


(ii) Prove that div(A x r)=recurlA. 

(i) If Vf (r) =0 show that f(r) =c, log r + cy where pax? + yo and. 
C1,¢€9 are arbitrary constants. 

(ii) If a and bare constant vectors, then show that V e(a e br) =3aeb. 

If u=(1/7r) r find grad (div u). 

(i) Prove that V? v ° (=) =2r4, 


r (Kumaun 2011, 13) 


(ii) Prove thata e (v ‘) a 
a 


AAv-2e2 
14. 


15. 


16. 
we 
18. 


14. 
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(iii) Prove that Ve(U VV —-V VU) =UV? V-VV?2 U. 


(iv) Prove that bev(aev Hj. aeb 
r 


r> ro” 
where a and bare constant vectors. (Kumaun 2015) 
Evaluate div {a x (r x a)}, where a is a constant vector. (Kanpur 2007) 
r)x 
(i) Prove that div 4 = : a are. 
Z r- dr (Kumaun 2007, 14) 


(ii) Prove that ; Va’ =(aeV)at+axcurla. 


Prove that curl [r x (a x r)] = 3r x a, where a is a constant vector. 
Prove that Vx(Fxr)=2F-(VeF)r+(reV)F. (Kumaun 2015) 


If a and bare constant vectors, prove that 
grad [(r x a) e(r x b)]= (bx r)xXat+(axr)xb. (Kumaun 2015) 


a 3% 
( Answers 4. 


(ili) 2Q-ry)e"r; Q-rjye’r 12. La 
r 
2a 
( Objective Type Questions 
et 


Multiple Choice Questions 

Indicate the correct answer for each question by writing the corresponding letter from 
(a), (b), (c) and (d). 

If the vector V = (x +3 y)i+(y —2z) j+ (x + az) k is solenoidal, then the 
constant a is 


(a) O (b) 1 
(c) -2 (d) 2 (Garhwal 2006) 


The directional derivative of 6 (x, y,z) = x yz + 4xz? at (| -2,-1) in the 
direction of the vector 2 i - j-2 k is 

(a) 37/3 (b) 3/37 

(c) 3 (d) none of these 


Gradient, Divergence and Curl 


3: 


10. 


11, 
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nN 


Ifr =|r|wherer =xi+ y j+zk,thenV? oS 
(a) n(n+l)r" (b) n(n+1r™ 


(c)n(ntl rr" (d) none of these 
(Agra 2007; Garhwal 15) 


(a) -2/r° (b) 0 


(c) 2 ir (d) none of these 
(Kumaun 2014) 


If r=xi+ yj+zk and a is a constant vector, then curl (r x a) is 


(a) -a (b) —3a 

(c) -2a (d) none of these 
(Garhwal2014) 

The value of div r is 

(a) 2/r (b) 0 

(c) l/r (d) none of these (Agra 2014) 

The V is a constant vector, then div V is: 

(a) 3 (b) 3V 

(c) O (d) none of these 


(Kumaun 2007, 11) 
Iff =x pi — 2xzj + 2 yzk, then div f is equal to 


(a) 2x(x +1) (b) 2y(x +1) 
(c) y(y +) (d) none of these 
(Kumaun 2008) 
V x (Vf) is equal to 
(a) Vf (b) 0 
(c) O (d) none of these 
(Kumaun 2010) 
grad (1/1) is equal to 
(a) -r/r° (b) r/r° 
(c) r/r? (d) none of these 


(Kumaun 2006) 
If f = ” then curl f is equal to 
; 


(a) | f | (b) | f 


(c) 0 (d) none of these 
(Kumaun 2006) 
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12. Value of (2i x j) x (j-k) is equal to 
(a) i+2j+2k (b) -i+2j+2k 
(c) 2i-2j+k (d) 2i+2j+k 
(Kumaun 2014) 
13. The value of curl (i x j) = 


(a) 0 (b) 1 
(c) =1 (d) 0 
(Kumaun 2014) 


14. Ifr=xi+ yj+zk,then curl r is 
(a) 1 (b) 2 
(c) 3 (d) 4 
(Garhwal 2007) 
15. IfF= xy” i+2x? yz j-3 yz? k, then div F at (J,—1, 1) is 
(a) -9 (b) 9 
(c) 8 (d) 10 
(Garhwal 2008) 


16. For any vector field F, the value of div curl A = 
(a) 1 (b) -1 


(c) 2 (d) none of these 
(Garhwal 2008) 


17. The equation of normal plane is 
(a) (R-r)xVf =0 (b) (R+r)xVf =0 
(c) (R-r)xV? f =0 (d) (R+r)xV7 f =0 
(Garhwal 2009) 
18. Ifo= 3x7 y yz" , then Vo at the point (1,— 2,— ]) is 
(a) -l2i-9j-24k (b) -25 


(c) 12i+9j-2k (d) none of these 
(Garhwal 2011) 


19. If for any vector V, then div V = 0, then V is 
(a) solenoidal (b) irrotational 
(c) normal to the surface (d) parallel to line surface 
(Garhwal 2011) 
20. Value of curl grad 0 is 
(a) 0 (b) V°o 


(c) 1 V6 (d) none of these 
. (Garhwal 2013) 


Gradient, Divergence and Curl 
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Fill in the Blank(s) 
Fillin the blanks “...... ”, so that the following statements are complete and correct. 
If F=(x* + y?)i-2 xy j,then Fe dr = ee ; 


IfP=e% i+ (x—2 y) j+(xsin y) k then 2 = Wiese ; 
Ie 


If ais a constant vector then grad (a er) =....... 
(Rohilkhand 2007; Kumaun 12) 


If ais a constant vector, then V e (a x r) =....... 


Ifr = xi + yj+ zk , then the value of divr =....... 
(Agra 2008; Kumaun 15) 


If A = x7 zi - Qy327j + xy” zk, then div A at (1,-1, 1) =....... 


If r = xi + yj+ zk, then the value of curlr =....... 
(Agra 2008; Rohilkhand 14) 


For any vector A, div curl A=....... 


A vector V is said to be solenoidal if ...... . (Rohilkhand 2005; Agra 06) 
A vector F is said to be irrotational if ...... . 

If =x" y +2xy +27, then curl grad o =....... (Bundelkhand 2007) 
Iff = x” yi + 2xzj + 2 yzk, then div (curl f) =....... (Kumaun 2010, 12) 
Value of div grad 6 is....... (Kumaun 2011) 
If ais a constant vector, then curl (r x a) =...... . (Kumaun 2013) 


True or False 


Write ‘T” for true and ‘F’ for false statement. 
If r = xi + yj + zk, then r is solenoidal. 


If V is a constant vector, then div V = 0. (Rohilkhand 2005) 
If F = 2xyz i + _y*zj— 2 yz7k, then Fis irrotational. 

If ois a differentiable scalar function, then curl grad 6 = 0. 

If @ is a differentiable scalar function then div grad o = ve o. 

Ve(Ax B)=A e(V xX B)- Be (Vx A). 


A function which satisfies Laplace’s equation is called a harmonic function. 


ro 
f ‘ 


( Answers 
=e 4 


Multiple Choice Questions 


(c) 2. (a) 3. (c) 4. (b) 5. (c) 
(a) 7. (c) 8. (b) 9 
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Ll. (c) 12. (b) 13. (a) 14. (d) 15. (b) 
16. (d) 17. (a) 18. (d) 9. (a) 20. (a) 
Fill in the Blank(s) 
lL. (x? + y?) de —2xydy 2. yeYi+jt+sinyk 3, a 
4. 0 De: 6. -3 7. O 8. 0 
9. div V=0 10. curl F=0 ll. O 
12. 0 13. V7o 14. -2a 
True or False 
l. F 2. T 3. F 4. T 5. T 
6. F Fe 


( Ohapter ) F 


je , > 


oO. 


Integration of Vectors 


1 Integration of Vector Functions 


e shall define integration as the reverse process of differentiation. Let f (t) and F (t) 


be two vector functions of the scalar t such that 


d — 
rg (t). 


Then F (f) is called the indefinite integral of f (t) with respect to t and symbolically 
we write 


Jf @dt=F(o. Atl) 
The function f (f) to be integrated is called the integrand. 


If cis any arbitrary constant vector independent of t, then 
d 
— (F(+ecjs=f (f). 
are 
This is equivalent to 
Jf @dt=F@+e. git) 


From (2) it is obvious that the integral F (¢) of f (¢) is indefinite to the extent of an 
additive arbitrary constante . Therefore F (t)is called the indefinite integral of f (¢). 
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The constant vector cis called the constant of integration. It can be determined if we 
are given some initial conditions. 


If 2 F (¢) = f (¢) for all tin the interval [a , b], then the definite integral between the 


dt 


limits tf = a and t = b can, in such case, be written as 
b bfld 
J. f (i) dt=] {4 F (of at = [F (0) +e]? =F(b)-F(@. 
Theorem: [If f ()=/f, (Oi+ fo (0 j+ fs (0) k, then 


Jr@ade=if f ()dt+if fo ()dt+k J fs (t) dt. 


Proof: Let © FQ) = f (0). Pre 
Then Jf @dt=F(o. sk2) 
Let F()=F (i+ j+F (k. 


Then from (1), we have 


“1 ()i+F i+ F Ok}=f0 


o (45 olie{tn of ie{en of 
=f, ®i+ fo Oi+ fs Ok. 


Equating the coefficients of i, . k,we . 


“RO-fOLhO-hOLKO=f t 


R®=ff oe aut (t) dt, Fy fame (t) dt. 

F()={] A ()dthi+{] fy (t) dtl i+ fs (t) dt k. 
So from (2), we get 

[r@a=iff ()dt+if fr (t) dt +k f fs (t) dt. 


Note: From this theorem we conclude that the definition of the integral of a 


vector function implies the definition of integrals of three scalar functions which 
are the components of that vector function. Thus in order to integrate a vector 
function we should integrate its components. 


2 Some Standard Results 


We have already obtained some standard results for differentiation. With the help 


of these results we can obtain some standard results for integration. 
d d 
1. We have — (r es) = FestreS. 
dt dt 
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d d 
Therefore J (Geste “f) at - res+c, 
dt dt 
where c is the constant of integration. It should be noted thatc is here a scalar 
quantity since the integrand is also scalar. 


2. We have (r?)=2re a 
dt dt 


- Therefore J (2 re *) dt=r7 +c. 


Here the constant of integration c is a scalar quantity. 
ny Sy Mt ott 
dt dt dt? 


3. We have us ( 
dt 


2 2 
Therefore we have i [2 = ° “ | dt = (=) +. 
t 


Here the constant of integration c is a scalar quantity. 


2 
Also (=) _ ae dr 
dt dt dt 
2 2 
4. We have f(r x B= Sx Be x SF ae 
dt dt) dt dt dt dt 


2 
J pee lee pe a, 
dt? dt 


Here the constant of integration ¢ is a vector quantity since the integrand 
2 


d-r., : 
rx — is also a vector quantity. 
dt 
5. Ifais a constant vector, we have 
d a dr dr 
—(axr)=—xrtax—=ax — 
d dt dt 


Therefore | (a x *) dt=axrete. 


Here the constant of integration ¢ is a vector quantity. 


6. Ifr=|r|and ris a unit vector in the direction of r, then 
d /” d (1 ldr 1 ad 
(f= r}= 
dt dt r dt yr? dt 
ldr 1dr 


r dt r2 dt 


r 


Therefore J ( r| dt=r+e. 


7. Ifcisaconstant scalar and ravector function of ascalart ,then obviously 
Jor dt=c [rde. 


8. Ifrands are two vector functions of the scalar t , then obviously 


Jr +s) dt=[rde+ [sdt. 
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lnustrative Examples 
2 dr 2 3 
Example 1: Evaluate I, rx es dt, wherer = 2t° i+t j—-3t k. 
t 
(Bundelkhand 2004; Kumaun 08; Kanpur 13) 


Solution: Givenr =2t7i+tj-30° k. 


2 
BY ag hp Oe and @" 24 20} iehe. 
dt dt? 
d*r Den gs 3 : F 
nae ye i+ tj -—3t°k) x 4i + Oj — 18tk) 
t 

i j k 
=2¢? t =3e" 

4 0 =I8t 
SS16P i =(=36P 412F) j=4rk 
=-18 ¢7i+ 2407 j - 4tk. 

; 2 ; 
E rx ata? (-18¢7i + 2403 j — 4tk) dt 
1 dt? : 


=-18i i, Pdt +24) I) dt — 4k t dt 


3 2 4 2 2 2 
=-191/—| +24j/E] -4e 2 
3 1 4 1 2 a 


=-6(8-li+6(16-1l)j-2(44-lk 
=~ 42i + 90j- 6k. 


2 
Example 2: Find the value of r satisfying the equation a = ta + bwhere aand b are 
t 


constant vectors. 


2 ce 
Solution: Integrating the equation =ta+ bwe gett = ; f? a+tb+ c, where 
t 


c is constant. 
Again integrating, we get 
1 
6 


r + 5 t?b+tet+ d, where d is constant. 


Example 3: If r (t) = 5t?i + tj)- Pk, prove that 
é 2 
E [rx OF = 14 +75) ~ 15 


a 
dt (Kumaun 2000; Meerut 01, 04, 05, 07, 10, LOB; 
Kanpur 10; Rohilkhand 13) 
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Let us now find r x St We have =10 t+ j-3¢? k. 


rx Za 60 i+tj-@ k)x (0ti+ j-3¢ k) 
i i k 
=|5t? t =P |= -9P 14-58 J 56° kk 


lOc 1 _ 342 


d°r = 3 6 4. 2,7 
I, [rf a= [2 i451 =5t k], 


=[-28°] i+[5et] j-[5?], ik 
= —14i + 75j- 15k. 
2i- j+2k, when t=2 


Example 4: Given that r (t) = Hee ek SES aie Pa 
1- J ? (Ta) =J9, 


vat 


show that i (r it 


dt =10. 
(Meerut 2003, 13B; Bundelkhand 08; 


Kanpur 09, 11; Agra 06; Avadh 10; Purvanchal 13) 


3 
Solution: We have J (r ° *) dt = E | . 
dt 2 


2 
When t=3,r=4i -2 j+3k. 
when t=3,r? = (4i -2 f+ 3k) e (4i-2 f+ 3k) =164449=29. 
When t=2,r=2i — j+2k. 


when t=2,r7 =4414+4=9, 


(a (r =f) a= = 29 9] =10. 


Example 5: The acceleration of a particle at any time t = 0 is given by 


a= = 12 cos 24-8 sin 2t f+ 16 tk. 


If the velocity vand displacement r are zero at t = 0, find vand r at any time. 
(Agra 2007) 


Solution: We have o =12cos 2ti-8sin2t j+16tk. 


Integrating, we get 
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vai J12cos Qt dt + j J -8sin 2¢ dt + k | 16¢ dt 


or v=6sin 2ti+4cos 2t j+8t? k+e. 
When ¢t = 0, v= 0. 

0=0i1i+4j+0k+¢ or c=-4j. 

v= St = 6 sin 2¢i + (4 cos 2t — 4) j+ 81? k. 
Integrating, we get 

r =i [6sin 2¢ dt + j | (4 cos 2t - 4) dt +k [82° dt 

=-3cos 21+ @sin2t— 41) 5+ 30 k +d, 
where dis constant. 
When t=0,r=0. 

0=-3i1+0j+0k+d. os d= 3i. 


r=-3cos i+ @sin2t—~ 41) j+ 30° k + 3i 


= (8-3cos 21+ @sin 2-4) j+ 58 " 


(Comprehensive Exercise 1 


l. lff () =(t-t7)i+2¢° j-3k,find 
(i) fr jade (ii) [° fat 
2. Evaluate i (e? i+e 2* j+tk) dt. (Garhwal 2001, 02) 
3. lft) =tit+(2 -20 5+ G60 +309) k find J f(t) dt. 
(Garhwal 2003; Bundelkhand 07) 


4. Ifr=ti-t?j+(t-1) k ands =2t7 i+ 6t k, evaluate 


; 2 i 2 
(i) [ res dt, (ii) i r Xs dt 
(Rohilkhand 2008) 
2 
5. (i) Find the value of r satisfying the equation or =a,where aisa 
t 


dr _ 


constant vector. Also it is given that when ¢ = 0, r = 0 and 7 u. 
t 
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- _ dr : : 
(ii) Solve the equation re. where a is a constant vector ; given that 
dt 


r=0 ani 0 when t = 0. 
dt (Bundelkhand 2008) 


2 © 
6. Find the value of r satisfying the equation “+ = 6ti — 24¢7j+4sintk, 
t 


given that r = 2i + jand dr / dt =—i-3k att =0. 
(Agra 2001; Meerut 11) 


7. The acceleration of a particle at any time tis e‘i + e7'j+k. 


Find y, given that v=i+ jat¢ =0. 


y) 
8. Evaluate I, (a e bx ce) dt , where 
a=fi —3j+2tk , b=i-2j+2k ,c=3Si +tj-k. (Meerut 2013) 
2 c 
9. Integrate as =— nr’. 
dt (Kumaun 2009) 


-——~, 
ff 


( Answers 1 


f 
Ne 


2 3 
Gi 22 pal 8 
2 
x eli 5? Nee ik 
3: es 
2 3° 4 
4. (i) 12 
(ii) -—24i ny wee 
2 3 
. lo 
5 —t° at+t 
(i) , a+tu 
wy loo 
—t 
(ii) 5 a 
3 
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( Objective Type Questions 


_ 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from 


(a), (b), (c) and (d). 
lL. IfF(@)=ti+(? ~21) j+ Gt? +3¢%) k, then the value of fF (¢) de is 


1 2 i 1 2 i 
—~i+—jt+—k b) —i-—j+—k 
ae er O)stogitg 
| a ae 
(c) -~i-—j+—k (d) None of these 
2 2 4 


(Bundelkhand 2001) 
, ; 1 
2. Ifr=ti-¢?j+(t-l)k,ands = 2t?i+6tk, then the value of J, r es dt is 


(a) 10 (b) 12 
(c) 15 (d) None of these 
(Kumaun 2007, 10) 


3. The value of f (efit 7! j+ tk) dt is 


» L292, 1 rae Gy. Saatll 
-= +—k b) (e-Di-— +])j+—k 
(a) ei 9° J 5) (b) (e-)i 5 )j 5) 


(c) (e-li ; @> =)y+ xk (d) none of these 
(Garhwal 2008) 
2 
4. The value of r satisfying the equation = ta+ bwhere a and bare 
t 


constant vectors is 
3 2 3 2 


(a) + pst te+a (hy = 2 patesa 
& 2 a 2 
3 2 3 2 

() E-L b-te+a (dj =" =" pea 
6 2 6 2 


5. The acceleration of a particle at any time ft 2 0 is given by 


a= . = 12cos2ti — 8sin2t j+16tk, the velocity v at any time is 


(a) 6sin2ti —4cos 2tj+ 82k +e (b) 6sin2ti + 4cos2tj+8t? k +e 
(c) 6sin2ti —4cos2tj-8t? k +e (d) none of these 
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6. If f(t) =(t-t*)i+2¢° j-3k, the value of | f(t) dt is 


2 3 4 2; 3 4 

fay |e 2 le eae (5) | tae ee eae ae 
2° 3 2 3/9 
2 3 4 2 3 4 

(c) [EL -L|i-oj-3nK +e (d) (£42 |i- j-3er+e 
5 el; 2 cs) 2 


7. The acceleration of a particle at any time f is e'i + e7'j +k, the velocity v 
at any time is 


(a) ei t2e**j+k+c (b) tia serie 


(c) chit 50 jt +c (d) none of these 


Fill in the Blank(s) 


Fillin the blanks “...... ”, so that the following statements are complete and correct. 
De 3 2 : 7 
i, lis [ti+(t? —2t) jjdt=...... 


2. IfF (t)=3t7 i+ t j+2k andG (t) = 6t? i+(t—1) j+ 3¢k,then 


[. (Gece re SE) a= ore 


9 \dt dt (Meerut 2011) 


5. Ife @ase istj-¢ k, then [ rx ——dt =....... 
: (Kumaun 2013) 


Fe 1 
4. Ifr =t° i+j-¢k, then [ pee ge cones 5 
0 dt (Kumaun 2014) 


True or False 
Write ‘T” for true and ‘F’ for false statement. 


zB ef 
Lf pte a=(5) +e. 
dt = dt? dt 


2. The value of [| (e' i+e72! j+tk)dt is (@-1)i-(€? -1)j+k. 


Pe 


( Answers 
4 


Multiple Choice Questions 
l. (b) 2. (d) 3. (c) 4. (a) 5. (b) 
6. (b) 7. (c) 
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Fill in the Blank(s) 
Lae 2. 24 
2 3 
S., 14475 j=15 k 4. 1 


True or False 
ke 2. F 


Oo. 


Line Integrals 


1 Some Preliminary Concepts 


Ou curve. Suppose C is a z A 
curve in space. Let us orient C by r 

taking one of the two directions 
along C as the positive direction; the 
opposite direction along Cis then called 
the negative direction . Suppose A is the a ai eae 
initial point and B the terminal point of 
C under the chosen orientation. In case these two points coincide, the curve C is 
called a closed curve. 
Smooth curve. Let r (¢) = x (t)i+_y (t) j+z (t)k, where r (£) is the position 
vector of (x, y, Zz), be the parametric representation of a curve Cjoining the points A 
and B, where t = t, andt = fy respectively. We know thatdr / dt is a tangent vector 


—, Kaisknn's T.B. Differential Equations and Vector Calculus 
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to this curve at the point r. Suppose the function r (ft) is continuous and has a 
continuous first derivative not equal to zero vector for all values of t under 


consideration. Then the curve C possesses a unique tangent at each of its points. A 
curve satisfying these assumptions is called a smooth curve. 


A curve C is said to be ' 
’! 


c 
piecewise smooth if it is ee Gs aa i aa: 
composed of a finite number _ 
of smooth curves. The curve Piecewiae Srmenth Curve 
C in the adjoining figure is 
piecewise smooth as it is 
composed of three smooth curves C,,C, and C3 . The circle is a smooth closed 


curve while the curve consisting of the four sides of a rectangle is a piecewise 
smooth closed curve. 


Smooth surface. Suppose S is a surface which has a unique normal at each of its 
points and the direction of this normal depends continuously on the points of S. 
Then S is called a smooth surface. 


If a surface S is not smooth but can be subdivided into a finite number of smooth 
surfaces, then it is called a piecewise smooth surface. The surface of a sphere is 
smooth while the surface of a cube is piecewise 
smooth. 


Classification of regions. A region R in which 
every closed curve can be contracted to a point 
without passing out of the region is called a 
simply connected region. Otherwise the region 
Ris multiply-connected. The region interior toa 
circle is a simply-connected plane region. The 
region interior to a sphere is a simply-connected 


region in space. The region between two 

concentric circles lying in the same plane is a 

multiply-connected plane region. 

If we take a closed curve in this region surrounding the inner circle, then it cannot 
be contracted to a point without passing out of the region. Therefore the region is 
not simply-connected. However the region between two concentric spheres is a 
simply-connected region in space. The region between two infinitely long coaxial 
cylinders is a multiply-connected region in space. 


2 Line Integrals 


(Avadh 2014) 


Any integral which is to be evaluated along a curve is called a line integral. 


Line Integrals 
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Supposer (ft) = x (t) i+ _y (t) +z (¢) k ,wherer (£)is the position vector of (x, y, z) 
ie, v (t)=xi+ y j+z k ,defines a piecewise smooth curve joining two points A 
and B. Lett = t; at Aandt = t) at B.Suppose F(x, y, z) = Ri+ Fj + F,kisavector 
point function defined and continuous along C. If s denotes the arc length of the 


dr : . . 
curve C, then ae = tis a unit vector along the tangent to the curve C at the point r. 
s 


The component of the vector F along this tangent is F ¢ a . The integral of F e a 
s s 


along C from A to B written as 


le pret] as= J Fedr={ F edr 


is an example of a line integral. It is called the tangent line integral of F along C. 
Since r=xi+ y j+z k, therefore, dr = dvi+dy jt+dzk. 
Fedr =(Ri+F, j+ Fk) e(dvit+dy j+dzk) 
=F dx + Fy dy + Fy dz. 
Therefore in components form the above line integral is written as 
J. Fedr=[. (A dv+F, dy +F, dz). 


The parametric equations of the curve C are x = x(t), y = y(t) and z = z(t). 


Therefore we may write 


J Fedr={? F, care Dh MN ap 
Cc ty dt dt dt 


Circulation: If C is a simple closed curve ( i.e. a curve which does not intersect itself 
anywhere), then the tangent line integral of F around C is called the circulation of Fabout C. 
It is often denoted by 


pFedr = $(F dv+F, dy + F, dz). 
Work done by a Force. Suppose a force Facts upon a particle. Let the particle be 
displaced along a given path Cin space. If r denotes the position vector of a point 


r. . ; . : . 
onC,then rc is a unit vector along the tangent to Cat the point r in the direction ofs 
K 


increasing. The component of force F along tangent to C is F e “ . Therefore the 
K 


work done by Fduring a small displacement ds of the particle along Cis |F ° «is 
s 


ie.,F ¢ dr. The total work W done by Fin this displacement along C;,is given by the 
line integral 


wef. F edr, 


the integration being taken in the sense of the displacement. 
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liateative Examples 


Example 1: — Evaluate i, F edr, where F = x7i + Pa jand curve C is the arc of the 
parabola _y = x? in the x-y plane from (0, 0) to (1, 1). 


Solution: We shall illustrate two methods for the solution of such a problem. 
Method 1. The curve Cis the parabola y = x? from (0, O) to (1, 1). 


Let x =t;then y = ¢*.If r is the position vector of any point (x, y) on C, then 
r (ft) =xi+ yj=tit ej. i oni 4244 
Also in terms of t,F = t7i + t°j. 
At the point (0, 0), tf =* =0. At the point (L,)),t=1 
[.Fedr= J. (Feit )ae= fie i+¢° je(i+2t jdt 


dt 
; 3 8]! 
= fa? +287) de =|! 2} 1 17 
0 3 8 ip 2 & I2 


Method 2: In the xy-plane we have r = xi + yj. 
dr = dxi + dyj. 
Therefore, F ¢dr = (x7i + _y?j) e(dvi+dy j) = x7 dv + ydy. 
l Fedr= e (x7 dx + y dy). 
Now along the curve C, y = x”. Therefore dy = 2x dx. 
1 
[. Fedr=f [x? dv +.x° (2x) dx] 


3 8] 
=f, (x? +217) a= ee | i 


3 aa 


Example 2: If F = 3xy i - y* j, evaluate | F e dr, where Cis the curve in thex y-plane, 

y =2x*, from (0,0) to (2). (Garhwal 2001, 02; Kumaun 07; Rohilkhand 12) 

Solution: The parametric equations of the parabola _y = 2x* can be taken as 
e=h.pSor. 

Atthe point (0,0), x =Oandsot = 0.Again atthe point(l, 2), + =landsot = 1 

Now J. Fedr=f. (3xyi —_y* j) © (dv i+ dy j 


[. r=xi+ yj, so that dr = dxi + dyj| 
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- ee ae dx 9 
=f, Gy de- yay) =f, [sw Fy Oa 
=, C.t0r 1-48 4)a 


[- x=t, y=2t? so that dv/dt=1 and dy/dt = 4] 


= : ‘4 167) 
=| (6t? —16t?) dt =|6. 16. 
0 4 6 


26 16 38. 7 
4 6 2 3 6- 
Example 3: Evaluate | F edralong the curve x” + y* =1, z = lin the positive direction 


from (0,1, }) to (1,0, 1) where F = (2x + yz) it xzj+ (ay + 2z) k. 

Solution: Let the given curve be denoted by Cand let Aand B be points (0, I, I) and 
(1, 0, 1) respectively. 

Along the given curve C, we have r = xi + _yj + zk. 


dr = dx i + dy j+ dz k. 
[_ Fedr=[% (Qxv+ yz) itz j+ (ay +22) k]o(dvit dy j+dz k) 


=i [(2x + yz) de + xz dy + (xy +22) dz]. (1) 


In moving from A to B, x varies from 0 to | , y varies from | to 0 and z remains 
constant. We have z =1 and so dz =0. 


Hence from (1) 


i” Fedr=[ Qx+ y)dr+f- xdy +0 


=f, 2x+Vd-2)]dv-fo Vd-y?)dy=L7]f =) 


the last two integrals cancel by a property of definite integrals. 


Example 4: Evaluate | (x dy — y dx) around the circle x + 5 es | (Meerut 2002) 


Solution: Let C denote the circle x* + y? =1.The parametric equations of this 
circle are x = cos t, y = sint. 
To integrate around the circle C we should vary t from 0 to 27. 
2 dy dx 
b. (wdy - y dx) = Jr («FS Jae 

= 2 y) 2D a 2 _ 

= i. (cos* t+sin* ft) dt = i; dt =2n. 
Example 5: If F=(2 x + y)i+ (@8y — x) j, evaluate li F e dr where C is the curve in 
the xy-plane consisting of the straight lines from (0,0) to (2,0) and then to (3, 2). 

(Agra 2007; Meerut 11; Purvanchal 14) 
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Solution: The path of integration C has been shown in the figure. 


It consists of the straight lines OA and AB. ’ 


We have [ Fedr i 
G, tr, 2 
=f. [ext pit Cy —x) jle(it yj 
=|. [@r+ y)de+ By -2) dy]. Un” Ae 


Now along the straight line OA, y=0, dy =0 and x 
varies from 0 to 2. The equation of the straight line AB is 


Be ae 5-2) ie, p=2x-4 


along AB, y=2x-4, dy =2 dv and x varies from 2 to 3. 
2 3 
[i Fedr= |" [2x +0) de +0] + J, [(2x + 2x — 4) dx 
+ (6x — 12 — x) 2 dr] 
mea ae is 
=[« 1h (L4x — 28) dx 
3 


_9)2 
=4+14f) we dydenaall - | =44 7211 
WA 


Example 6: Evaluate ip F edrwhere F = (x? + yy”) i — 2xyj, curve C is the rectangle in 


the x y-plane bounded by y =0, x=a, y=b, x=0. 


(Meerut 2000, 06B, 07B, 09B, 12, 13; Kanpur 10; Bundelkhand 09; 
Purvanchal 09) 


Solution: In the xy-plane z = 0. ¥ 
Therefore p i 
r=xit+yj and dr=dvi+dy j. KL i) ven) 
The path of integration Chas been shown in 
the figure. It consists of the straight lines 
OA, AB, BD and DO. 
We have 

J. Fede =]. [@? + y*)i- 2a jle(dvit dy j 


=f. [@? + y*) de - 2ay dy]. 


Now on OA, y =0, dy =O and xvaries from 0 toa;on AB, x=a, dx=Oand y 
varies from 0 to b; on BD, y=b, dy =O and x varies from a to 0; on 
DO, x=0, dx =0 and y varies from b to 0. 


[Fede =f" x? de-[" 2ay dy +f? (2 +b?) de +f” Ody 


1, Oy Adz 0) x 
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Qa 5 < 10) 
-|5| 267] 5 + vy +0 =-2ab?. 

3 Io 2 Io a 
Example 7: Find the total work done in moving a particle in a force field given by 

F = 3xyi — 5zj + 10xk 
along the curvex =t* +1, y =2t*, z= rad from t =1to t =2. 
Solution: Let C denote the arc of the given curve from t = 1to t = 2. Then the total 
work done 
=fo Fedr =f. (3xyi — 5z j+10x k) e(dv i + dy j+ dz k) 


= J. Guy dx -5z dy + 10x dz) 


d 
fe [su & 52 P+ 10x dt 


1 dt dt dt 
=J> 8 +) @p? Qt) - Gt) At) +10 ¢? +N GE?)] dt 
=f> 0205 +1203 -20¢4 +3004 + 300?) at 


=f> 20 +10¢4 +1289 +3047) de = 303. 
Example 8: Evaluate ie Fe dr,where F = yz i +zx j+ xy kand Cis the portion of the 


curver =acosti+bsint j+ctk, fomt=0 tot=1/2. (Avadh 2010) 
Solution: Along the curve C, 
r=xi+tyjt+zk=acosti+bsint j+ctk. 
Er x=acost, y=bsint, z=ct. 
Now J Fedr=J. (yzitzx jt xy k)e(dvit dy j+dzk) 


=fo (yz dx + zx dy + xy dz) =|. d (xyz) 
=1/2 


=0 


n/2 


= [xyz | . = [(a cos t) . (b sin t) . (ct)] 4 


= abc [t cos t sine ]” = abc (0 -0)=0. 


(Comprehensive Exercise 1 


1. Find le t edr where ¢ is the unit tangent vector and C is the unit circle, 
in xy-plane, with centre at the origin. (Bundelkhand 2008) 
2. (i) Integrate the function F = ic xyj from the point (0, 0) to (1, 1) along 


parabola y? = x. 


fl v-504| 


10. 


11. 
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(ii) Evaluate i xy? ds, where C is the segment of the line y = 2 x in the 
xy-plane from (—1, — 2) to (J, 2). 

Evaluate iF F e dr, where F =i cosy — jx siny and C is the curve 

y=vil- x”) in the xy-plane from (1,0) to (, ]). (Agra 2001) 

(i) Evaluate 7 Fedr where F is x” y*i+ yj and C is py? =4x in the 


xy-plane from (0, 0) to (4, 4). 
(Garhwal 2003; Meerut 04, 06; 
Kanpur 09, 11, 12; Rohilkhand 11) 


(ii) Evaluate ie Fedr, where F=xyi+ yz j+zxk and Cis the curve 
r=ti+?j+e k,¢ varying from —1 to +1. 
(iti) Evaluate ls F edr, where F=(2x+y)i+@Gy-—x) j+ yak and Cis 
the curve x = 2t7, pron Z= t? fromt=Otot=1. (Kumaun 2011) 
Evaluate J F e dr where 
C 
F =c [-3a sin*t cos ti +a (2 sint — 3 sin°t) j +b sin 2t k] 
and C is given byr =acosti+asint j+btk fromt=2/4ton/2. 


Evaluate i? Fe dr where F=z i+ xj+_y k and C is the arc of the curve 


r=costi+sintj+tk fromt=0tot=2n. 
Evaluate ip F e dr where F = xy i +(x? +y") jand C is the x-axis from 


x=2 to x=4and the straight line x = 4 from _y =0 to y =12. 

Find the work done in moving a particle in a force field 

F = 3x7 i+ (2xz - y) j+2zk along the line joining (0,0,0) to (2,1, 3). 
Calculate I eae yo) i+ = y*) j] e dr where C is the curve : 

i) y* = xjoining (0,0) to (1,1). (Meerut 2005B) 
ii) x’ = y joining (0,0) to (1, 1). 


iii) consisting of two straight lines joining (0, 0) to (J, 0) and (1, 0) to (1, 1). 


a ee a ES 


iv) consisting of three straight lines joining (0,0) to (2,— 2), (2,—2) to 
(0, —1) and (0, -1) to (1, I). 
Find the circulation of F round the curve C, where 
F=c* sin yi+e* cos y j and Cis the rectangle whose vertices are 
1 1 
0,0), (,0),0, — m), (0, — 2). 
(0,0), (1,0), ( 5 ),( 9 ) 


Find the circulation of F round the curve C, where F = (x — y)i+(¥+_y) j 


and C is the circle x? + y? =4, z =0. 
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12. (i) IfF= (2x7 +") i+@y-4 x) j, evaluate J F edr around the triangle 


ABC whose vertices are A (0,0), B (2,0) and C (2, 1). 
(Kumaun 2008) 
(ii) If F= (3x7 + 6y)i-14 yz j+20 xz? k, then evaluate J Fedr from 
(0, 0, 0) to (1,1, 1) along the curve x = t, y = t?,z= £3. 
(Kumaun 2012) 


—— 
~“ 


\ Answers 1 


cae 


1 16 
1. 2 he ees 3. -1 
" ig 
4. @ 962. Go” a2 §. 22 vp) 
42 
6. 2n+0=30 7. 768 8. 16 
9. (i) “ wi = Gir -f 10. 0 
Ll. 8m 12. (i) -14/3 (ii) 5 


3 Surface Integrals 


(Avadh 2014) 


Any integral which is to be evaluated over a surface is called a surface integral. 


Suppose S is a surface of finite area. Suppose = 

f (x% y,Z) is a single valued function of position / 4 ss 

defined over S.Subdivide the area S into n elements [7] 

of areas 6S,,6S»5 ,...,6S,. In each part 6S; we a 
choose an arbitrary point P, whose coordinates are — =. 

(Xk Dho Zk): 


We define F (Po =f (ps Ve > ZK): 
Form the sum » f (P, ) 5S,. 
k=1 


Now take the limit of this sum as 7 > cin such a way that the largest of the areas 
5S; approaches zero. This limit if it exists, is called the surface integral of f (x, y,Z) 
over S and is denoted by uP Ff (x,y,z) dS. 


It can be shown that if the surface S is piecewise smooth and the function f (x, y,Z) 
is continuous over S, then the above limit exists i.¢.,is independent of the choice of 
sub-divisions and points P,. 
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Flux: Suppose S is a piecewise smooth surface hE ain 
and F(x, y,z) is a vector function of position —— ae 
defined and continuous over S.Let P be any point “— ~ 
on the surface S and let n be the unit vector at Pin f 
the direction of outward drawn normal to the 7 es 
surface S at P. Then Fen is the normal mee ee ad 
component of Fat P. The integral of F e nover S is 

fi  Fends. 


It is called the flux of F over S. 


Let us associate with the differential of surface area dS a vector dS (called vector area) 
whose magnitude is dS and whose direction is that of n. Then dS = n dS. Therefore 
we can write The FendS = ie F edS. 


Suppose the outward drawn normal to the surface S at P makes angles a, B, ywith 
the positive directions of x, y and z axes respectively. If /, m,n are the direction 
cosines of the outward drawn normal, then 


1=cos o,m =cos B,n = cos Y. 
Also n=cosqai+cosB jt+tcosyk =/i+mjt+nk. 
Let F(x, y,z) =F i+ F, j+ FP, k.Then 
Fen=F cosa+fy cosB +f; cos y= Al+ Fymt Fyn. 
Therefore, we can write 
Le FendS=[J, (FR, cosa +f, cos B + £ cos y) dS 


=|, (A dz + F, dz dv + F, de dy), 
if we define i. F, cosadS = ff. F, dy dz, 
JJ, Fe cosBdS =JJ. Fy dzde, [J Fy cosydS =]. Fs dedy. 


Note I: Other examples of surface integrals are Ihe f nds, ie FxdSs 


where f (x, y,zZ) is a scalar function of position. 


Note2: Important. In order to evaluate surface 
integrals it is convenient to express them as 
double integrals taken over the orthogonal 
projection of the surface S on one of the 
coordinate planes. But this is possible only if any 


line perpendicular to the co-ordinate plane 
chosen meets the surface S in no more than one 
point. If the surface S does not satisfy this 
condition, then it can be sub-divided into surfaces which do satisfy this 
condition. 
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Suppose the surface S is such that any line perpendicular to the xy-plane meets S in 
no more than one point. Then the equation of the surface S can be written in the 
form z=h(x, y). 

Let R be the orthogonal projection of S on the x y-plane. If y is the acute angle 
which the undirected normal n at P(x, y,z) to the surface S makes with 

z-axis, then it can be shown that cos y dS = dx dy, 

where dS is the small element of area of surface S at the point P. 

dx dy _ dx dy 


Therefore dS = , where k is the unit vector along z-axis. 
cosy |nek| 
dv dy 
Hence JJ, Fends=fJ, el” 


Thus the surface integral on S can be evaluated with the help of a double integral 
integrated over R. 


litietrative Examples 


Example 9: Evaluate | i Fen dS,whereF = yz i+zv j+ xy kand Sis that part of the 
surface of the sphere x* + y? +z? =\which lies in the first octant. 
(Garhwal 2003; kumaun 14)) 
Solution: Avectornormal to the surface S is given by Y 
V(x" 4 yp? +27 l= 2x14 2p j4 Qe k. 
Therefore n = a unit normal to any point (x, y, z) of S ™ 
Qxit2yj+2zk |, R \ 
= =xi+ yj+ zk, 


2 2 2 
V(4x° +4 y° +427) 7 


Paty 


since x* + y* +z” =1on the surface S. 
de dy 
|nek |’ 


We have I. FendS=]J, Fen 


where R is the projection of S on the xy-plane. 
The region R is bounded by x-axis, y-axis and the circle a +y? =1, z=0. 
We have Fen=( yzit+zrj+xy k)e(xit+ y j+zk) =3xyz. 
Also nek=(xvit+tyj+zk)ek=z. . |mek|=z. 
3x yz 
Hence JJ, FendS=Jf, : dx dy = 3), xy dx dy 


= ae o (r cos 8) (r sin 8) r d@ dr, on changing to polars 


Ay 
=a) | eosbeneges> |) a". 
0 4 |, 4\2) 8 
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Example 10: Evaluate | I. Fen dS,whereF =z i+ x j—3.y*zkand Sis the surface of 
the cylinder x? + y? =16 included in the first octant between z = 0 and z = 5. 


Solution: A vector normal to the surface S is given by 
V (x? +9 )=2xri+2y j. 


Therefore n =a unit normal to any point of S 
_ 2xit2yj —xit+yj 
V (4x? +4 y? ) 4” 
since x2 + Da = 16,on the surface S. 
dx d: 
We have | f FendS = IJ Fen where Ris the projection of S on thex-z 
? . [nejl 


plane. It should be noted that in this case we cannot take the projection of S on the 
x-y plane as the surface S is perpendicular to the x-y plane. 


Now Fena(zttej-3y%2we(" 29) =F (ae tay), 
_ (xit+yj oe 
moja (deja 


Therefore the required surface integral is 
AXZ+XY dy dz 
= R 


4 yi 


5 4 XZ ‘ 
= "ety | dvdz,since y=V(16—x* )onS 
ae a ag ) ] J ( ) 


=p z +8) de = 90. 


4 Volume Integrals 
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Suppose V is a volume bounded by a ¥ 

surface S. Suppose f (x, y,z) is a single 

valued function of position defined over V. HL - : Al 
Subdivide the volume V into 1 elements of 

volumes8V,,5V5 ,...,5V,,.In each partdV;, 

we choose an arbitrary point P, whose i oy AG x 


co-ordinates are (x,, y,,2;). We define 


J UR HF tea Pee): 


Form the sum 


> f(P)EM. 


Line Integrals 
D-509 Wy, 
Now take the limit of this sum as 1 > ~ in such a way that the largest of the 


volumeséV; approaches zero. This limit, ifit exists, is called the volume integral of 


f (x, y, 2) over V and is denoted by nae Ff (x yz) dV. 


It can be shown that if the surface is piecewise smooth and the function f (x, y, z) 
is continuous over V,then the above limit exists i.¢.,is independent of the choice of 
sub-divisions and points P,. 

If we subdivide the volume V into small cuboids by drawing lines parallel to the 
three co-ordinates axes, then dV = dx dy dz and the above volume integral 
becomes ie F (x% y,2) dx dy dz. 


If F (x, y, z) is a vector function, then ie FdVv 


is also an example of a volume integral. 


Example 11: If F = (2x? -3z)i-2xy j-4xk, then evaluate oe VeFdV 


where V is the closed region bounded by the planes x=0, y=0, z=0 and 
2e+2y+z=4, Also Evaluate | | J, Vx FdvVv. 


Solution: We have F = (2x - 3z ) i 2xy j-4xk. 


Were 27” 2a" e[(2x? —3z)i-2xy j-4xk] 
ox oy oz 


9 (ay? zy ue" b79)4 2 ede dem ea, 
ox oy oz 
[JJ VoraveJ[],, 2x de dy dz [- dV = dx dy dz | 
_ 2 2-x p4-2x-2y 
=2) Seo ar x dx dy dz. 


[Note that we have taken a thin column parallel to z-axis as the elementary volume. 
It cuts the boundary at z = 0 andz = 4 — 2x — 2 y.Also the projection of the plane 
2x +2y +z =4on the xy-plane is bounded by the axes y = 0, x =0 and the line 
x + y = 2.Hence the limits for y are from 0 to2 — xand those for xare from 0 to 2 | 


Why ver av =2f, J. fro ®Le Lg @e 


—x 


= 05, y=0 RI EH 2) Hey 

=o] - [4x - 2x? yxy? lo® 

=2) [4x (Z-4)-22? Q-2)=2 0x) ld 
=3(. [x3 —4x? + 4x ] dx, on simplifying 


=2|7 <4 _4 3 re | -2/4-=2+8]- ae 
3 0 3 3 
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Second part: We have 
j k 
VxF= g 2 “ 
ox oy Oz 
Qx* —3z —2xy 4x 


(2 4x) a day) [2 car) 9 (x2 32 |i 
Zz ox Oz 


0 ) 2 
2 2xy ) ay (2x 20) 


=Oi-(-44+3)j+C2y)k=j-2yk. 
NJ, VxFdV=fff, (j-2yk) dx dy dz 


=f", i. i: (j—2y k) de dy dz 


* y=0 Jz=0 
2 Q-x,_, 
~ x=0 (4 (j-2y k)(4-2x-2y) dx dy 
: j 2 2 2 2 3 2-x 
=|, Jidy -2xy- y )-2k Qy? -xy? -Fy ] as 
7 


=f (r= 2) i2o(a WD) k | as 


3 
3 2 4 2 
| | +2? | 7 
3 5 A 
(0) (0) 


(Comprehensive Exercise 2 


l. (i) Evaluate J { . Fen dS, where F=18z i-12 j+ 3 y k and S is the 


surface of the plane 2x + 3 y + 6z = 12 in the first octant. 
(Bundelkhand 2005) 
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(ii) Evaluate ie o dV, where o = 45 xy and V is the closed region 


bounded by the planes 4x +2y +z =8, x=0, y=0,z =0. 
2. Evaluate | | . Fen dS, where F=(x + y” )i-2x j+2 yz k and S is the 


surface of the plane 2x + y + 2z = 6 in the first octant. 

3. Evaluate ae AendS, where A= xyi- x? j+(x+z)k,S is the portion 
of the plane 2x + 2 y + z = 6 included in the first octant and n is a unit 
normal to S. 

4. If F=2yi-3 j+ x? kand Sis the surface of the parabolic cylinder y? = 8x 
in the first octant bounded by the planes y =4 and z = 6, then evaluate 


JJ, Fends. 
S 
5. Evaluate J [. FendS, where F= yi + 2xj—z k and S is the surface of the 


plane 2x + y = 6 in the first octant cut off by the plane z = 4. 
6. Evaluate J J i F dV where F= xi + y j+z kandV is the region bounded 


2 


by the surfaces x=0, x =2, yp=0, y=6, z=4andz=-x 


le 
/ 


( Answers 2 


~ 


1. (i) 24 (ii) 128 
2, 81 2. i” 4. 132 
5. 108 6. 241 +96 j+ 72" k 


oo 


~ 


( Objective Type Questions 


“_ 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter 
from (a), (b), (c) and (d). 


lL. PS<* i+y? j and curve C is the arc of the parabola y =x? in the 


xy-plane from (0, 0) to (1 1), then iF Fedris 


(a) 7/12 (b) 5/12 
(c) 11/12 (d) none of these 
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2. The work done in moving a particle in a force field 
F=3x? i+ (Qxz-— y)j+3k 
along the line joining (0, 0,0) to (2 , I, 3) is 
(a) 12 (b) 16 
(c) O (d) 20 


3. Fora closed surface S, the value of JJ. rendsS is 


(a) V (b) 2V 
(c) 3V (d) 0 
where V is the volume enclosed by S. (Kumaun 2013, 15) 


4. The value of J (x dy — ydx) around the circle x? + _y* = lis 


(a) 4n (b) 21 
(c) O (d) none of these 
(Kanpur 2006, 12) 


5. IfF=3xyi- 5° j, the value of Ie Fedris...... , where C is the curve in the 


xy-plane, y = 2x? , from (0, 0) to (, 2) 


(a) | (b) -1 
(c) O (d) -7/6 (Kanpur 2009) 
6. The value of ls tedris...... , where ¢ is the unit tangent vector and C is 


the unit circle, in xy-plane, with centre at the origin 
(a) 2n (b) —2n 
(c) m (d) —n 


7. The value of J. Fedr is ...... , where F = icos y — jxsin_y and C is the 


curve y = /(1- x’) in the xy- plane from (1, 0) to (0, 1) 
(a) 1 (b) -1 
(c) O (d) none of these 


8. The value of J. Fedr is ......, where F=x* y*i+ yjandC is y* =4y in 


the xy-plane from (0, 0) to (4, 4) 
(a) 268 (b) 265 
(c) 264 (d) none of these 
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If F = (3x7 + 6y)i-l4yzj +20xz*k, then the value of [ Fedr from 


(0, 0, 0) to (I, 1, 1) along the curve x = t, y = t? z= t? is 
(a) 7 (b) 6 
(c) 5 (d) none of these 


The value of J. [(x? + y*)i + (x? =i ) j] edr where C is the curve 


xl = y joining (0, 0) to (1, I) is 


38 30 
pea b ae 
(a) 45 (b) ae 
(c) “2 (d) none of these 


Fill in the Blank(s) 


Fillin the blanks “...... ”, so that the following statements are complete and correct. 


Any integral which is to be evaluated along a curve is called a ...... 
Any integral which is to be evaluated over a surface is called a ...... . 


se dr . 
If r denotes the position vector of a point on a curve C’, then 7. is a unit 
s 


vector along the ...... to C at the point r in the direction of s increasing. 
Iles F en dS is called the ...... of F over S. 


If tis the unit tangent vector and Cis the unit circle in x_y-plane, with centre 
at the origin, then J tedr=....... 
C 


The value of | (x dy — y dx) around the circle x 24 y 2 = lis... ‘ 
If F= (3x7 +6y)i-l4yzj+20 xz 2 k and Cis a straight line joining 
(0,0,0) to (LL), then J Fedr=...... 


True or False 
Write “T” for true and ‘F’ for false statement. 


If Cis a simple closed curve, then $F ed r is called the circulation of F 
about C. 
If F=axi+ by j+ cz k,a,b,c are constants, then 


[ie FendS = = mt (a +b +c),where S is the surface of a unit sphere. 
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ors 
( Answers 


Multiple Choice Questions 


(a) 2. (b) 3. (c) 4. (b) 3+ (d) 

(a) 7. (a) 8. (c) 9. (c) 10. (a) 

Fill in the Blank(s) 

line integral 2. surface integral 3. tangent 
flux a<. 2 6. 2n 7. 13/3 


True or False 


T 2: FF 


( Chapter ) : 
Green’s, Gauss’s and 


Stoke’s Theorems 


1 Gvreen’s Theorem in the Plane 


L R be a closed bounded region in the x-y plane whose boundary C consists of finitely 


many smooth curves. Let M and N be continuous functions of x and y having continuous 


partial derivatives aM and aN 4 in R. Then 
oy ox 


Ne [e-4 MH) ae dy= $. (Md +N dy), 


the line integral being taken along the entire boundary C of R such that R is on the left as one 
advances in the direction of integration. 
(Meerut 2004, 05, 07, 10; Avadh 10; Purvanchal 08; 

Rohilkhand 09B, 12; Kashi 13) 
Proof: We shall first prove the theorem for a special region R bounded by a closed 
curve C and having the property that any straight line parallel to any one of the 
coordinate axes and intersecting R has only one segment (or a single point) in 
common with R. This means that R can be represented in both of the forms 


asxsh, f (x)S ys g(x) 
and cs ys<d, p(y)s< xq). 


gl vs16| 
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In the adjoining figure, the equations of the curves AEB and BFA are y = f(x) and 


y=g(x) respectively. Similarly — the 
equations of the curves FAE and EBF are * 
= p(y) and x = q (y) respectively. 


We have 


J= g(x) 
=f. | Oi) | dx . i 


=f’ [MU ng(x)I-MEaf wl] de 
=-f’ M[x, fQ@]de-f" M[x, g@)] dx 


=- b. M (x, y) dx, since y = f(x) represents the curve AEB 


and y= g(x) represents the curve BFA. 


If portions of C are segments parallel to y-axis 
such as GH and PQ in the adjoining figure, 
then the above result is not affected. The line 


integral J M dx over GH is zero because on 


GH, we have x=constant implies 
dx =(. Similarly the line integral over PQ is 
zero. The equations of QGand HP are y = f(x) 


and y = g (x) respectively. Hence we have 


Wee a pee 


_ ed a(y) ON 
Similarly, J L 2 ~ a y=e | x =p (y) “ox a | y 


. x=q(y) 
=I, aa dy 


v=p(y) 
=f [Nia(y), yI-NI vy) vl & 


=[°Nla(y vl tf Nip) rly 
=p N(xuy) a. 


s(t) 


(2) 
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dN 0M 
ox oy 


From (1) and (2), we get on adding [ile ] dx dy = b. (M dx + N dy). 
The proof of the theorem can now be extended to a region R which can be 
subdivided into finitely many special 
regions of the above type by drawing 
lines (T'S in the adjoining figure). In this 
case we apply the theorem to each 
subregion (R; and R, in the figure) and 
then add the results. The sum of the left 
hand members will be equal to the 
integral over R. The sum of the right 
hand members will be equal to the 
integral over Cplus the line integrals over 
the curves introduced for subdividing R. 
Each of the latter integrals comes twice, 
taken once in each direction (as ST and TS in the figure). Therefore these two 
integrals cancel each other and thus the sum of the right hand members will be 
equal to the line integral over C. 


Note: Extension of Green’s theorem in plane to multiply 
connected regions. 


Green’s theorem in the plane is also 
valid for a  multiply-connected 
region R such as shown in the 
adjoining figure. Here the boundary 
C of R consists of two parts; the 
exterior boundary Cj is traversed in 
the anticlockwise sense so that R is 
on the left, while the interior 
boundary C, is traversed in the 
clockwise sense so that R is on the 
left. 

In order to establish the theorem, we construct a line such as AD (called across cut) 
connecting the exterior and interior boundaries. The region bounded by 
ADEFGDAPQLAA is simply-connected and so Green’s theorem is valid for it. 
Therefore 


p M dx+Ndy=]f ON eM aa 
Cc R \ ox ap 
ADEFGDAPQLHA 


The integral on the left hand side leaving out the integrand is equal to 


J + | + | + | =] +f ,since | =-] 
AD G DA Ci G G AD DA 


=. (M dr +N dy). 


Hence the theorem. 
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2. Green’s Theorem in the Plane in Vector Notation 


We have r=xi+_y jso that dr = dvi + dy j. 


Let F= Mi+ Nj. 
Then M dx +N dy =(Mi+N j)e(dvi+dy j) =Fedr. 
Also curlF = V x F 
ij 
_ja p) dj__ oN, a 4 ( at 
ox oy oz oz oz ox oy 
M N 0 
Vx Bek = dN dM 
ay 


Hence Green’s theorem in plane can be written as 


Shh (Vx F)ekdR=$. Fedr 


where dR = dx dy and k is unit vector perpendicular to the x y-plane. 


If s denotes the arc length of C and t is the unit tangent vector to C, then 


dr = a ds =tds. Therefore the above result can also be written as 


Shh (V x Fyek dR=$.. Fet ds. 
litweteative Examples 


Example 1: Verify Green’s theorem in the plane for b. ( xy + py”) de + x7 dy ,whereC 


is the closed curve of the region hounded by y = xand y = x”. (Rohilkhand 2011) 


Solution: By Green’s theorem in plane, we have 


We [e-4 oo ) aa =. (Mde+N dy). 


eae eae ae 


= 


The curves y = xand_y = x” intersect at (0,0)and 


(I, 1). The positive direction in traversing C is as 
shown in the figure. 


We have ae [e-3 a) dx dy 


=JJ, 2 2\-deariles 


=f, @x-x-2y)dvdy=[f, (x-2y) de dy 


fi 
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“5S 4. 36 
Now let us evaluate the line integral along C. Along y = x ,dy = 2x dx. Therefore 


along y = x”, the line integral equals 


1 2 _ 19 
J, [KC )(27) + x9} de tx 2x) de |= J (x3 + x7) dv = 50. 
Along y =x, dy = dx. Therefore along y = x, the line integral equals 
J) U@) @ +27 }dr4s? de]= f° 3x4 de=-1 
Therefore the required line integral = x -l=- ag Hence the theorem is 


verified. 
Example 2: Evaluate by Green’s theorem b. (x? — cosh y) de + (y +sin x) dy, where 
C is the rectangle with vertices (0,0), (m,0), (m,1), (0,1). 

(Meerut 2002, 05B, 06, 13B; Rohilkhand 14) 


Solution: By Green’s theorem in plane, we have 


ff [e-3 MY acay=§, (M dv +N dy). 


Here M = x” —cosh y, N= y+sin x. 
oN 


ox 


oM : 
= COs X, 5 =-sinh y. 


Hence the given line integral is equal to 
cP (cos x + sinh y ) dx dy 


x i aa inte OX 
= — V8 (cos x + sinh y ) dy dx 


l 
=|-. | 7 cos x + cosh y : dx 
J 


™ 
=|", [cos x + cosh | - ]| dv -] sins -rcosn +] = (cosh 1-1). 
x= 0 


Example 3: Show that the area bounded by a simple closed curve C is given by 
; b. (x dy — y dx). Hence find the area of the ellipse x = a cos ®, y =b sin®. 
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Solution: By Green’s theorem in plane, if Ris a plane region bounded by a simple 
closed curve C, then 


It, [e-3 Mt) a ty $M de +N dy. 


ox 
Putting M =—- y, N =x,we get 
0 a) 
§. way -yadvy= Jf, [2 aera p)aw 
=2J J, ax dy 
=2 A,where A is the area bounded by C. 
Hence A=5§. (x dy — y dx). 
The area of the ellipse 
=F | (xd ar)=— fa ges bine” d0 
Gc rd 6=0 d0 d0 


= m 2 ae — » = 
=516 (ab cos* 0 + ab sin 6) d0 = 5 ab J d0 = nab. 


(Comprehensive Exercise 1 


1. Verify Green’s theorem in the plane for 
J. [ex - x7) de + (x* + y*) dy], 
where C is the boundary of the region enclosed by y = «and y* =* 
described in the positive sense. 
2. Verify Green’s theorem in the plane for 
§.. [Gx? - By? ) de + Ay - 6x9) dy], 
where C is the boundary of the region defined by y=Vx, y= rae 
3. Apply Green’s theorem in the plane to evaluate 
I {( y — sin x) dy + cos x dy}, 


where C is the triangle enclosed by the lines y = 0, x = 2n, my = 2x. 
(Avadh 2010) 


cos y dy), 


x 


4. Evaluate by Green’s theorem in plane le (e“sin y dx +e 


“2 
5. Evaluate by Green’s theorem b. (cos x sin y — xy) dv + sin x cos y dy, 


where C is the rectangle with vertices (0, 0),(z, 0), (® : r), (0.5 r). 


where C is the circle x? + y? =1. (Kumaun 2012) 
6. IfF=(x7 ae )i+2 xy jandr = xi+ yj, find the value of Fedr 


around the rectangular boundary x =0, x =a, y=0, y =b. 
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7. Verify Green’s theorem in the plane for 
Jo @? — yy?) de + (y? - 24) dy, 


where C is the square with vertices (0,0), (2,0), (2,2), (0,2). 
(Meerut 2001) 
8. Apply Green’s theorem in the plane to evaluate 
ls [(2x? - y’) de + (x7 + yr) dy], where C is the boundary of the 


surface enclosed by the x-axis and the semi-circle y = (l- x yl 2 


9. If Cis the simple closed curve in the xy-plane not enclosing the origin, 


-iyt+jx 
2 


show that im Fedr =0, where F = 5 
x+y 


st 
f 


\ Answers 1 


4. Die" =) 5. 0 6. 2ab? 


5 The Divergence Theorem of Gauss 


Suppose V is the volume bounded by a closed piecewise smooth surface S. Suppose F (x, y, Z)is 
a vector function of position which is continuous and has continuous first partial derivatives in 
V. Then {if VeFdV={j Fen dS, 

V S 


where n is the outward drawn unit normal vector to S. 


(Meerut 2000, 01, 06, LOB, 12, 12B; 
Bundelkhand 09, 11; Avadh 14; Kashi 14) 


Since F e nis the normal component of vector F, therefore divergence theorem may 
also be stated as follows : 


The surface integral of the normal component of a vector F taken over a closed surface is equal to 
the integral of the divergence of F taken over the volume enclosed by the surface. 


Cartesian equivalent of Divergence Theorem: 


Let F=Fi+hj+hk. 
Then VaPredy Pole 2% : 
ox oy Oz 


If a, B, y are the angles which outward drawn unit normal n makes with positive 
directions of x, y, z-axes, then cos a, cos B, cos y are direction cosines of n and we 
have n=cos a@i+cosf j+cos y k. 
Fen=(Ri+ £,j+ 6k) e(cosai+cos B j+cos yk) 
=F cosa+ F, cos B + F, cos y. 
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Therefore the divergence theorem can be written as 


Jy (Fee 2S) aya 


=ff, pees cos B + F; cos y) dS 


=|J A dvdz+ Fy dz dx + P, dv dy). 


The significance of divergence theorem lies in the fact that a surface integral 
may be expressed as a volume integral and vice versa. 
Proof of the divergence theorem: 

We shall first prove the theorem for a special 

region V which is bounded by a piecewise 

smooth closed surface S and has the property 

that any straight line parallel to any one of the 

coordinate axes and intersecting V has only 


one segment (or a single point) in common i. 


with V.If Ris the orthogonal projection of S a 
on the xy-plane, then V can be represented in e 


the form f (x, y)<z< g(x, y) where (x, y) 


varies in R. 


Obviously z = g (x, y) represents the upper portion S; of S,z = f (x, _y) represents 
the lower portion Sy of Sand there may be a remaining vertical portion S3 of S. 
We have 


Sif, ave fff, ava 
“Fhe Gy afew 
=Jfp FG yoy de ay 
=e [Fs [x y, g (% y)]-Fs Loy, f  y)]] de dy 
=JJ, Fle» gy) dey 
-JJ, Blu» f@ylaedy (0) 


Now for the vertical portion S3 of S,the normal n3 toS3 makes aright angle y with 
k. Therefore ne FP; keng dS3 =0, since k eng =0. 
3 


For the upper portion S; of S,the normal n, to S; makes an acute angle y; withk. 
Therefore k en, dS; =cos y, dS; = dx dy. 


Hence Ide F, ken, dS; =|J, Fz [x, y, g(x, y)] dx dy. 
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For the lower portion Sy of S,the normal ny toS) makes an obtuse angle y, withk. 


Therefore ken, dSy =cos Yy dSy =- dx dy. 
Hence ie PF, keny dSy = =. PF, [x y, f (x, y)] dx dy. 


JJ, Fs Keng dSy +) F, ken, dS, ze F, ken, dS5 
=0+]J, Bln ng &% Nladedy 
-JJ, Fol y fy] de dy 


or with the help of (1), we get 


OF. 
We F; kendS=[[J, “a, AV (2) 
Similarly, by projecting S on the other co-ordinate planes, we get 
; OF: 
ae F, jendS=J JJ, oa aS) 
; OF 
and JJ, Hiends=fJf, aan (A) 


Adding (2), (3) and (4), we get 


[Jp i+ i+ F wWends= fff, (¥ + of 8 )av 


ox oy Oz 
or [JJ Vorav=ff, Fends. 


The proof of the theorem can now be extended to a region V which can be 
subdivided into finitely many special regions of the above type by drawing 
auxiliary surfaces. In this case we apply the theorem to each sub-region and then 
add the results. The sum of the volume integrals over parts of V will be equal to the 
volume integral over V. The surface integrals over auxiliary surfaces cancel in pairs, 
while the sum of the remaining surface integrals is equal to the surface integral over 
the whole boundary S of V. 


Note: The divergence theorem is applicable for a Kee 


region V if it is bounded by two closed surfaces : 
S; and Sy one of which lies within the other. : ane 
Here outward drawn normals will have the “Nae ee eee 


y 
ee 
= 


directions as shown in the figure. 
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A Some Deductions from Divergence Theorem 


1. Green’s theorem: Let @ and y be scalar point functions which together with their 
derivatives in any direction are uniform and continuous within the region V bounded by a 
closed surface S, then 


SJ, @v? v-wv? dv =ff, OV y-wV 0) ends. 


Proof: By divergence theorem, we have Ny, VeFdV = if. Fends. 


Putting F = oVy,we get Ve F=Ve(oVy) 
= o(V eVy) + (Vo) ¢(Vy) = OV" y + (Vo) (Vy). 
Also Fen = (oVy) en. 
divergence theorem gives 
NJ, t [oV? w+ (Vd) e(Vy)] dV = ie (Vy) en dS (1) 


This is called Green’s first identity or theorem. 
Interchanging and y in (1), we get 


Ny, t [wV? 0+ (Vy) °(Vo)] dV = Tle [wVo] en dS lh) 
Subtracting (2) from (1), we get 
JJ, @v w-wv? odv=JJ, OV y-wVoends (3) 
This is called Green’s second identity or Green’s theorem in symmetrical form. 
Since Vy = oy nand Vo = o n, therefore 
on on 
0 0 
(oVy - yV6) en = (* wt n-yo nen 
n on 
dy. ab 
Toy on on 


Hence (3) can also be written as 


Jy @V? w-w0? wav = ff, (ow Bas, 


Note: Harmonic function: If a scalar point function 6 satisfies Laplace’s equation 
V7 =0, then 0 is called harmonic function. If ¢ and yw are both harmonic functions, 
then V7 =0, V7y =0. 


Hence from Green’s second identity, we get ti (® ay Wy *) aS = 0. 
S\" on on 


2. Prove that | J J, Vo av=|J, on dS. 


Proof: By divergence theorem, we have nie VeFdV = Wile Fends. 


Green's, Gauss’s and Stoke’s Theorems 
D-325 ) ‘ 


Taking F = ¢C where C is an arbitrary constant non-zero vector, we get 
Ns, Ve(oc) dV = IJ, (oC) en dS. (1) 


Now Ve(oC) = (Vo) eC + o(V eC) = (Vo) eC since V eC=0. 
Also (0C) en =Ce (on). 
(1) becomes 


IJ, Ce(Vo) dv =] J. Ce (on) dS 
or Cefff, VodV =CeJ. (on) dS 
er c+]f fj, Vodv ff. on ds|=0. 


Since Cis an arbitrary vector, therefore we must have 


jy Yoav =f, onas 
3. Prove that | | J), VxBdV=]J. nxBds. 


Proof: In divergence theorem taking F = B x C, where Cis an arbitrary constant 


vector, we get 


JJ, Ve@xodv=ff, (BxC)endS. (1) 
Now V e(BxC) =Cecurl B—- Becurl C =C ecurl B, since curl C = 0. 
Also (Bx C) en =[B,C n| =[C,n, B] =Ce(n x B). 


(1) becomes 
ae (C ecurl B) dv=f, Ce(n x B) dS 


or cefff, (V xB)dV=Ce J. (n x B) dS 


or ce] fff, oxBav Jf, (nx B)ds|=0. 


Since Cis an arbitrary vector therefore we can take Cas a non-zero vector which is 
not perpendicular to the vector 


NI, (V xB)dV -J J. (n x B) dS. 
Hence we must have 


ue (V xB)dV -J J. (n x B) dS = 0 
or Whe (V xB)dV =f. (n x B) dS. 


litwettative Examples 


Example 4: (i) For any closed surface S, prove that the curl Fen dS =0. 
(Meerut 2009B; Purvanchal 14; Avadh 14) 
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(ii) Evaluate ie ren dS, where S is a closed surface. 
(Agra 2006; Kumaun 07; Bundelkhand 09; Purvanchal 14) 
(iii) IfF =axi+by j+cz k, a,b,c are constants show that 
4 
Ie Memae Se Met y so); 


where S is the surface of a unit sphere. 
(Bundelkhand 2001, 07, 08; Rohilkhand 07; Kashi 13) 


Solution: (i) By divergence theorem, we have 
IJ curl Fen dS =f [ J (div curl F) dV, 
Ss 4 


where V is the volume enclosed by S 
= 0, since div curl F = 0. 
(ii) By the divergence theorem, we have 
jf, wemas= fff, Verav= fff 3av. 
since V er =div r=3 
= 3V, where V is the volume enclosed by S. 
(iii) By the divergence theorem, we have 


ae FendS=JJJ, (V eF) dV, 
where V is the volume enclosed by S 
=fJJ, [Ve(axitby j+cz k)] dV 


=fJJ, |. «n+ 2ay+deolav 
=JJJ, (a+b+c)dV 


=(a+b+e)V=(atb+o) +n, 
3 
since the volume V enclosed by a sphere of unit radius is equal to n(1)> ie, ; T. 


Example 5(i): Show that I, n dS = 0 for any closed surface S. furvanchal 1a) 


(ii) Prove that | f . r x ndS = 0 for any closed surface S. (Agra 2007) 


(iii) Prove that | lp n X (a x r) dS = 2Va, where ais a constant vector and V is the volume 


enclosed by the closed surface S. (Avadh 2011, 12) 


Solution: (i) Let C be any arbitrary constant vector. 
Then Coeff. ndS=|{. Cends 


= it. (V eC) dV, by divergence theorem 
=0, since divC=0. 
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Thus Ce J i n dS = 0, where C is an arbitrary vector. 


Therefore we must have Whe ndS = 0. 


(ii) Let Cbe any arbitrary constant vector. Then 
Ce] ]. rxndS=[J. Ce[(r x n)] dS =ff, (Cx r) en dS 


= Wil te [Ve(Cxr)] dV, by divergence theorem 


=fJJ, [r ecurl C— Cecurl r] dV =0, 


since curl C = 0 and curl r = 0. 
Thus Ce J [ r x n dS =O, where C is an arbitrary vector. 


Therefore, we must have ve rxndS=0. 


(iii) We know that 
aoe Vx BdvV=Jf. nx Bds. [See article 4, part 3] 


Putting B = a x r, we get 
(fs nx(axr)dS= fff, V x(axr) dV 


=JJJ, curl (a x r) dV 
= it 2a dV, since curl (a x r) = 2a 
=2al| J, dV =2Va. 


Example 6: Using the divergence theorem, show that the volume V of a region T bounded by 
a surface S is 


Va [Jy xan Jf, dear [fy edeu 


1 
= dy d dz dx dx dy). 
3 Is a il ») (Meerut 2010) 


Solution: By divergence theorem, we have 


JJ,eae=JJJy (2 (») av - [ff, vev 
JJ; ve ae=JJfy (2 (sav = Jf, avev 
JJ,z@u=JJly (Ze )av =f, dV =V. 


Adding these results, we get 
BV = [J (xdyde+ yde de +z de dy) 


or v=2f), (x dy dz + y dz dx +z dx dy). 
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Example 7: Verify divergence theorem for 

F=(x° - yz)it+( yp? -2)i+(2°-xy)k 
taken over the rectangular parallelopiped0 <x<a,O< ysb, OSzSe. 
(Meerut 2006B; Avadh 09; Rohilkhand 13) 


Solution: We have 
div F=V eF 


O43 - 
aa eo ae (y? 
Dy 


a)+—(z°-xy) 


=2x+2y +2z. 
volume integer =| J J, VerdV=|Jf, 2(ix+ yp+z)dV 


= 2" ' fi : = (x + y +2) dx dy dz 


=2 oa 


=2(" 7 i P Say +e] a 


Se oee] dy dz 
2 r=0 


re | 


=3[. ig ro ay] dz 
Ba 
c a’b ab? 
=2] —— + — +abz| dz 
2 
2 2 21° 
-2| hea cube] 


2 2 2 |, 


= [a7 be + ab*c + abe*] = abe (a+b +c). 


Surface Integral: We shall now calculate tle Fen dS over the six faces of the 


rectangular parallelopiped. 
Over the face DEFG,n =i, x =a. 
Therefore, J leas FendS 


= Jono fing [(a* - yz) i 
+( y?— za) j+ (2? — ay) kei dy dz 
=|", i (a? — yz) dy dz 


2 WP 
_fé 2 J 
=f-, | yr-z _ dz 
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a 242 


c 2 c 2 °c c 
=|! Pie Nea Pipes Shige 
2=0 2 aE” | 4 


Over the face ABCO, n=-—i, x =0. Therefore 
dee Fends =| { [(O -— yz)it...t...]e(-i) dy dz 


=o fs yzdydz =)", 5] dz 


b*c? 
4 


Over the face ABEF,n = j, y = b. Therefore 
pee pene |e fe [(x° — bz) i+ (DY ~ 2x) j 


+(z7 —bv)k]ejdx dz 
2.2 


=|" 6 2 zdz= 


a 


=|P Siig @ - me) de dz =P? ca - 


x= 


Over the face OGDC, n=- j, y =0. Therefore 


Nave FendS=]" [, zx dx dz = 


Over the face BCDE, n =k, z =c. Therefore 


ca’ 


a’ bh? 


a 


_ 7h 9 a 
isis Feads =| i (c* — xy ) dx dy =c* ab 
Over the face AFGO, n =—k, z =0. Therefore 


Daas FendS=J” ls x y dx dy = 


Adding the six surface integrals, we get 
9 2p? 242 : 2.2 2.2 
JJ Fends = abe 2? -e? ec eg cll 
S 4 4 


a’ b? 


4 


=abe (a+b+ec). 
Hence the theorem is verified. 


Example 8: IfF=xi- y j+ (2? — lk, find the value of ti. Fen dS where S is the 


closed surface hounded by the planes z =0, z = and the cylinder x? + y* =4. 
(Garhwal 2000; Kanpur 05; Avadh 13; Kumaun 15) 


Solution: By divergence theorem, we have Iie Fen dS = ie div FdV. 


sl v350) 


Here 
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whe Hee )=1-142z =22z. 
ox oy Oz 


ane a [. =0 i 2 aye) Za Eay 


=|, lle oes, dy dz 


=f e 4z V4 — y*) dy dz 


1 


=fo, a= V(a-y 2) dy 


220) 


=2f_, Va-y?)dy=4f) Va- yay 
2 


-4[2 V(4— y?)+2sin7! =| 


=4[2sin7! 1] =4 (2) 7 = 4n. 


(Comprehensive Exercise 2 


Verify divergence theorem for F = (2x — z)i + x? Jj- xz7k taken over 


the region bounded by x =0, x =2, y =0, y =2,z =0,z =2. 


Verify divergence theorem for F = (2x — z) i+ x yi- xz7k taken 


over the region bounded by x=0, x=], y=0, y=1z =0,z =1. 
(Garhwal 2001; Kumaun 14) 


If F = 4xz i - yj + yz k and S is the surface bounded by 
x=0, y=0, z=0, x=], y= z=L, evaluate iF Fends. 


Evaluate f { . x° dy dz + prdz dx + 2z (xy — x — y) dx dy 


where S is the surface of the cubeOs xsl, Os ysl, Oszsl. 
(Kumaun 2015) 


Evaluate 4xz dy dz — y” dz dx + yz dx dy|where S is the 
s ty J J ty 


surface of the cube bounded by the planes x = 0, y =0,z =0, x =1, 
y=landz=l. (Meerut 2005, 06B, 10B, 11) 
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(ii) Apply Gauss’s divergence theorem to evaluate 
JJ, UG? - v2) dy dz - 2x? y dz de +z de dy | 
over the surface of a cube bounded by the coordinate planes and the 
planes x= y =z =a. (Rohilkhand 2011) 
(i) State divergence theorem of Gauss. 


ii) Use Gauss divergence theorem to show that 
§ 
[le ice — yz )i- Ds? y J+ 2k JemdS = 20°, 


where S denotes the surface of the cube bounded by the planes 
x=0, x=a, y=0, y=a, z=0, z=a. (Bundelkhand 2005, 06) 
Evaluate J hes (xi+_y j+zk) en dS where S denotes the surface of the cube 


bounded by the planes x=0, y=0, z=0, x=a, y=a, z=a by the 
application of Gauss divergence theorem. Verify your answer by evaluating the 
integral directly. (Garhwal 2003) 


(i) Evaluate by la ads sane the integral 
JJ, 2° a dz +(e y-z 3) dz dv + (2xy + y*z) dx dy, 
where S is the entire surface of the ie region bounded by 
z=V(a* - x? = ¥" ae 7 
(ii) Evaluate Ihe (y?z7 i+ 27x? mer k )endS 
where S is the part of the sphere x7 + _y? + z* = above the xy-plane 
and bounded by this plane. (Bundelkhand 2006) 


(i) IfF=avit by jt+cz y where a,b,c are constants, show that 
ae (nek) ds == "(at+b+c), 
S being the surface of a sphere (x — ae (y- 2)? +(z-3)7 =1 


(ii) If S is any closed surface enclosing a volume V and 
F=xi+2 yj+3zk, prove that J J. FendS =6V. 
one 2009B) 
Verify the divergence theorem for F = 4xi — 2 ye jt+z?k 
taken over the region bounded by the surfaces x? + y =4, z=0, z =3. 
(Garhwal 2002; Bundelkhand 08) 
Use Gauss divergence theorem to find ae Fen dS, where 
F=2x? yi- x j+4xz? k and S is the closed surface in the first octant 
bounded by y* +z? =9and x =2. 


IfF= yit+(x-2xz ) j- xy k, evaluate I, (V x F) en dS where S is the 


surface of the sphere x7 + _y* +z? =a” above the xy-plane. 


A\v-352) 


Ll. 


12. 


13. 


14. 


15. 


13. 
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Evaluate ine (V x F)endsS, 

where F = (x? + y-4)i+3xy j+ Gx i2") k and S is the surface of the 
paraboloid z = 4 — (x* + _y*) above the xy-plane. 

Compute 

(i) fi. ee eh yp? #e72? dS. and 

(ii) “ie (a2x7 +b? y? +727 ) 1? ds 

over the ellipsoid ax? + by? + oz? =1, 

Evaluate Ie ( x? 4+ a )dS, where S is the surface of the cone 
27 =3(x “ y ) bounded by z = 0 and z =3. 


Show that ey jt+ z* k)endS vanishes where S denotes the 
s J 


2 
surface of the ellipsoid _ +2 —+-—>2=1. 
a ee 
(Meerut 2005, 07; Kumaun 11, 13) 
If nis the unit outward drawn normal to any closed surface S, show that 


IJ, div ndV =S. 


\ Answers 2 
(i) = (ii) Z 3. (i) a (ii) a’ fen 
2 2 
3a3 a = (ii) * 
180 10. O i 
: ™ 
—4n 12.(i) — 2 abc. (i abe) 


5 Stoke's Theorem 


Let S be a piecewise smooth open surface bounded by a piecewise smooth simple closed curve C. 


Let F (x, y,z )bea continuous vector function which has continuous first partial derivatives 


in a region of space which contains S in its interior. Then 


b, Fedr=]f. (Vx FyendS =]. (curl F) e dS 
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where C is traversed in the positive direction. The direction of C is called positive if an observer, 
walking on the boundary of S in this direction, with his head pointing in the direction of 


outward drawn normal n to S, has the surface on the left. 

(Meerut 2009; Bundelkhand 10) 
Note: b Fedr = b (F e *) ds = b. (F et) ds,where tis unit tangent vector 

d 

to C. Therefore F ¢ tis the component of F in the direction of the tangent vector of 
C. Also (V x F) en is the component of curl F in the direction of outward drawn 
normal vector nof S. Therefore in words Stoke’s theorem may be stated as follows: 
The line integral of the tangential component of vector Ftaken around a simple closed curve Cis 
equal to the surface integral of the normal component of the curl of F taken over any surface S 


having Cas its boundary. 


Cartesian equivalent of Stoke’s theorem: 
Let F= F i+ F, j+ F; k. Let outward drawn normal vector n of S make angles 
o, B, y with positive directions of x, y, z axes. 


Then n=cos wi + cos B j+cos y k. 


1 j k | 
Also VxF= a 2.2 
ox y Oz 
|FoF, F | 


7 OF; — OF, i+(2 “i+ oF, OF k 
oy oz oz ox ox oy 
(V x Fhen= & ~ FN cos a+ (FF )co osB 


oy oz oz 0. 
+ (= - a1) cos ¥. 
Also Fedr=(F, i+, j+ PF, k)e(dvit+dy j+dzk) 
=F, dx + F, dy + Fy dz. 
Stoke’s theorem can be written as 
b. F, dx + Fy dy + Fs dz 


=| a 2 cos O& + cae cos B 
S oz oz 


+ Lele cos y|dS. 
ox oy 


Krishna's T.B. Differential Equations and Vector Calculus 


fs ( D-334 | 
Proof of Stoke’s theorem: Let S be a 
surface which is such that its el 


projections on the xy, yz and zy planes fr, 
are regions bounded by simple closed a _ moe : 
curves. Su Scan bs d “e 
. Suppose S can be represente { 
simultaneously in the — forms ; 
1 
=f(uy), y=E(%z), Pe ie 
x=h(z,y) where f,gh are 
continuous functions and have ee 
aia 1 
continuous first partial derivatives. ‘ < g a 
ie ae 


Consider the integral 
ive [V x (F, i)]ends. 


| i j k | 
We have Vx(F i) =| ad 0d 9d ) 9A OF 
| av oy az | az ay 
[F900] 
IV x(F jen =| Ooi 
=v, p— 1 cosy 
Oz 


JJ, x (F, i)JendS = IIs (e cos pT cos a 
We shall prove that 


ae [Fe co pF cos y]as- bo A ae 


Let R be the orthogonal projection of S on the xy-plane and let T be its boundary 
which is oriented as shown in the figure. Using the representationz = f(x, y )ofS, 
we may write the line integral over Cas a line integral over’. Thus 


fA (az) dea $ Aly f(y) de 
=$ {Rls y, f(% y de +0 dy} 


ele * dx dy, 


by Green’s Dees in plane for the region R. 


OF Loy £5 YI _ OF CG 2), (42) F 
ay y dz ay 
[v z= f(x y)] 


But 
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bo A (uy) de=—-JJ, (Fi as Tava ail) 


oz oy 
Now the equation z = f(x, y ) of the surface S can be written as 
o(x%yz2)=z-f(xy)=0 
We have grad p=-T-F jan 
ox oy 
Let | grad o| =a. 
grad 


a 


Since grad @ is normal to S, therefore, we get n = + 


But the components of both nand grad in positive direction of z-axis are positive. 


Therefore 
grad 
7 a 
or cosai+cosB— j+cos yk = cle Scare 
a ox a oy a 
Ce ee ae, ee eee ee 
a Ox a oy a 
dx d 
Now aS =D <a de dy. 
cos Y 


IJ ae al eer dS 
S \ dz oy 


if, al Lv) OF, ata 


a oy oy a 
=-fJ Paci dx dy. ih 
R a? oy 


From (1) and (2), we get 
_tr (a aF, 
b. F, dx uP E re cos B 5) cos r)as 


=fJ.v x (F, i)Jen dS ...(3) 

Similarly, by projections on the other coordinate planes, we get 
b. F, dy=J J, [V x (F, j)]endS ...(4) 
b. PF, dz =|f, [V x (F, k)]endS 145) 


Adding (3), (4), (5), we get 
$. (FR dv t+ Fy dy+ Fs dz)=J J. (Vx(R i+ % j+ F k)lends 
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or $. Fedr=J. (V x Fhends. 

If the surface S does not satisfy the restrictions imposed above, even then Stoke’s 
theorem will be true provided S can be subdivided into surfaces S} ,S» ,..., S; 
with boundariesC, , C, ,..., C, which do satisfy the restrictions. Stoke’s theorem 
holds for each such surface. The sum of surface integrals over S, ,S» ,...,S; will 
give us surface integral over S while the sum of the integrals over C, , Cy ,..., C, 


will give us line integral over C. 


Note: Green’s theorem in plane is a special case of Stoke’s theorem. If Risa 
region in the xy-plane bounded by a closed curve C;, then in vector form Green’s 
theorem in plane can be written as 


ae (V x F)ek dR= hs F edr. 


This is nothing but a special case of Stoke’s theorem because here k = n = outward 
drawn unit normal to the surface of region R. 


litustrative Examples 


Example 9: Prove that b. redr=0. (Meerut 2010) 


Solution: By Stoke’s theorem b. redr = [le (curl r) en dS = 0,sincecurlr = 0. 


Example 10: By Stoke’s theorem prove that div curl F = 0. 


Solution: Let V be any volume enclosed by a closed surface. 
Then by divergence theorem 
Lit Ve(curl F) dV =] J. (curl F) en dS. 


Divide the surface S into two portions S, and S, 
by a closed curve C. Then 
ie (curl FyendS =|] (curl F) en dS, 


+J Js (curl F)en dS, . (1) 


By Stoke’s theorem right hand side of (1) is 
=f Fedr—-$ Fedr =0. 
C Cc 


Negative sign has been taken in the second integral because the positive directions 
about the boundaries of the two surfaces are opposite. 


Ns, V e(curl F) dV =0. 


Now this equation is true for all volume elements V. Therefore we have 
Ve(curl F)=0 or divcurl F=0. 
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Example 11: Verify Stoke’s theorem for F = y i+z j+ xk where S is the upper half 
surface of the sphere x? + y* +z* = land C is its boundary. 
(Agra 2000, 06; Kanpur 09; Kumaun 07, 10, 13) 


Solution: The boundary C of S is a circle in the xy-plane of radius unity and centre 


origin. The equations of the curve C are x 4 a =], z =0. Suppose 


x=cost, y=sint, z=0,0<t<2 mare parametric equation of C. Then 
bo Fedr=$. (yitz jt+xk)e(dvi+ dy j+dzk) 


=$. (yavtzdy+xdz) 


=$. y dx, since on C, z = 0 and dz =0 


me (l—cos 2t ) dt 
940 


1 [ sin 2) * 
2 2 Jo 
=-T, (1) 
Now let us evaluate is curl Fen dS. We have 


|i jk 
_|aoaoa 

la ay az 

|y 2 x 
If S,; is the plane region bounded by the circle C, then by an application of 
divergence theorem, we have 


I], curl FendS = [J . curl Fek dS 
1 


curl F=V x F 


| 
=! j-k. 
| 


[See example 4 after article 4] 
= ij (-i- j—k)ekdS 
§ 


= (- 1) dS 
=e dS =-S,. 
But S; = area of a circle of radius 1 = 1 (1)? =n. 
[Il curl Fen dS =- 17. ...(2) 


Hence from (1) and (2), the theorem is verified. 
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Example 12: Verify Stoke’s theorem for F = (2x — _y) i — _yz* j-_y*z k,where S is the 


upper half surface of the sphere x* + y? +z” =1and C is its boundary. 
(Kumaun 2003; Kanpur 10, 14; Avadh 09) 


Solution: The boundary Cof S is a circle in the xy-plane of radius unity and centre 


origin. Suppose x = cos t, y =sint, z =0,0< t<2 mare parametric equations of 


C. Then ; 
b. Fedr =}, [(2x — y )i— yz? i-y7z k] e(dvitdy j+dzk) 


= §., [2x - y) de — yz? dy — y*z dz] 
=f. (2x — y) dx, since z = 0 and dz =0 


= (2cos t — sin 1) © at 
0 dt 
2 
=f, (2cos t — sin t) sin t dt 


2m : 1 
=- ie [sin 2t — 9 (l1—cos 2t)| dt 


cos 2t | 1 sin 2" 
t+ 
2 2 2 2 


0 
1 1 
a ea 0) | 


11 
=a 5 


=. (1) 


And (V x F)= 


ox oy oz 
2x- y — yz? -y 
=(-2yz+2yz)i-(O-0)j+O+)k 
=k. 
Let S| be the plane region bounded by the circle C.If S’ is the surface consisting of 
the surfaces S and S, ,then S’ is a closed surface. 


Zz 


by an application of Gauss divergence theorem, we have 
Ihe curl Fen dS =0 [See example 4(i) after article 4 | 


or ae curl FendS + JJ. curl Fen dS =0 
[. S’ consists of S and S, | 


or ae curl Fen dS — JJ curl Fek dS =0 


[. on S;, n=-k] 
or ae curl Fen ds = JJ. curl Fek dS. 
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ae curl Fen dS = JJ. curl Fek dS 
eal k ek dS 
=I 15 1S. = 55-2: 2) 


Note that S; = area of a circle of radius 1 = 7 (1)? =n. 


Hence from (1) and (2) Stoke’s theorem is verified. 


Example 13: Verify Stoke’s theorem for F = (x? + y?)i-—2xyj taken round the 
rectangle bounded by x =+a, y=0, y=b. (Bundelkhand 2007; Agra 08; 
Kumaun 15) 
| i j 
0 0 0 

ox oy oz 

2 2 

+y" -2xy O | 


Solution: We have curl F = 


| x 


=(-2y-2y)k=-4yk. 
Also n=k. 


ae (curl F) en dS 
=]. [i C4y kek de dy 
=-4]" [es yay 
=-4[" , Wie W 
=-4f" Qay dy 
=—4 [ay]? =- 4ab?. 
#ilso b Fedr=$. [x + y?)i-2ay jle(dvit dy j 
=f [(e? + y?) de - 2 dy | 
= Joa [(x? + y*) de -2y dy +], ae ane , 


Along DA, y =0 and dy =0. Along AB, x =a and dx =0. 
Along BE, y=banddy =0. Along ED, x =— aand dx =0. 


fj Pedr= Jit deef) , 20h 


x=-a 


27 é ‘ 0 
ho (x? +b’ )de+] 2ay dy 


=f" x? dv-[" (+?) de 4a) y dy 


—a 
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=~ J", deaf, yy 
2 b 
= —2ab? wo | = —4ab?. 
2 0 
Thus b. Fedr = Vie (curl F) en dS. 


Hence the theorem is verified. 
Example 14: Evaluate bo F e dr by Stoke’s theorem where 


F= y? it+x? j-(vt+z)k 
and C is the boundary of the triangle with vertices at (0,0, 0), (10,0), (L 1 0). 
(Avadh 2013) 


Solution: We have 


i j k 
Curl F = 2 7 7 
ox oy az B (1, 1) 
y x" (x+z) 
=Oi+j+2(x-y)k. 
Also we note that z co-ordinate of each vertex 
of the triangle is zero. Therefore the triangle lies O 


A(1,0) X 
in the xy-plane. Son =k. 


Curl Fen =[j+2 (x-_y)k]ek 
=2(x- y). 
In the figure, we have only considered the xy plane. 
The equation of the line OB is y = x. 
By Stoke’s theorem 
b. Fedr = lille (curl F )en dS 


=fi-o J jo 2(4-y) aedy 
hs 


y x 
=2 [0 po dx 
y=0 


~of |,2_-% 
=2), E - FJ 


x 


= 2, 7 


= x de = 
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(Comprehensive Exercise 3 
(i) State Stoke’s theorem. 
(ii) By Stoke’s theorem prove that curl grad o = 0. (Kumaun 2014) 


(iii) Verify Stoke’s theorem for the function F = zi + xj +_y k where curve 
is the unit circle in the xy-plane bounding the hemisphere 
z=V(1-x* - y ). (Garhwal 2003; Agra 07) 

g 

Verify Stoke’s theorem for the vector F = z i + x j + y k taken over the half 

of the sphere x + y? +27 =a" lying above the xy-plane. 

(i) Verify Stoke’s theorem for the function F = i+ xy j integrated along 
the rectangle, in the plane z = 0, whose sides are along the lines 
x=0, y=0, x=aand y=b. 

(ii) Verify Stoke’s theorem for the function F = Ge = y’) i+ 2xy jin 
the rectangular region in the xy-plane bounded by the lines 
x=0, x=a, y=Oand y=) (Kanpur 2008) 

(iii) Verify Stoke’s theorem for the function F = x7i+ xy j, integrated 


round the square, in the plane z = 0, whose sides are along the lines 
x=0, y=0, x=a, pHa. (Agra 2002) 
Verify Stoke’s theorem for the vector A=3y i-.1z j+ yz* k, where S is 


the surface of the paraboloid 2z = x + y” bounded by z = 2 and C is its 
boundary. 
(i) By converting into a line integral evaluate 
Ne (V x A) en dS, where A = (x — z) i+ (x? + yz) j—3xy k 
and S is the surface of the cone z = 2 — V(x* + a ) above the 
xy-plane. 
(ii) By converting into a line integral evaluate Tite (Vx FyendS 


where F = (x? + y-4)i+3 xy j+2xy +z”) k and S is the surface of 
the paraboloid z = 4 - (x* + _y”) above the xy-plane. 


(i) Evaluate by Stoke’s theorem b. (e* dx+2y dy - dz) 


where C is the curve x? + y? =4,z =2. (Garhwal 2001; Meerut 09B) 
(ii) Evaluate by Stoke’s theorem b. (yz dx + xz dy + xy dz) 


where C is the curve x7 + x =|]z= ye. (Meerut 2006B) 
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7. (i) Evaluate Vi. (V x F) en dS,where F=( y-—z+2)i+ 


( yz +4) j- xz k and S is the surface of the cube x = y =z =0, 
x= y =z =2 above the xy-plane. 
(ii) Evaluate by Stoke’s theorem b. (sin z dx — cos x dy + sin y dz) where 
Cis the boundary of the rectangle 0 < x< 0,05 y<s1,z =3. 
(Meerut 2009) 
8. Iff =V and g = Vy are two vector point functions, such that V7 6 =0, 


V2 y=0, show that 
If, (g eV) f odS =| (f x gedr+f ff. (f eV)g edS. 
9. Prove that a necessary and sufficient condition that b F edr =0 for every 


closed curve C lying in a simply connected region R is that V x F=0 
identically. 
10. Apply Stoke’s theorem to prove that 
J Cy detz dy +x dz)=-2V2 na* 
where C is the curve given by x7 + y? +27 —2av -2ay =0,x+ y =2a 
and begins at the point (2 a, 0,0) and goes at first below the z-plane. 
(Meerut 2005, O6B) 


11. Use Stoke’s theorem to evaluate file (V x F)en dS, 


where F= yi+(x-2xz)j-xyk and S is the surface of sphere 


x ye +z* =a’, above the xy-plane. (Kumaun 2012) 
ae 
\ Answers 3 
Set 
5. (i) 12x (ii) — 4n 6. (i) 0 (ii) O 
fe Mt) 24 (ii) 2 
ll. O 


6 Line Integrals Independent of Path 


Let F (x, y,z) = f (x, y,z)it+ g(% yz) j+ 4 (x, y, z) k bea vector point function 
defined and continuous in a region R of space. Let P and Q be two points in Rand 
let Cbe a path joining P to Q. Then 


J Fedr=J (fdvtgdyt+hadz) scot) 
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is called the line integral of F along C. In general the value of this line integral 
depends not only on the end points P and Q of the path C but also on C. 
In other words, if we integrate from P to Q along different paths, we shall, in 
general, get different values of the integral. The line integral (1) is said to be 
independent of path in R, if for every pair of end points P and Qin R the value of the 
integral is the same for all paths C in R starting from P and ending at Q. 


In this case the value of this line integral will depend on the choice of P and Qand 
not on the choice of the path joining P to Q. 


Definition: The expression f dx + g dy +h dz is said to be an exact differential if there 
exists a single valued scalar point function (x, y,z), having continuous first partial 
derivatives such that dp = f dx+ g dy +hdcz. 

It can be easily seen that f dv + g dy + h dz is an exact differential if and only if the 
vector function F= f i+ g j+h kis the gradient of a single valued scalar function 
0 (x, 2). 

Because F = grad 6 


if, and only if fisgirhe- Dis 2 js Pn 
x 


oy Oz 


if, and only if f-2, g-2, n= 
Me dy Zz 


Cadet (eerie be os" 2 
ox oy Oz 


if, and only if fdv+ gdy+hdz=d 0. 


Thus F = grad if, and only if f dv + g dy + h dz is an exact differential do. 
Theorem 1: Let f (x,y, z), g (%_y, z) and h (x, y, z) be continuous in a region R of space. 
Then the line integral 

J (f de + gdy+hdz) 
is independent of path in R ifand only if the differential form under the integral sign is exact in 
R. 

Or 

Let F (x, y, Zz) be continuous in region R of space. Then the line integral i Fedr 
is independent of the path Cin R joining P and Q if and only if F = grad where 9 (x, y,Z) 
is a single-valued scalar function having continuous first partial derivatives in R. 
Proof: Suppose F = grad @ in R. Let P and Qbe any two points in Rand let Cbe 
any path from P to Qin R. 


Then I. Fedr=J.. Vo edr 
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-[, (21+ j +b Jrtea iden 
=| (a a 
C \ ax oy oz 
=| di 
C 
Q 
=k a 
=[o]2 
= 6(Q)- 0(P). 


Thus the line integral depends only on points P and Qand not on the path joining 
them. This is true, of course, only if (x, y, z)is single valued at all points PandQ. 


Conversely, suppose the line integral le F e dr is independent of the path C 


joining any two points P and Qin R. Let P be a fixed point (%) , Yo , Zo)in Rand 
let Q be any point (x, y,z) in R. 
Let o (x, yz) = (ioe a) Fedr 


(4 > Joo) 


= aie (F e *) ds. 
49> Yo ds 
Differentiating both sides with respect to s, we get 
ds aE 
d 
dp _ 06 dx | oo WY , 0 dz 


But 
ds ox ds oy ds az ds 
= sg a, Os (i+ 2ir Ee | 
ox oy oz ds ds ds 
-V . ar 
, ds 
dr 
Fe—=V 
ds “ i 
Vo-F ef 20. 
or (V o-F) a 


Now this result is true irrespective of the path joining P to Qi.e. this result is true 


; : ae see 
irrespective of the direction of as which is tangent vector to C. Therefore we must 
s 


have 
Vo-F=0 
Le., Vo=F. 
This completes the proof of the theorem. 
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Definition: A vector field F (x, y, z)defined and continuous ina region R of space is said to 
be a conservative vector field if the line integral ls F e dr is independent of the path Cin R 


joining P and Q where P and Q are any two points in R. 

By theorem I, vector field F (x, y, z) is conservative if and only if F =V © where 
(x, y,z) is a single valued scalar function having continuous first partial 
derivatives in R. The function 9 (x, y, z) is called the scalar potential of the vector 


field F. 


Theorem 2: Let F (x, y,z) be a vector function defined and continuous in a region R of 


space. Then the line integral is F e dr is independent of the path joining any two points P 


and Qin R if and only if b, F edr = 0for every simple closed path in R. 


Proof: Let Cbe any simple closed path in Rand A 
let the line integral be independent of path in . 
R.Take two points P and Qon Cand subdivide c 


C into two arcs PBQ and QAP. Then 


b none honda Beg 
=] Fedr +f Fedr 
PBQ QAP 


= la Fedr — le Fedr 

=; 
since the integral from P to Qalong a path through Bis equal to the integral from P 
to Q along a path through A. 


Conversely, suppose that the integral under consideration is zero on every simple 
closed path in R. Let P and Q be any two points in R which join P to Qand do not 
cross. Then 


Fedr=J 50 Bee | ig Fedr 


= Las Fedr — lee F edr. 


p PBQAP 


But as given, we have 


oe a 
hae Fedr — exe Fedr =0 
or oe Fedr = laxe F edr. 


This completes the proof of the theorem. 
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Theorem 3: Let F (x, y,z) = f i+ g j+ 1k be a continuous vector function having 
continuous first partial derivatives in a region R of space. If i fdxt+gdy +h dz is 
independent of path in R and consequently f dx + g dy + h dz is an exact differential in R, 
then curl F =0 everywhere in R. Conversely, if R is simply connected and curl F =0 


everywhere in R, then f dx+gdy+hdz is an exact differential in Ror 
J f dx + g dy +h dz is independent of path in R. 


Proof: Suppose J ( f dx+ gdy +hdz) is independent of path in R. Then 
f d& + gdy +h dz is an exact differential in R. Therefore 
F=fit+gj+hk=grad 6. 
curl F =curl (grad 6) = 0. 
Ganceae: Suppose Ris simply connected and curl F = 0 everywhere in R. Let Cbe 


any simple closed path in R. Since Ris simply connected, therefore we can find a 
surface S in R having Cas its boundary. Therefore by Stoke’s theorem 


b, F e dr = ie (curl F)en dS =0. 
Thus b, F e dr is zero for every simple closed path C in R. 


Therefore i F e dr is independent of path in R. 
Therefore F = V 9 andconsequently f dv + g dy + h dzisanexact differential d9. 


Note: The assumption that R be simply connected is essential and cannot be 
omitted. It is obvious from the following illustration. 


Illustration: Let 


a a Oe 


z 7 J 
x + y? x+y? 
Here Fis not defined at origin. In every region Rof the xy-plane not containing the 


origin, we have 


i j k 
cutr=| 2 = as 
ox oy oz 
= x 0 
le | ae ee 
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x + y? —2x* x” “iy a 
7 2 i aaa a av aa us 
(x + y") (x + y") 
=0k 
=0. 
Suppose R is simply connected. For example let R be the region enclosed by a 
simple closed curve C not enclosing the origin. Then 


f. Fede=fe [ “ riety | 


ey x+y 


Si ie lee ee lam 
av x ey? oy x4 y 


by Green’s theorem in plane 


= 0. 
Suppose Ris not simply connected. Let R be the region of the xy-plane contained 
between concentric circles of radii ; and . and having centre at origin. Obviously 
Ris not simply connected. We havez = 0, everywhere in R.Let C be aclosed curve 


in R. The parametric equations of C can be taken as x = cos t, y = sin t,z =0, 
Ost<2n. 


x+y" x ey 


Qn sin t dx cos t dy 
=| eR Tee ae TT dt 
t=0 cos*t+sin°t dt cos*t+sin*t dt 


We have f. Petra f. [ an | rome 4) 


2 : , 
- l ‘ (sin? ¢ + cos” t) dt 


=27. 

Thus we see that 
p Fedr #0. 

Cc 


Definition: Irrotational vector field: A vector field Fis said to be irrotational if curl 
F=0. 

We see that an irrotational field F is characterized by any one of the three 
conditions : 

(i) F=V 6, 

(ii) Vx F=0, 

(iii) b F e dr =0 for every closed path. 


Any one of these conditions implies the other two. 
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litwetrative Examples 


Example 15: — Are the following forms exact ? 
(i) e” dxt+e* dy +e? dz. 
(ii) yz dx + xz dy + xp dz. 


Solution: 
i Here F=e! i+e* j+e* k. 
(i) j 
We have 
i j «k 
Curl F = & a a 
ox oy az 
er e* @ 


=0i+0 j+(e* -e’)k. 
Since curl F # 0, therefore the given form is not exact. 


(ii) Here F= yzitaz jtayk. 


We have 
ijk 
Curl F = a ca a 
ox oy a 
yz xz oy 


=(x-x)i-(y- y)j+@ -z)k 
= 0. 
Since curl F = 0, therefore the given form is exact. 


Example 16: In each of following cases show that the given differential form is exact and 
find a function such that the form equals do : 


(i) icine ake dz. 
(ii) (z? — 2xy) dx — x? dy + 2xz dz. 


Solution: (i) Here F=cos xi-2yz j- y? k. 


We have 
| i k | 
| | 
Curl F =| a cs 2 
| a oy dz | 
Jess dye y?| 


=(-2y+2y)it+0 j+O0k=0. 


the given form is exact. 
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Let F=V 0, 
or evicting bo je 
ox oy oz 
el) : 
Then oo x whence =sinx+ f, (y,2Z) exe) 
x 
% _ oye wh =— yz fy (4,2) Q 
yz whence 9=—- y°z+ fo (%Z «s+ (2) 
OD on GO aa Le of 3 
“a y~ whence 6=—- y°z+ fz (x,y). ... 3) 
(1), (2), (3) each represents . These agree if we choose 
fi(y2)=- 972, fo %z)=sinx, fy (x y)=sinx. 
= sin x — _y*z to which may be added any constant. 
o=sinx— y?z+C. 
(ii) Here F=(z? - 2xy)i- x? j+2xz k. We have 
i j k 
Curl F = ¢ g 
ox oy az 
z* — 2xy -x° Ox 
=O0i+0j+0k=0. 
the given form is exact. 
Let F=V 0 
or i ghia jot ks ie je Oe. 
ox oy oz 
Then a2? —2xy whence o=2?x-x° y+ f; (yz) soe (1) 
nv 
Ds. x? whence = - x” 
pcb = yt fo (% 2) a(2) 
ay 
do 2 
ao whence $= 12° + fg (x,y). ... (3) 
Zz 


(1), (2), (3) each represents o. These agree if we choose 
fi (W2)=0, fo (ez)=22", fy (% W)=-¥°y. 
 =z*x — x” py to which may be added any constant. 
g=27x-x7 y +C. 
Example 17: Show that the vector field F given by 
F=(x* - yz)it+(y* -2x) j+(@* -y)k 


is irrotational. Find a scalar o such that F =V6. 
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Solution: We have 


=(-x+xi-(-yt+y)jt+z+2z)k =0. 
The vector field F is irrotational. 


Let F=Vo 
or (x? — yz)it (y? -er) §+ 2 -y) k= ig MO 
ox oy oz 
: 3 
Then eo, — yz whence @ = “> — 32 + fi (2) .. (J) 
x 
3 
Wa ~ zx whence @ = 2— — xyz + fo (x, 2) wwf) 
oy 3 
a 3 
2 Zz 
se Hel AMEE OS Pets (x, y). nals) 
(1), (2), (3) each represents . These agree if we choose 
3 3 
it (y2et +e, 
3 3 
+2 
fo (x, Z) = 3 ? 
rot 
f3 (GY)= = 
3 
3 3 3 
Therefore = = ua xyz +C. 


i Physical Interpretation of Divergence and Curl 


Physical interpretation of divergence: Suppose that there is a fluid motion whose 
velocity at any point is v (x, y, z). Then the loss of fluid per unit volume per unit time ina small 
parallelopiped having centre at P (x, y, z) and edges parallel to the co-ordinate axes and having 
lengths dx, dy, 8z respectively, is given approximately by 

div v=Vev: 


Let vay, itv, jt+v, k. 
x-component of velocity vat P =», (x, y, 2). 


. component of v at centre of face AFED which is perpendicular to x-axis and is 
nearer to origin 
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by Taylor’s theorem 


dx Ov 
= VY (% 2) - >>" 


approximately. vA 


Similarly x-component of v at centre of opposite 
face GHCB 


ox ov, ‘ 
=v, + — — approximately. 
2 OK 


volume of fluid entering the parallelopiped across AFED per unit time 


Also volume of fluid going out the parallelopiped across GHCB per unit time 
dx Ory 
= + — — | dy &. 
[» 2 oO ) oe 
loss in volume per unit time in the direction of x-axis 


=(1 +E Jay 8s (» St by 8 
IX 


2 2 Oe 
ao es 
ox 
Similarly, loss in volume per unit time in y direction 
_% 5, Sy 82, 
ay 
and loss in volume per unit time in z direction 
aie popes 
oz 


total loss of the fluid per unit volume per unit time symbol - 


& " OV, +B) Sie Sy be 


ox oy oz 
x by 82 
x ov; " OV5 OP; 
ox oy oz 


=V e v=div v. 
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Physical interpretation of curl: Let S bea circular disc of small radius r and centre 


P bounded by the circle C. Let F (x, y, z) be a continuously differentiable vector 
function in S. Then by Stoke’s theorem 


le Fedr=]f. (curl F )endS 
= (curl F yen ff. dS, 


by mean value theorem of integral calculus where (curl F)en is some value 
intermediate between the maximum and minimum values of (curl F ) ¢ nover S. 


ie Fedr=(curl F )en S. 


curl F) en = 
( ) 3 
Taking limit as r > 0, we get at P, 
b. Fedr 


(curl F )en= lim 
r>0 


S 


Now (curl F )¢n is normal component of curl Fat Pand b F e dr is circulation of 


F about C. Therefore the normal component of the curl can be interpreted 
physically as the limit of the circulation per unit area. 


(Comprehensive Exercise 4 


1. Are the following forms exact ? 
(i) xdv- pdy+z dz. 
(ii) y?z3 de + Qxyz? dy +3xy?z? dz. 
2. In each of following cases show that the given differential form is exact 
and find a function o such that the form equals do: 
(i) xdx—- yp dy -—z dz. 
(ii) dv +z dy + yp dz. 
3. (i) Show that 
(y2z? cos x — 4x3z) dx + 223 y sin x dy + (3y2z? sin x — x*) dz 
is an exact differential of some function © and find this function. 
(ii) Show that F = (2xy + z>)itx7 j+3x22 kis a conservative force 
field. Find the scalar potential. Find also the work done in moving an 
object in this field from (1, — 2, 1) to (3,1, 4). 
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4 (i) Show that the vector field 
F = (2xy? + yz) it (2x7 yp +22 +2yz*) j+(Qy?z + xy) k 
is conservative. 
(ii) Show that F = xi + yj + zk is conservative and find such that 
F=V6. 
5. (i) Showthat F=(sin y+z)i+(xcos y-—z)jt+(x-_y)kisa 
conservative vector field and find a function o such that F =V6o. 
2 


(ii) Evaluate ys Qxyz* dv + (xz? +zc0s yz) dy + (2x? yz + y cos yz) dz 


where Cis any path from (0,0, J) to (La /4, 2). 

6. Show that the following vector functions F are irrotational and find the 
corresponding scalar @ such that F= Vo. 
(i) F=(sin_y+zcos x)i+(xcos y +sinz) j+(_ycosz +sin x) k. 
(ii) F=( ysinz —sin x) it+(xsinz +2 yz) j+ (ay cos z +p) k. 
(iii) F=x3i+ y?jtzek. 

7. Finda b,cif F=(3x-3y+az)i+(bv+2y —-4z) j+Qx+ot+z)k 
is irrotational. 

8. Evaluate le yz dx + (xz +1) dy + xy dz, where Cis any path from 
(1,0, 0) to (2,1, 4). 

9. Show that the form under the integral sign is exact and evaluate 


Joa, He" det Bye dy + (e* + y?) de 


0,2,1) 
( Answers 4 
eed 
1. (i) Exact (ii) Exact 
2 2 02 
2. (i) Exact; o= ~ - aera 


ii) Exact;o¢=x+ yz +C 


( 
3. (i) d= y2z? sinx — x*z +C 
(ii) @ = ¥ p= xz? + C;202 
4, Gi) 6=5 bp? +27) 4. 


5. (i)o=xsin y+xz- yzt+C. 


(ii) w+l 


Aosss) 
6. 


eo ON 
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(i) ¢=xsin y+zsinx+ ysinz+C 
(ii) = xy sinz +cosx+ y*z+C 
(iii) g=Z 04 + yt ast) 4C 

=2, b=-3,c=-4. 


2 
N 
| 
n 


ps 
( Objective Type Questions 
Nea” 


Multiple Choice Questions 


Indicate the correct answer for each question by writing the corresponding letter from 


(a), (b), (c) and (d). 


If Cis the curve x7 + y? = 1,z = y*, then by Stoke’s theorem 
$,. (yz de + ax dy + xy dz)is 


(a) 0 (b) 3 
(c) 5 (d) none of these 


If S denotes the surface of the cube bounded by the planes x = 0, x =a, y =0, 
y =a,z =0,z =a then by the application of Gauss divergence theorem the 
value of [J (xi+ y j+zk) endsS is 


(a) a? (b) 2a? 
(c) 3a? (d) 0 


The value of b r edr is 


(a) 1 (b) 3 


(c) O (d) none of these 
(Kumaun 2007) 


Gauss divergence theorem relates to 
(a) surface and volume integral (b) line and volume integral 


(c) line and surface integral (d) all of these (Kanpur 2011) 


By Stoke's theorem the value of div curl F is 
(a) 1 (b) 2 
(c) 3 (d) 0 (Kanpur 2013) 
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10. 


11. 


12. 
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By Green's theorem the value of b (x? —cosh y) dx +(y +sinx) dy, 


where C is the rectangle with vertices (0, 0),(z, 0),(z, 1),(0, J), is 

(a) 1—cosh] (b) 1+coshl 

(c) coshI-1 (d) coshl+1 

By Green's theorem the value of b (cos xsin y — xy) dx +sinxcos y dy, 


where Cis the circle x7 + y* =1,is 

(a) 1 (b) -I 

(c) O (d) none of these 
For any closed surface ae curl Fen dS is 


(a) O (b) 1 
(c) =1 (d) 3 
The value of J le ren dS, where S is a closed surface, is 
(a) V (by 
(c) 3V (d) -3V 
If F = avi + byj + czk; a,b,c are constants, then the value of ff. FendsS is 
(a) sRath+e) (b) -3R (a+b +e) 
4 4 
(c) gered) i) a Mee) 


The value of J he n dS, for any closed surface S is 


(a) 0 (b) 1 

te) =1 (d) 2 

By Stoke's theorem the value of b. (e*dx + 2 y dy — dz), where C is the 
curve x +y? =4,z =2,is 


(a) 1 (b) 1 
(c) 0 (d) 2 


Fill in the Blank(s) 
Fillin the blanks “...... ”, so that the following statements are complete and correct. 


For any closed surface 5. de curl FendS =...... , 


If nis the unit outward drawn normal to any closed surface S, then 


JJ div nV =... (Bundelkhand 2008) 


pl >-s56) 
3: 
4. 


n= 
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The value of p redr=....... 
Cc (Agra 2008) 


A necessary and sufficient condition that b. F ed r =0 for every closed 


curve C lying in a simply connected region R is that V x F=...... 
identically. 
By Stoke’s theorem, b, Fedr=....... 


(Kumaun 2009) 
iiveror False 
Write ‘T” for true and ‘F’ for false statement. 


I, n dS = 0 for any surface S. 


Green’s theorem in plane is a special case of Stoke’s theorem. 


Green’s theorem states that “the surface integral of the normal component of 
avector F taken over a closed surface is equal to the integral of the divergence 
of F taken over the volume enclosed by the surface”. 


frm, 
( Answers 


Multiple Choice Questions 


(a) 2. (c) 3. (c) 4. (a) 5. (d) 
(c) 7. (c) 8. (a) 9. (c) 10. (c) 
(a) 12. (c) 

Fill in the Blank(s) 

0 2. Ss 3. 0 4. 0 


Nile (V x F)endS 6. 3V 


True or False 
F 22°F 3. &F 


